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YV pobomi nasedeno Ho6i ancopummu 0ns po3s’azanHA eapiayiliHux HepieHOCMel 6 PIBHOMIPHO
onyknux 6anaxosux npocmopax. Iepwuii ancopumm — moduirayis memody «forward-reflected-
backward algorithmy, wo euxopucmosye yzazanvneny npockyito Anvbepa 3amicmo MmempuyHoL.
Jlpyeuil ancopumm € adanmueHUM GaAPIAHMOM NEPUIO20, Oe BGUKOPUCHOBYEMbC MOHOMOHHE
Npasuio NOHOBNEHHS GEIUYUHU KPOKY, WO HEe BUMA2AE 3HAHHA JNINWUYEeBUX KOHCMAHm ma
JIHIUHO20 nowyky. [losedeno meopemu npo ciabry 30ixicuicmb Mmemoodie ma O07si Nepuiozo
aneopummy 0068e0eHo OYiHKY eheKmusHOCmI.

KuarouoBi cjoBa: BapialliiiHa HepiBHICTb; y3arajibHEHa NPOEKIlsA AJbOepa;
METO/T OTIEPATOPHOI eKCTPANOJIALii, cradka 301KHICTH

Beryn. B pamiit po6oti, mo mpomosxkye muki crareid [1-3], mocmimkeHO HOBI
iTepamiifHi alropuTMH Ui PO3B’sS3aHHSA BapiallifHUX HEpIiBHOCTEW B PIBHOMIPHO
ONyKJIMX OaHaxoBUX mpocrtopax. [lepmii anroputm — Mmoaudikairist meroxy «forward-
reflected-backward algorithmy [4], mo BukopuctoBye mpoekitito AnbOepa. [pyruii
aTOPUTM € aJaNTHBHUM BapiaHTOM IIEpIIOrO, Jie¢ BHKOPUCTOBYETHCS IPABUIIO
TIOHOBJICHHS BEIIMYMHU KpPOKY, II0 HE BHMara€ 3HAaHHS JIIIIWIEBUX KOHCTAHT Ta
niHifHOTO TOIYKYy. st BapiamiiHUX HEpiBHOCTEW 3 MOHOTOHHHMH, JIMIIAIEBUMH
orepaTopaMu, MIO MiFOTh B 2-piBHOMIPHO OIYKJIOMY Ta PiBHOMIPHO TJIaJKOMY
0aHaXOBOMY IPOCTOPI, JOBEICHO TEOPEMH IIPO CIIA0KY 301KHICTh MeTOodiB. Takoxk s
MEPIIOTO aJrOPUTMY JIOBEACHO OIIHKY e()eKTUBHOCTI B TepMiHaxX (hyHKIIIi 3a30py.

1. MeTtoa onepaTopHOI eKCTPanoJIsiiii
Vi HeoOXigHi MOHATTS Ta GakTH HETIHIKHOTO aHaIi3y HaBedeHo B [3, 5, 6].

Hexaii E — nificauii GanaxoBuii mpocTip 3 HOPMOIO |||| , E* — cnpsxenuit no E

npocrip. baratosnaunuii onepatop J : E — 2% | mo zie 3a PaBHIOM
* % * 2 2
Jx={x cE :<x,x>:||x|| =‘ }

HA3MBalOTh HOPMaJli30BaHUM IyajbHBIM BimoOpakeHHsM [5]. Bimomo, mio [5]: skimo
npocrip E rmagkwii, o J omHo3Haume; sikmo npoctip E crporo omykimii, To J

X*
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iH’€KTHBHE Ta CTPOrO0 MOHOTOHHE, sKIIO mpocTip E  pednexcusuuit, T0 J
CIOp’€KTHUBHE; SKIIO mpocTip E piBHOMIpHO rmagkuii, To J piBHOMIpHO HemepepBHE
Ha OOMEKCHHX MHOXHHAX 3 E .

