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Y emammi Oocnioowceno numanna macuma0dysanus 01a cucmemu HeliHIUHUX DI6HAHb Y 3a0ayi
1n06y008uU NIOCKOI Kpugoi y HamypanvHill napamempusayii, AKa npoxooumv yepes 08i 3a0aHi
mouku ma 3abe3neuye 6 HUXx 3a0ami Kymu HAXULY OOMUYHUX MA 3A0aHi 3HAYEHHA KPUBUH.
Ilpeocmasnena onmumizayiiina He2naoka 3a0a4a eK8i8aIeHMHA CUCTHEM] YOMUPbLOX HEeNTHIUHUX
PDi6HAHL 3 YOMUpPMA HEGIOOMUMU, AKA ONUCYE 3a0auy no6yoosu HeoOXiOHOI Kpusoi 3 KyOiuyHUM
PO3NOOINIOM KpUsuHU, ma memoo ii po3e’s3anHs Ha OCHOGL moougikayii r-ancopummy I[llopa.
THoxazano, wo ons moeo, wod 3Haimu po36's130k onmumizayitiHoi 3a0aui i3 3a0AHOI0 MOYHICIIO
3a MeHwull wac Kpawe posg'azyeamu 3adauy 3 0obpe macwmabosanumu oanumu. Ilpasunvhe
Macumabysanus OaHux 6idicpac Cymmeey ponb Oiid 8UGOpy Napamempie npu MoOeno6aHHi
(ppazcmenmie aepoOUHAMIYHUX MA MEXHIYHUX NPOPINIE 6 IMePayitiHoMy PeNCUM.

KirouoBi cioBa: 1mocka KpuBa, HaTypalbHa [apamerpu3auis, KyOiuHa
KpHUBHHA, HErNaka (pyHKLIs, F-arOPUTM.

Beryn. 3anaui no0ynoBH IUVIOCKHX KPMBHX B HATYpaJibHiil mapamerpu3saiii [1-3]
3BOASITHCA /10 33124 3HAXOMKEHHSI PO3B'SI3KiB cHCTeM HeNiHiHUX PiBHSAHL, 1€
4YacTUHA PIiBHAHb 3aJIeKaTh Bil HeBiIOMHMX mnapaMeTpiB miaiHTerpajbHHUX
(¢pyHkuiii Ta HeBiTOMOI BepXHBOI rpaHMui A BH3HA4YeHOro iHTerpamy. [las
3ajavi MoOy/10BH KPHMBOI B HATYPAJIBHiN MapaMeTpu3auii 3 Ky0i4HOI0 KPUBMHOIO
B pobortax [4, 5] chopmynboBaHa cucTeMa HeJiHiiHUX PiBHSIHb, BilmOBiaHa Tii
3ajava HerJagkoi onTuMizanii Ta anaroput™ ii po3B'sizanHs. Y crarrTi Oyae
JOCTiIKeHO MACIITAOYBAHHSI CUCTeMHU HeJiHIiiHMX PiBHSAHBL, 100 3a0e3mevyuTH
PO3B'sI3aHHS TMOraHo oOyMOBJIEHOI onTuMizaniiiHoi 3amauyi, TOOTO KOJHU
BilHOIIeHHsI MiHIMaJbHOro 3a MoayJeM KoedinieHTa KyOiuHOro moJsiiHomMa 10
MaKCHMAJILHOTO Moxke cranosutn 1077 —107°,

1. Cucrema HeqiHiliHMX PiBHAHB Ta onTUMi3alUilina 3a1aya.

3ajava (IMB. pHC. HWKYE) ToOJsrae y HacTymHomy. [ToTpiOHO Tak 3'€qHATH TOUYKH
A(X,,Ya) Ta B(X3,Ys) KpHBOIO JiHi€I0 y HaTypalbHill MapaMeTpu3alii, 1e KpUBHHA
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k(s) = as® +bs?+cs+d  mae KyOiYHy 3aJeXKHICTh BiJl JOBXHHH JyTH, 100
3abe3meynTy B Toukax A Ta B 3ajaHi 3HaueHHs KyTiB HaXWIIy JOTUYHUX @, Ta @,

Ta 3aJaHi 3HaueHHs KpUBUH K,, K. KyTu BUMiproloThCs B pajiaHax.

