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B pobomi posensadaromecs numanns 00CmMOSIpHOCMI pe3YIbMAmMi6 YuUCeIbHO20 MOOENIO8AHHS
6/1ACHUX KONIUBAHb KOHCMPYKYIl ma CHOpPYO HA KOMN'Iomepax 3 NAapaiebHOK Op2aHi3ayiero
obuucnenv. Ha ocnogi ananizy memooy CKiHUEHHUX elleMeHmig Onsi Ouckpemusayii 3a0ay npo
6/1ACHI KOIUBAHHA, MemoOig KOMN TOMEPHO20 OOCNIONCEHHA MAMEMAMUYHUX 61ACMUBOCTeEl,
PO38’A3Y8aHHA  ma  00CHIONCEHHA  OOCHMOGIPHOCMI  PO36’A3KI6  YACMKOB0I  y3a2anibHeHOT
aneebpaiunoi npobnemu enacnux snavenv (AIIB3), sxa eunukae 6 pesyibmami OUCKpemusayii,
OMPUMAHO ANOCMEPIOPHI OYIHKU NOXUOOK GIACHUX 3HAYEHb | GIACHUX 6EKMOPI6 V3a2AlbHEHOT
npobremu 3 CUMempUYHUMU MAMPUYAMU, OOHA 3 AKUX O0OAMHO GU3HAYEHA. 3anponoHo8ano ma
006IPYHMOBAHO an2OpUMMU (K GUKOPUCIIOBYIOMb 3MIHHY DO3PSAOHICHb) PO36 A3Y8AHHA MEMOOOM
imepayiil Ha nionpocmopi wacmkogoi yzazanvnenoi AIIB3 ma anocmepioprnozo xomn tomepHozo
Odocnidoicents il po3e sa3Kia.

KuarwuoBi cioBa: anecebpaiuna npobrema 61acHUX 3HAYEHb, AHANI3 MIYHOCHII,
bacamopo3padHa  apugmemura, — GIACHI  KOAUBAHHA,  OOCHIOGIPHICMb
pe3yibmamia, 3MiHHA PO3PAOHICTb, NAPALeNbHI 0OOYUCTEHHS.

Beryn. [lpu xoMm’roTepHOMY aHamizi MIIHOCTI PI3HOMaHITHUX KOHCTPYKIIH Ta
CHOPYZ BaXKJIMBE MicCle 3aliMalOTh JIOCITIJDKEHHS BJIACHUX KOJMBaHb LUX 00 €KTIB.
Otpumani B pe3yibTaTi Po3B’si3aHHA PO3PaXyHKOBOi 3ajaui 4acToTH Ta (OpMH
BJIACHMX KOJMBAaHb BHUKOPHCTOBYIOTHCS O€3MOCEpeHbO Ui aHalily MilHOCTI alo,
HamnpHUKIan, i po3B’sisyBaHHS MetogoM @Dyp’e 3amad, $SKi BHHHMKAIOTH HPU
MOJICJIIOBaHHI JUHAaMIKM CcKiIagHux o00’ekTiB. Tomy oco0muBoi Barm HaOyBalOTh
npoOJIeMHu JIOCTOBIPHOCTI OTPHUMAaHUX KOMIT FOTEPHHUX PO3B’s3KiB. BiamoinHa
PO3paxyHKOBa (JIMCKPETHA) 3aj1a4a PO BJaCHI KOJUBAHHS — 1€ anreOpaiuHa mpodiiema
BiacHuX 3HaueHb (AIIB3), sk npaBuio, y3aransHena. [Ipu npomy muckpeTHi Mogeni,
0CO0JIMBO TPUBHMIPHI, BUKOPHCTOBYIOTh HAJIBENHKY KiJBbKICTh (MOXE NEPEBHIIYBATH
10") cremeniB cBoGomm, a marpuii Takux AITB3 MaOTh PO3PIIKEHY CTPYKTYpY,
HanpuKian, OJ04HO-TpuAiaroHanpHy. OUYeBHAHO, WO PO3IJSLA MpodleM B Takii
MOCTaHOBLi MOTpeOye BUKOPUCTAHHS HOBHX €()EKTUBHHX aJalTHBHUX BHUCOKOIPO-
JNYKTUBHHX alTOPUTMIB JUISL PO3B’SI3yBaHHS 3 OIIHKAMHU JIOCTOBIPHOCTI JUCKPETHHX
3agady. OmHMM 13 3aco0iB sk 3a0e3leyeHHs AOCTOBIPHOCTI pe3yNbTaTiB, TaK 1
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MiJBUIICHHS  e(QEeKTHBHOCTI  BHUKOPHUCTAHHA  OOYHCIIOBATHHOTO  peECypcy €
3aCTOCYBaHHs 0OaraTopiBHEBOI MoOJEil TNapajelbHuUX oOuucieHb [1] Ta 3MmiHHOL
(mimanoi) po3psiaHOcTi [2]. B wili poOOTI poO3MiIsAalThes MUTAHHS JTOCTOBIPHOCTI
pe3yIIbTATIB YNCEIHFHOIO MOJICITIOBAHHS BIIACHUX KOJHMBaHb KOHCTPYKIIH Ta CIIOPY Ha
KOMIT 10Tepax 3 MapajeIbHOI0 OpPraHi3allielo 00IMCIICHb.