Hexait E — rmagkuii 6anaxoBuit poctip. Posrisinemo BBeneHuit 5. Anpoepom
[6] dyskmionan

p(xy) =X =2y, x)+[y[" vxyeE.

Jlema 1 ([7]). Hexaii E - 2-piBHOMipHO omykiuii Ta riaakuii GaHaxoBHI
npoctip. Toxi s fesikoro £ >1 BUKOHY€EThCSI HEPIBHICTD
-1 2
d(x.y)=put|x=y| WvxyeE. 1)

Jnst Ganaxosux poctopis £, L, ta W' (1< p<2)maemo =4 [7].

Hexaii K — HemopokHs 3aMKHEHa Ta ONyKJIa MiAMHOXHMHA PedIEKCHBHOTO,
CTPOro ONIyKJIOro Ta riagkoro mpocropy E . Bimomo [6], mo mig xoxsoro X € E
icaye enuunii enement Z € K Takuif, mo ¢(Z,X):iyr2£¢(y,x). Ileii enement Z

nosuavatots [1, X, a Biqnosinawii oneparop I1, : E — K nasusators yzaransuenoro

npoekiiero E wma K (mpoekmiero Anwbepa) [6]. 3ayBaxkmmo, mo skmio E

rinsbeproBuii mpocrip, To 11, cmiBmanae 3 merpudHorO mpoekiiero Ha MHOXKUHY K .
PosrnsiHeMo BapialliiiHy HEpiBHICTb:

smaiitn Xe C: (AX,y—Xx)>0 VyeC, 2)

ne C — HEmopoXHs IMiJIMHOKMHA 2 -PIBHOMIPHO OITYKJIOTO Ta PiBHOMIPHO TJIAJKOIO
. * .
OanaxoBoro npocropy E, A —oneparop, mo aie 3 E B E . Muoxuny po3s’sskis (2)
MO3HAYUMO S .
[punyctumo, w0 BukoHaHi Taki ymoBu: MHOXMHAa C C E — omykma Tta

samknena; omepatop A:E —E~ — moHoToHHmii Ta mimummesmii ma C (3
koHcrantor L >0); MHOKHHA S HE MOPOKHS.

OJiHI€I0 3 OCHOBHHMX TEOPETHYHMX 3a/a4 € OI[iHKAa YhClia iTepallii ajJropuTMmy,
0 HEoOXiJHe Ui OTPUMAHHS HAOJIMKEHOTO PO3B’ 3Ky 3alaHol SKOCTi. SIKICTh
HabmkeHoro poss’sisky X €C  Bapianiiinoi HepiBHOCTI (2) OyaeMo OI[HIOBATH 3a
JIOTIOMOT00 HEBiJ eMHOT (PyHKIIIT 3a30py

gap(x)=sup(Ay,x—y). (3)
yeC

OueBuHO, IO JUISI KOPEKTHOCTI oO3HadyeHHs GyHKIII 3a30py (3) HeoOXigHa
0OMEsXeHICTh nomycTuMoi MEOKHHK C .

Jlema 2. Hexaii oneparop A — monotonnuit. SIkmo X € C — poss’s3ox (2), To
gap(x) = 0. Hasnakn, sxmo qus X € C maemo gap(x) =0, 10 X —po3B’s130K (2).

Jlnst po3B’si3aHHs Bapiamiitnoi HepiBHocTi (2) B [3] 3ampomoHoBaHO Takuii
AJITOPUTM OIIEPATOPHOI EKCTPAITOJIALLI.

119



Bonogumup CemeHoB, Oner XapbkoB
MeTopa onepaTopHOi eKcTpanonsuii Ana BapiauiiHMX HepiBHOCTeN B 6aHaxoBUX NpocTopax

Aaroput™ 1. Obupaemo X, =% € E, A, >0. [loknaoaemo n=1.