B
VB
k, 95
A
Y4
K,
T4 X5
Hexait S — nmomkuHa kpuBOi Big Toukn A 10 Touku B . 3HaxopkeHHIO

napaMeTpiB KpuBHHHA &, D, C, d Ta MOBXHMHU S BIAIOBIJAE CHCTEMA 3 YOTHPHOX
HEJHIWHUX PiBHAHB Ta OJHOTO JIIHIHHOTO piBHIHHS [4]:

S 4 3 2

as® bs® cs
X, = X, + | COS +—+—+—+dxs|ds, 1
B A _([ (¢A 2 3 > X j Q)

S 4 3 2

_ . as” bs® cs
yB_yA+E‘)‘SIn(¢A+T+T+7+dXdeS1 2

as® bS® cS?
¢B=¢A+T+T+7+dxs’ (3)
k,=d, k;=aS*+bS*+cS+d. (4)

3 niniiiHoro piBHsHHS (4) orpumyemo d° =K,. Jlng nomyky a°, b®, ¢, S° B [5]
BUKOPHCTaHO YMOBHY 3a/iady MiHiMi3amii cymMu MOAymniB (YyHKIiH HEB’S30K s
piBasiHb (1)—(4), sika Mae BUTJISL: 3HAUTH

s
as* bs® cs?

(ae,be,ce,Se):argmin xB—xA—jcos Op+——+—+——+k,s |ds|+
ab,c,S 0 4 3 2
S 4 3 2
+yB—yA—jsin ¢A+£+bi+£+kAs S|+ (5)
0 4 3 2
4 3 2
+(pB—(pA—aj —bg —Cz —KaS|+ |k —aS3 ~bSZ —cS —k,
32 0OMEXEHb
SminSSSSmax’ (6)
404 3e3  i2g2 :
b iI"S I°S i°S IS _n .
——<@,+a +b +C +ky—<—, i=1...,N, 7
2 PATENT TN T N AN 2 ")
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ne N — KiTbKicTh piBHUX migiHTepBaiiB y inTepsaii [0,S] mwis auckpernsartii GyHKIil
4 3 2
(P(S) =0p +%+b%+%+ kAsv S E[O,S] ; Smin :\/(XB _XA)2 +(yB - yA)2 ) Sma>< -
napameTp JUisl yIpaBIiHHA BEPXHEIO MEKEIO Ha S — 3arajibHy OBKUHY KPUBOI.
IinboBa dyskiis (5) € KyCKOBO-TJIAJKOK Ta 3a0e3redye MiHIMi3alliio CyMu
MOJyINiB (QYHKIH HEeB'sI30K Aist piBHAHB (1)—(4). OOMexeHHs (6) rapaHTYIOTh JOAATHI
3HA4YEHHS OBXUHH S, a oOMexxkeHHsI (7) 3abe3neuye iCHyBaHHS €IMHOTO TTI00aFHOTO
MiHiMyMy 11 3anadi (5)—(7) He3anexHo Bix BHOOPY BelNHUMHA S .
s poss’sizanns 3amadi (5)—(7) Ha ocHOBI Momudikamii r-anropurmy Illopa
PO3p0o0IIEHO METOJ 3 YIPaBIiHHAM MapaMeTpamu o (Koe(illieHT po3TATy MpocTopy),
hy (xpox Ha mepmiif itepamii) i ¢ (Koe(ilieHT 3MEHIICHHA KPOKY Ha MOJANBIIHX

iTepanisx) Ta KpUTepiAMH 3yNUHKH €, (3yIMHKa 3a apryMeHToM) Ta maxitn
(MakcuMalbHa KiJIbKICTB iTepauiit). CTapToBy TOUKY BUOPAaHO PiBHOIO (0, 0,0, S,jin )T .
2. MacmiragyBanus cucremu (1)—(4) Ta 064ncII0OBaILHMI €KCIIEPHMEHT.
Hexaii nosxuna kpuoi S° =100. Ilo6 y Touui (Xg,Yg) TrapaHtyBatd KyT Og
TaKWM, 110 —g <@g < g, noTpiOHO, 00 BUKOHYBANACs HEPIBHICTh

_g . 10:)4 - a 10;3 o 4 1002

Sxkmo a°, b®, ¢®, d° e momarHuMmm, TO JaHa HEPIBHICTH O3HAYAE, MIO iX 3HAYEHHS

¢ +1004° sg.

OyIyTh BeNMUMHAMH pi3HHX Topsakis: Tak a° Oyae maru mopsmok 107°, b€
MTOPSTIOK 10°, ¢c® — MOPSTIOK 10*,a d° — TTOPSITIOK 107. Lle BIIMBa€ HA IIBHAKICTH

301KHOCTI MeToy po3B'ssanus 3axadi (5)—(7), a mpu BenMKUX 3HaYeHHAX S HaBiTh
Ha HEMOXKIIUBICTD ii pO3B’si3aHHS. Y IIbOMY BHIIAAKY MOXE JOTIOMOITH JIeMa.