1. IlocTanoBKH 33124

MaremaTHyHO 3agada PO BJIACHI KOJMBAaHHA KOHCTPYKIii 3 BHKOPHCTaHHSIM
MIPUHIIAITY MOKJIMBHX 3MIIIEHb MOXKe OyTH IMOCTaBlieHa y BUTIIA/I BapialifHOl 3amadi
(muB., HAMIp., [2]): 3HAMTH BekTOp-(yHKIiI0 Ue Uy, sika st Oyap-sikoi BeKTop-pyHKIIii
ve Uy 3aJ0BONIGHAE IHTErPalbHIA TOTOKHOCTI a(uv) =Ab(uyv), me U, -
HECKIHYCHHOBUMIpHUNA  (PYHKIIOHANBHUI  TPOCTIp  MOXIJIHMBHX  IEPEMIlIeHb,
cuMeTpuyHi  OumiHidHI  dyHkuionamu a(u,v), b(u,v) mnponopuiitni BiANMOBIAHO
MOTEHIIIHHIH 1 KIHETHYHIN eHeprisaM aedopmarii.

TeopeTHYHOI OCHOBOIO OINBIIOCTI TPOTPAMHHUX 3acO0iB UIA PO3paxyHKy
MIIIHOCTI KOHCTpYyKIiK € meTon ckiHueHHuX enemeHTiB (MCE) [3]. duckperusariis
Bapiariiinoi 3amaui MCE, mnonsrae B 3aMiHi HECKIHUSHHOBUMIPHOTO IPOCTOPY
nomyctamux  ¢yrkuiii Uy fforo ckindennoBuMipanm mizmpocropom Ug". Bekrop-
dyskmii 3 migmpoctopy Uy MOXyTh OyTH NpencTaBieHi y BUIUSM JTiHIAHOL

n
KOMOIHAIIi1 uh(x)z in(pi(x) O6asucuux Bekrop-Oyukmin ¢ (i=1,2,...,n),
i=1

3BUYAlHO KyCKOBO-TIOJIHOMIialbHUX, SKi 3aJOBOJBHSIOTH TOJOBHHM TI'DAaHUYHUM
YMOBaM.

Toxi Ginminiitai GysKionany y ckinuennoBMipHOMy ipocTopi Uy € Bimosixso
GiminilianME Gopmamu koedirieHTiB (BysmoBux mapamerpiB) X - a(u" V") = y'Ax,
b(u".v") = y'BX, 1 X i y — BeKTOpH BY3/I0BHX mapameTpiB BigmosigHo Gpyrxuii u” i v, a
eIEMEHTH Matrpuilb XopcTkocTi (A) ta Mmac (B) oOumcnroroTbess 3a ¢dopmynamu
(Iaj = 1! 21 cees n) aij = a((Pi’ (Pj)’ bij = b((Pi’ (pl)

TakuM YUHOM, BpPaxOBYIOYH JOBUIBHICTH BEKTOpa Y, OTPUMYEMO BiIOBIAHY
JHCKpeTHY 3a1auy [3, 4] — y3aransueny AIIB3