1. Obuucrumu

X =TI (%, = A, A%, —m, ), m, =2, (AX, — AX, ;) .

n

2. Axwo X, =X, =X, mo CTOII, inakwe N':=N +1 ma nepeiimu oo 1.

3ayBaxkennsi 1. Anroputm 1 € momudukauiero «forward-reflected-backward
algorithm» [4] mna 3agad B GaHAXOBHMX MPOCTOPAX, IO BHKOPUCTOBYE TMPOEKIIO
Anbbepa 3amicts Metpuunoi. 36ibxkmicTs «forward-reflected-backward algorithm» B
rib0epTOBOMY MPOCTOPI T0BeieHa B [4].

V Bumagky oOmexenocti mMuoxkunu C  amropurmy 1 HeoOXimHO 3pobHTH
O(%) itepanii s orpumanns  Xe€C 3 gap(x)£g, >0, ne

D =sup,,.c #(a,b)<+x.

Teopema 1. Hexaii (Xn) — TIOCIIZOBHICTh, O TOPO/DKEHa anroputMom 1 3

N
n=1 ﬂ“n Xn+1

. ) ) ) B _ ) o
A, € (O, _zﬂL] Toni anst mOCNiNOBHOCTI Z,, = == -——— Ma€ MiClle HEPIBHICTh
ﬂ‘n

n=1

1
gap(2zy,;) < ——=x—Sups(y.x).

ZZH A, veC

Teopema 2. Hexait (Xn) — TIOCIIZIOBHICTh, IO TOPOJ/DKEHa anroputMom 1 3

N
_ . . . . _i . .
A =—— . Toxui [u1s MOCHiI0BHOCTI CEepelIHIX Zy 4 = N e Xn1 Mae€ MICIIE OLIIHKa

"o2ul
L
gap(ZN+1) SWlusup¢(% X1)
yeC

Teopema 3. Hexaii C — HemopoXkHs OmNyKja Ta 3aMKHEHA IiAMHOXHHA 2 -
PIBHOMIpDHO OIYKJIOrO Ta pPIBHOMIPHO IJIagKoro 6aHaxoBoro mpocropy E,

A:E —>E - wmonoronHwmit Ta nmimmwnesuit Ha muoxuHi C omeparop, S# .
[Ipumyctumo, 110 BigoOpakeHHss J  CEKBEHIIHHO ciabKo HemepepBHE Ta

nocnimosuicts  (A,) Taxa, mo 0<inf, 4, <sup, 4, < 7,0~ Toxi mocigoBHiCTS
(X, ), mwo nopozkena anropurMom 1, cnabko 36iralThes 10 AesKoi Toukn Z € S .

2. AnantuBHHil BapiaHT
BigmroBxyrouncsk Big anroputmy 1 Ta po6it [1, 2] y crarti [3] moOynoBaHo aaroputm
3 aJaNTHBHUM BHOOPOM BEIHYHHH A, 10 HE BUMArae 3HaHHs JiMIIUIEBUX KOHCTaHT

Ta MpoleRyp TUIY JiHIHHOTO momiyky. Y AaHid poOOTi HaBelaeMO pPe3yNbTarT IMpo
301KHICTh JAHOTO aJTOPUTMY.
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[TpurmycTuMo, 10 BiJOMa JHIIe KOHCTaHTa £ >1 3 nemu 1.
Aaroput™ 2. Obupaemo X, =% €E, 7€ (O,%) ma uucno A =4, >0.
Toxnadaemo N=1.

1. Obuucrumu

Xopy =TI 7 (X, = 4, A%, —m, ), m, =2, (AX, — AX, ).

2. Axwo X ., =X, =X, 4, mo CTOII, inaxwe nepetimu oo 3.
3. O6uucaumu

n+1

min< A,z ”X _X””

—— L gaxkmo AX
ﬂ’m—l = ||Axn+l - Axn

#= AX,,

n+1

*

A, 1HaKIIe.

Hoxnacmu N'=N+1 ma nepetimu oo 1.
B saxocri ¢pyrkmii JismyHoBa o6epemo

W, =¢(z,%,)+2(m,, X, —Z>+z',u% Lp(X, %1), Z€S.