Jlema (x>0). dxmo a°, b®, ¢, d°, S®e poss'askom cucremu (1)—(4), To
a® =a®/u*, b =b/u®, ¢ =c®/u?, S =uS°® Gyne Po3B'AZKOM HACTYIHOI
CHCTEMH PiBHSHB:

S 4 3 2

as” bs® cs
X, = uX, + | cos +—+—+—+dxs|ds, 8
HRg = HXp .([ [(pA 4 3 5 x ] (8)

S 4 3 2

_ . as® bs® cs
yyB—yyA+£sm[¢A+T+?+7+dxs]ds, (€)]

asS* bsS® cS?

=p,+—+—+—+d xS, 10
Pg = Qo 4 3 2 X (10)
uk, =d, kg, =aS®+bS?+cS +d. (11)
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Jlema BcTaHOBIMIOE 3B'130K po3B'3kiB cucremu (1)—(4) Ta MacmraGoBaHOI
cuctemu (8)—(11), B siKiii KOOPJMHATH TOYOK Ta 3HAYCHHS KPUBUH JOMHOXYIOTHCS Ha
OJHY 1 Ty % Benmnuuny 1 >0.

Jlns 3HaXOmKeHHST pO3B's3KiB moraHo MacmraboBaumx (x4 =10) ta mobpe
MacmtaboBanux (4 =1) 3amad npoBeaCHO OOYUCTIOBATLHUM EKCIICPUMEHT IS TBOX
HabopiB nanux. J{s morano MacmTaboBaHMX 33134 Oyiin BUOpaHi BUXiTHI aHi:

T T

Xp =0, Y5 =20, pp =%,kA =0.1,xg =30, yg =40, ¢g =%, kg =-0.05.  (13)
s nobpe macitaboBaHUX 3aj1a4 iM BiAMOBITAIOThH TaKi BUXIAHI JaHi:

s s

T T

V Tabn.1 HaBeseHO BUTPATH I-aIrOPUTMY (32 KUIBKICTIO iTeparmii — itn; Ta itn,,
3a KUIBKICTIO 00YMCIIEHb y3araJdbHEHOro rpajieHTa ninsoBoi Gynkuii — nfg; Ta nfg,)

JUTSL 3HAXO/DKEHHS TUIOCKUX KpuBUX st ganuX (12) Ta (13) Ta kparie maciitaboBaHHX
nanux (14) Tta (15) A TPHOX  KPHUTEpIiB  3yNMHUHKA 32  apryMEHTOM

€y 2{10_6,10_8,10_10}. [Ipr 1BOMY BHKOPHCTOBYBAJIUCH Taki mapamerpu o =2.0,

hy=1.0, ¢ =1.0, maxitn=1500. B tabn. 1 TakoX HaBeAEHi BiTHOCHI BiIXMICHHS

MDK  KOMIIOHEHTaMH  pO3B'S3KiB,  SKi  BH3HAYAIOTBCA 332  (opMyJamu
Aa° =[as —af / | /]as|, Ab° =|o5 —bf / |/ |bs], Act =[cs ~cf / 4P| /5|
Tabmms 1
Butparu r-anroputmy Ha MomIyk po3s's3kis 3amad (12), (14) ta (13), (15)
anaua( 1 =10)/ 3anaui (12), (14) 3anaui (13), (15)
Bamaua(p=1) | ¢ _10°® £, =10% | ¢ =100 | ¢ =10"° £, =10% | ¢ =100
itn, /itn, 163/103 211/133 242/154 254/102 278/131 314/151
nfg, / nfg, 469/132 626/173 696/201 995/146 1039/183 1107/211
Aa® 5.5e-07 3.2e-09 8.9e-12 2.0e-05 1.3e-06 2.0e-09
Ab® 6.5e-07 2.5e-09 3.7e-12 2.8e-06 1.6e-07 2.6e-10
Ac® 6.6e-07 1.8e-09 1.3e-11 4.8e-07 2.4e-08 4.2e-11
AS°® 1.4e-07 1.3e-10 6.0e-12 2.6e-08 7.5e-10 3.1e-12