Ax = AhBx. @

BpaxoByoun, mo 6asuchi Gyskmii mignpocropy MCE Uy Bubuparots Tak, 1o
BOHM OyJNM BIJIMIHHMMHU BiJl HyJIsS JIMIIE Ha JICKUJIbKOX CKIHUEHHUX €JIEMEHTaX,
cTpykTypa Matpuilb 3 (1) € B 3arajibHOMy BHIIaJKy PO3PI[HKCHOK 1 BH3HAYAETHCS
HyMepali€ro BY3JOBUX mapaMeTpiB. KpiM Toro, maTpumi IUCKpEeTHHX 3a1ad €
CUMETPUYHUMH, JOAATHO BU3HAYCHUMH 200 JOAaTHO HalliBBU3HAUCHUMU.

2. Po3B’si3yBaHHA y3arajibHeHol aJreopaiuHoi npoo/jeMu BJIACHUX 3HAYEHb.

B 3amaui Ha BrmacHi KONWBaHHSA, SK TPABUIO, HEOOXITHO 3HAWTH JIUIIE HEBEIHKY
KUTBKICTh BnacHUX (opM (HOPIBHAHO 3 TOPAIAKOM 3ajadi), SKi BiANOBINAIOTH
MiHIMaJIbHUM BJIACHUM 3HAYeHHsAM. TOMy BIJIOBiJHA YacTKOBa IPoOJieMa BIIACHUX
3Havenb (1) MoXke pO3B'SI3yBaTHCS METOIOM iTepalliii Ha miampoctopi [4]. Tlei meron
MoJisirae B MoOYA0BI MOCHiAOBHOCTI mifnpocTopiB E; (1 =1, 2, ...), sika 36iraeTbcs 10
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nianpocTopy E., 1o MicTUTh IyKaHi BIACHI BEKTOPH.

AJropuT™MH pO3B’si3yBaHHS y3araibHeHoi yacTkoBoi AIIB3 (1) 3 po3pimkeHumu
CHMETPUYHUMH MaTPHUILIMHE (IOAaTHO BU3HAueHOi A) Ta (IoHaTHO HaliBBH3Ha4YeHOI B)
METOJIOM iTepaIliif Ha MiAIPOCTOPI IS MapalieIbHAX KOMIT IOTEPIB PI3HOT apXiTeKTypH
npezcTaBieHo B [4, 5]. B anroputmax BUAUIAIOTHCS 110 YOTHPH TMi3aadi.

1. Po3BUHEHHSI PO3PIIKEHOI CHMETPUYHOI JOAAaTHO BH3HAaYeHOI MaTpumi A,
BUKOPHCTOBYIOUH, HAIPUKIIA/, mapasenbHi anroputmu LDL -possunenns [4], a Takox
apupMeTHKy 3MIHHOI po3psaHocTi [2] i minBUIICHHS e(QEKTUBHOCTI TpH
30epeKeHHI TOYHOCTI.

2. ®opMyBaHHS PO3MOJUICHOI MK MapanelbHAMH TIpollecaMu MaTpuili Yo
MMOYAaTKOBUX BEKTOPiB. BHKOHyeThCS TpollecaMy BHIIOTO PIiBHSA TMapanemizmy,
BUKOPHCTOBYIOYH, HATPHUKJIA[], AITOPUTM 3aIpOIIOHOBaHUiA B [4].

3. Itepauiiianii mporec B SAKOMY Ui KOXKHOro t=1,2,.. BUKOHYIOThCS
PO3MOIIEHI MiX TPOIECOPHUMHU TMPUCTPOSIMHU OIepallii: 3HAXOHKEHHS PO3B’ 3Ky
CJIAP AX; =Y;_; (BUKOPHCTOBYIOYM PO3BHHEHHs MaTpuli A); 0OYMCIIEHHS NPsIMO-

kyTHOI Matpuni W, = BX, ; o04nciieHHs 10JaTHO BU3HAYEHHUX MPOEKLiil MaTpulp 4 Ta
B ma mimmpoctip E; — A =X{Y,; =X AX;, B =X{W, =X{BX,; poss’ssysanus
nosHoi AIIB3 AZ, =BZA,, ae A;=diag(};); mepesipka yMmoB 3aKiHUeHH:
irepaniitnoro mponecy (mampuxman, | (A —A) /A0 |<e)); obuncnenns mosoro