Jlema 3. s (Xn) , IO TIOPO/PKEHA allTOPUTMOM 2, BUKOHYETHCS HEPiBHICTh

W, <W, — 1ot o P g0 x,).
A, A

N+
Teopema 4. Hexaii C — HemopokHs ONyK/JIa Ta 3aMKHEHA IiIMHOXHHA 2 -
PIBHOMIpDHO OIYKJIOTO Ta pPIBHOMIPHO TIJIaKOro 6aHaxoBoro mnpocropy E,

A:E >E  — MosoTOHHWI Ta mimumueBuii omepatop, S # . IlpumycTimo, mio
BimoOpaxenuss J cexBeHuiiiHO cinabko HenepepsHe. Toui (Xn), [0 TOPOPKEHA

AJITOPUTMOM 2, CJ1a0KO0 36iraeThest 10 AEAKOI TOYKH Z € S .

Jst omreparopsoro piasiHEs AX = 0 anroputm 2 ae Takuii mporuec

Iy = Iy — A A, — A, (AX — AX ),
. ||Xn+1 =X, ”
A T—", A A
P min< 4, T||Axn+1—AXn * AKImo AX,,; # AX,,
A 1HAKIIIE.

Bucnosku. B pobGori mocmimkeno Mmoamdikamii mertoxy «forward-reflected-
backward algorithmy», 1m0 BHKOPHUCTOBYIOTH TpO€EKIit0 AjbOepa, s
pO3B’si3aHHS BaplalliiiHMX HEpIBHOCTEH B PIBHOMIPHO OMYKIUX OaHaXOBUX

121



Bonogumup CemeHoB, Oner XapbkoB
MeTopa onepaTopHOi eKcTpanonsuii Ana BapiauiiHMX HepiBHOCTeN B 6aHaxoBUX NpocTopax

npocropax. JloBeneHo TeopemMu Hpo clabKy 301KHICTh METOMIB. Bkakemo Ha
akTyanbHi nutaHHsa. llo-mepimie, Bci pe3ynbTatd OoTpUMaHi Ui Kiacy 2-piBHOMipHO
OIYKJINX 1 PIBHOMIPHO TJAaJKWX OaHAXOBHX MPOCTOPIB, KWW HE MICTUTHh BaXIMBHUX
JUIsL 3acTOCyBaHb mpoctopis L i me (2< p <+o0). baxano nmo36aBUTHCS LBOTO

obmexenHs. [lo-mpyre, s MOXKITUBOCTI €(PEeKTHBHOTO 3aCTOCYBAaHHS allTOPUTMIB JIJIS
HETMHIHHAX 3amad HEeOoOXiMHI IIBHAKI Ta CTIMKI aJTrOPUTMH OOYMCIIEHHS MPOEKITIi
AnpbOepa Ui TIMPOKOro HaOOpy MHOXHH. l[likaBUM NHTaHHSAM € JOCIIJKCHHS
noBeinkd  anmroput™iB 1 ta 2 y curyanii C=E. A came, nuranHs mpo

ACHMIITOTHYHY TOBEIIHKY ||AXn .. 3ayBakumo, o teopemMu 1 Ta 4 MOXKHA OTPUMATH

I 3a71a4 3 IICCBAOMOHOTOHHHMMU OIl€paTOpamu.
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Operator extrapolation method for variational inequalities in
Banach spaces

Volodymyr Semenov, Oleh Kharkov

The paper presents new algorithms for solving variational inequalities in uniformly convex
Banach spaces. The first algorithm is a modification of the forward-reflected-backward algorithm,
which uses the Alber generalized projection instead of the metric one. The second algorithm is an
adaptive version of the first one, where the monotone step size update rule is used, which does not
require knowledge of Lipschitz constants and linear search procedure. Theorems on the weak
convergence of methods are proved. Also, for the first algorithm, an efficiency estimate is proved.
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