3 Tabnuili BUIHO, 1110 JIJIs PO3B'A3aHHS 3a7a4 3 100pe MacTabOBaHUMH JaHUMH
(3amaui (14) ta (15)) morpibHO Maike B Ba pa3u MEHIIE iTepariii Ta Maike B YOTHPH
pasu MeHIIe OO0YHCIICHb Yy3arallbHeHOTO TPaji€HTa, HIX JUIsl PO3B'I3aHHA 3aj7a4 3
MOTraHo MaciiTaboBaHuMHu JaHuMu (3a1adi (12) Ta (13)).
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BucHoBKH. Y CcTaTTi TOCTiPKEHO MUTAHHS MAacIITaOyBaHHS JJISi CHCTEMH HENiHIHHUX
piBHSHBb Yy 3amavi MOOYAOBH IUIOCKOI KpUBOi Yy HaTypajbHIi mapaMeTpu3amii 3
KyOiYHMM PO3MOAIIOM KPUBUHH, IO MMPOXOAUTH Yepe3 /IBi 3ajaHi TOUKH Ta 3a0e3neuye
B HUX 33/1aHi KyTH HaxXWiIy JOTHYHUX Ta 3aJlaHi 3Ha4eHHs KpuBHH. [loka3ano, mo ams
TOro, moOO 3HAWTH PO3B'I30K 13 3aJaHOI0 TOYHICTIO 3a MEHIIWM dYac Kpaiue
pO3B'sA3yBaTH 337a4y 3 1o0pe MaciiTaboBaHUMH JgaHuMu. [IpaBuibHEe MaciTaOyBaHHS
JaHUX BiAIrpae CyTTEBY pOJb I BHOOPY TOTO UM IHIIOTO TapameTpy Npu
MoJestoBaHHI  ()ParMEHTIB  aepOJMHAMIYHUX Ta TEXHIYHHX mpodinie B
iTepalifHOMy peXHMi, BpaXOBYIOUH, IO MAacIITad IOCTaTHRO BCTAHOBUTH BCHOTO
OJIMH pa3, a 3amauy (5)—(7) morpibHo BupimIyBaTH Ay:Ke Oarato pasis.
Po6ota nintpumana Volkswagen Foundation (rpant 97 775)

Jlirepatypa

[1] Bopucenko B., Arapxos O., Ilanpko K., Ilambko M. MojenoBaHHS IUIOCKHX KPHBHX Y
HaTypalbHIH mapamerpusanii. ['eomeTpuuHe MonenmroBaHHs Ta iHpopMauiiitHi TexHomorii. 2016.
Ne 1. C.21-27.

[2] Bopucenko B. [I., Ycrenko C. A., Ycrenko 1. B. T'eoMeTpuuHe MOJIENIOBAHHS S-TIOMIOHUX
CKeNeTHHUX JiHiil mpodigiB JOMaTOK OChOBHX KoMmOpecopiB. BicHuk aurynoOymyBamms. 2018.
Ne 1. C. 45-52.

[3] Hecrepenko A., Jydenko O. KBa3iHbIOTOHIBCHKI METOMM Ul MOJIEIIOBAHHS IUIOCKUX KPUBHX.
®i3uko-MaTeMaTHUHEe MOAEGIOBAHH Ta iHpopMariiHi Texnonorii. 2021. 33. C. 62-67.

[4] Stetsyuk P.l1., Tkachenko O.V., Zhydkov V.O. Using Shor’s r-algorithm for building naturally
parametrized curve having cubic curvature. Proceedings of the 7-th International Conference on
Control and Optimization with Industrial Application, Baku, Azerbaijan, 26-28 August, 2020. Vol.
1. P. 389-391.

[5] Khomiak O., Stetsyuk P., Zhydkov V., Infante L. Using Optimization to Construct Naturally
Parametrized Curve with Cubic Curvature. In: Arsenyeva, O., Romanova, T., Sukhonos, M.,
Tsegelnyk, Y. (eds) Smart Technologies in Urban Engineering. STUE 2022. Lecture Notes in
Networks and Systems. 2023. Vol 536. Springer, Cham. P. 14-24.

Coordinate scaling for building naturally parametrized curve with
cubic curvature

Petro Stetsyuk, Olha Khomiak, Volodymyr Zhydkov

The article explores topic of coordinate scaling for linear inequality system in problem of building
flat naturally parametrized curve passing through 2 points with given inclinations and curvatures
at them. The non-smooth optimization problem presented is equivalent to a system of four non-
linear equations with four unknowns, which describes the problem of building curve with cubic
curvature distribution and its solution method based on Shor’s r-algorithm modification. It is
demonstrated, that for finding problem solution with given accuracy for less time it is really better
to solve the problem with well scaled coordinates. Correct scaling plays essential role in choosing
parameters for iterative modeling fragments of aerodynamic and technical profiles.
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