HAOMKEHHS Y =W, Z, (abo wmarpuii HaONM)KEHUX BIACHUX BEKTOPIB
*
X =Xpalia)

4. JIocni/pKeHHsT TOCTOBIPHOCTI KOMIT FOTEPHHX pe3yJbTariB (IuB., HATP., [6]).
Komm’roTepHi MeToaM Ta mapajielibHi aJITOPUTMH JIOCHIDKEHHS BIIACTHBOCTEH
JIMCKPETHUX 3a/1a4 Ta 1X pO3B’SI3KiB Mpe/cTaBicHo B [4, 6].

ITepariiinuii mpormec 30ira€rbcs JIHIAHO, NPUUOMY HIBHAKICTH 301KHOCTI
BU3HAYAETHCS BIJHOLIEHHAM Aq/A1, i€ (| — PO3MIPHICTh MiANpOCTOpY. Bukopucranus
OaraTopiBHEBOI MOJIeNi OOYHCIICHD JO3BOJISAE MIABUIIUTH €()EeKTUBHICTh aIrOpUTMY 32
pPaxyHOK YIIIJIbHEHHS O00YHCIIeHb, 30UIBLIYIOYH PO3MIp MiANPOCTOpPY 3a HAsBHOCTI
BUILHOTO 0OYHUCITIOBAJILHOIO PECYPCY.

3. locToBipHicTh pe3yabTaTiB

IIpy BU3HAa4YEeHHI BIACHUX KOJNMBAHb KOHCTPYKLIi BaXJIMBO TapaHTyBaTH
JIOCTOBIPHICTh OTPUMYBAaHUX PO3B’s3KiB. Koy iiieThest Mpo TOCTOBIPHICTH PO3B'S3KY,
TO Ma€ThCA Ha yBa3i JOCTOBIPHICTh HAOMMKEHHX PO3B'SI3KiB BUXiAHOI 3axauyi. [loBHa
noxnuOka HaONMKEHOTO PO3B'A3KY BpPaxOBY€ BIUIMB NOXMOOK BHUXITHHUX JaHUX,
noxuboK Juckperusaiii i (GopMyBaHHs AaHHX AUCKpeTHOI 3amadi (1) Ta moxuOok
KOMIT'FOTEPHOTO PO3B’ 513Ky 1€l y3aranpHeHoi ATIB3.

JocToBipHiCTE PO3B’S3KYy MNPHUKIAJHUX 3a7a4 3 HAONMKEHUMH BUXITHUMH
JAHUMU TapaHTYETbCS BHUKOPUCTAHHSM CTIMKHX JI0 30ypeHHs BHUXIJIHHAX JAHHX
MaTeMaTHYHUX MOJIeNiell KOHCTPYKIN, IO PO3PaXOBYIOTHCS, BHKOPHCTAHHSM MpU
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muckpernsanii MCE TeopetmyHO OOIpYHTOBaHHWX CKIHYEHHUX €JIEMEHTIB, SKi
3aJJ0BOJILHSIOTH YMOBaM 301)KHOCTI 1 IS SIKUX OTPUMAHO OL[IHKH IMOXHOOK PO3B'A3KY.
IToxnbka KOMI'IOTEPHOTO PO3B'SI3KY X  BIIHOCHO TOYHOTO pO3B’sI3Ky X
BIAMOBIMHOT AUCKpEeTHOT 3amadi (1) 3a1eXuTh BiJl TOYHOCTI 3aBIaHHS BUXITHUX TaHUX,
METOAY 1 aJNropuTMy pO3B’SI3yBaHHS IIi€i AMCKPETHOI 3ajadi, a TakoX MOXHOOK

3a0Kkpyrienns. B [6] otpumano ominkn (= AX —ABX , ||v||2B =v'Bv)

T )
<i X - fll<—2, 2)
Xl (S

OOYHCITIOBAILHUX TOXHUOOK HAOIMKEHOIO BJIACHOIO 3HAYEHHS X Ta BIAIOBIOHOTO

BJIACHOIO BEKTOpAa X KOMII'IOTEpHOI 3amaui A X =\ B'X 3a yMOB, 0 A HaOmmkae, B
3araJlbHOMY  BWIIQIKy, KpaTHe BiacHe 3HadeHHs A; (i =p, ptl, ..., Q),

|(7~»—kj)7fj1|20i mis j #p, p+1, ..., q Taichye Bektop f =0 pXp + 0 X

OKpeMoro JOCIiKEHHsI BUMAratoTh PO3B’S3KH METOJY iTepalliii Ha MiAIpOCTOpi
yactkoBoi AIIB3. Tak mpu oOuucieHHI M MiHIMalbHUX BIACHUX 3HAYCHb MOXKE
BUHUKHYTH CHTYyallis, KOJM 3aMiCTh OJHOrO 3 HHX o0OumcieHo (M+1)-e BiachHe
3HAauYeHHs. BUABUTH TaKy CHTyalil0 MOXKHa, BHKOPHCTABIIU  BJIACTHBICTH
nocmigoBrocti [ltypma [6] mis 3amadi (A — oB)x = vBX (sixmmo B mogatHo Bu3HaueHa
Mmarpuirsi) abo st 3agadi (A — oB)X = VAX (SKIIO 10JaTHO BU3HAYCHA JIHINE MATPHUIS
A). 3cyB ¢ BHOHMpaeThCs OUTBIIAM 33 MaKCHMajbHE 3 BJIAaCHUX 3HadeHb (A), SKi
BUIIPOOOBYIOThCSA.  SIKIO BHOpaTM G  JIOCTaTHBO  BiIJAJICHUM  (HAIPHKIIA],
PIBHOBLIANICHUM)  BiTL Ay 1 Ap, LDLT-pOSBI/IHeHHSI MOJKHAa  BMKOHATH,
BUKOPUCTOBYIOYH OJIMHAPHY PO3PAAHICTD, i 3HAUHO CKOPOTHUTH YaC.

OTxe, OCTaHHE JOCHIKEHHS, a TaKoX OOYMCIEHHS OINHOK (2) IIOBHHHO
BKJIFOUATH IPOLEAYPY BUSIBJICHHS HEKPAaTHUX BJIACHUX 3HAa4YeHb. OYEBHIHO, IO IS
HEKPATHOCTI BJIACHOTO 3HAUEHHS A B YMOBaxX HAOJWKEHUX JIaHUX JOCTAaTHBO, 1100
CyCizHi iHTEepBaH, Ki 0OMEKYIOTh BIAMOBIHI TOYHI BiacHi 3HaueHHs 3amadi (1), He

HePEeTUHANNCS, TOOTO W00 BHKOHYBAIHCh YMOBH A; 3 +20 <A <A, —20, ne

6=max{||AA||,||AB|[}, a BJIACHI 3HAYEHHS HYMEPYIOThCS 3a 3pocTaHHsAM. [lpu

KOMIT FOTEPHOMY JOCTi/DKEHHI, 100 po3pi3HUTH ONHM3bKi Ta KpaTHI BIACHI 3HAYEHHS
JOLITBHO BUKOPUCTATH po3B’si3yBaHHsA AIIB3 ans npoekuiit 31 3MiHHOIO pO3PAIHICTIO,
CIIJIKYIOYM 33 IMOBEIAIHKOI OJIM3bKUX BJIACHUX 3HAYEHb NMPH 301IbIICHHI JOBXHUHU
MaHTHACH MAIIMHHOTO CJIOBA: SIKIIO PI3HUIS MDK [UMH BJIACHUMHU 3HAYCHHSIMU
3MEHIY€ETHCSI, TO 1I€ KPaTHi BIIACHI 3HAYEHHSI, @ B IPOTHIICKHOMY BUIIAIKy — OJM3bKI.

BucHoBku. B po0oTi po3riisitHyTO MUTAaHHS JIOCTOBIPHOCTI pE3yJIbTATIB YHCETHLHOTO
MOJICJIIOBaHHsI BJIACHUX KOJIMBAaHb KOHCTPYKIIH Ta CHOpPYA Ha KOMITIOTEpax 3
napajieibHOI0 Oprasizauiero obuucieHb. Ha OCHOBI aHamizy MeTOAy CKiHUEHHHX
€JIEMEHTIB JUI IUCKpeTHU3alii 3a1a4 Ipo BIACHI KOJUBAHHS, METO/AIB KOMIT FOTEPHOTO
JOCHI/DKEHHSI MaTeMaTHYHUX BJIACTHBOCTEW, pO3B’S3yBaHHS Ta  JOCHIPKEHHS
JIOCTOBIPHOCTI PO3B’A3KIB YaCTKOBOI y3arajibHEHOI airedpaiuyHoi mpoOieMH BIIACHHUX
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3HAa4YeHb, KA BUHUKAE B Pe3yJbTaTi AMCKPETH3allil, OTPUMAHO alOCTEPIOPHI OLIHKH
MOXMOOK BJIACHUX 3HAYEHb 1 BIIACHUX BEKTOPIB Yy3arajdbHEHOI mpoOJIeMH 3
CUMCTPUYHUMHU MATPUIIMH, OJHA 3 SKWUX [OJJaTHO BU3HAYCHA. 3alpOINOHOBAHO
OoOTpyHTOBaHI aNTOPUTMH (SKi BUKOPHUCTOBYIOTH 3MIHHY PO3PSAIHICTH) PO3B’SA3yBaHHS
METOJIOM iTepalliii Ha MmiAIPOoCTopi YacTKOBOI y3aransHeHoi AIIB3 ta amocrepiopHoro
KOMIT FOTEPHOTO JIOCHIIXKSHHS ii PO3B’S3KiB.

JlitrepaTtypa

[1] Ionos O.B., Pyouu O.B., Yucmsxoe O.B. BaratopiBHeBa MOJIEb MapalelbHUX OOYHUCICHb IS
3anad JiHiitHOI anredpu. [Ipobaemu npoepamysanns, 2018, No 2-3, C. 83-92.

[2] Ximiv O.M., Cuoopyx B.A. BUKOpHCTaHHS MilIaHOI PO3PSATHOCTI Yy MaTEMAaTHYHOMY MOJICIIFOBaHHI.
Mamemamuune ma xomn rtomepne mooenmosanns. Cepis: Dizuxo-mamemamuyni Hayku. 30. HayK.
npausb. — 2019, Bun. 19. — C. 180-187.

[8] Topooeyxuii A.C., Essepos H.J]. Kommbrorepusie Mozpenu koucrpykimii, K.. ®AKT. — 2007. —
3% c.

[4] Xumuu A.H, Monuanos U.H., Ilonos A.B., Yucmsxoea T.B., Arosnee M.®. TlapasienbHbie
AJITOPUTMBI PELICHNUS 33184 BBIYUCIUTEeIbHON MaTemaTuku. — Kui: Hayk. mymka, — 2008. — 248 c.

[5] Khimich A.N., Popov A.V., Chistyakov O.V. Hybrid Algorithms for Solving the Algebraic Eigenvalue
Problem with Sparse Matrices. Cybernetics and Systems Analysis. 2017. V. 53, N. 6. P. 937-949.
https://doi.org/10.1007/s10559-017-9996-5.

[6] I[Honos O.B. Komm’roTepHe NOCTIPKEHHS MOCTOBIPHOCTI PO3B’SI3KiB y3aralibHeHOI anreGpaidHoi

npobsieMu BIacHUX 3HaueHb. Komnvromepuas mamemamuxa. C6. Hayd. TpynoB. — 2012, Bem. 1. —
C. 52-59.

Reliability of Computer Solutions in the Study of natural
oscillations

Alexandr Popov, Alexey Chystiakov

The paper examines the reliability of the results of numerical modeling of natural oscillations of
structures and buildings on computers with parallel organization of calculations. Based on the
analysis of the finite element method for the discretization of problems about natural oscillations,
methods of computer research of mathematical properties, solving and reliability research of the
solutions of the partial generalized algebraic eigenvalue problem (AEP), which arises as a result
of discretization, a posteriori estimates of errors of eigenvalues and eigenvectors of a generalized
problem with symmetric matrices, one of which is positive definite, were obtained. Reasoned
algorithms (which use a variable bit rate) for solving by subspace iteration method of a partial
generalized AEP and a posteriori computer research of its solutions are proposed.
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