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The problem of numerical recovering high-order mixed derivatives of bivariate functions with
finite smoothness is studied. On the basis of the truncation method, an algorithm for numerical
differentiation is constructed, which guarantees a high order of approximation accuracy.
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Introduction. Many research activities on the problem of stable numerical
differentiation has been taking place due to the importance of this tool in such areas
of science and technology as finance, mathematical physics, image processing,
analytical chemistry, viscous elastic mechanics, reliability analysis, pattern
recognition, and many others. Among this investigation, we highlight [1], which is
the first publication on numerical differentiation in terms of the theory of ill-
posed problems. Further research of [1] has been continued in numerous publications
on numerical differentiation for covering different classes of the functions and the
types of proposed methods. Despite the abundance of works on this topic, the
problem for recovery of high-order derivatives was considered only in a few
publications. In particular, the results of [2] have opened perspective for further
investigation of numerical methods for recovery of high-order derivatives. Namely,
as the main criteria of method's efficiency have been taken its ability to achieve the
optimal order of accuracy by using the minimal amount of discrete information. Note
that particular these aspects of numerical differentiation remains still in sufficiently
studied. The present paper continues the research of [2], [3] and proposes a humerical
method for recovering the high-order mixed derivatives of smooth bivariate
functions. The method is not only stable to small perturbations of the input data, but
achieves a high order of accuracy with economical use of discrete information, and
also has a simple numerical implementation.

1. Description of the problem

Let {@y (t)}r=o be the system of Legendre polynomials orthonormal on [—1,1] as
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_q dk
() = Jk +1/2(2%k) e (G 1,k =0,1,2,...By L, = L,(Q) we mean
space of square-summable on Q = [—1,1]? functions f(t,7) with inner product
(f,g) = f_llf_llf(t, 7)g(t, 7)drdt and corresponding norm

Il f ||f2= Y I{f, @x;)|* < o, where (f, @, ;) are Fourier-Legendre coefficients
k,j=0
of ;. Let?,, 1<p <o, be the space of numerical sequences X = {xy ;}x jen,
1
Ny = {0}UN, such that || x le,i=( X |k j|P)P < 00,1 <p < oo,and | X Il, =
k,jEN,

sup |x ;| < oo,p =co. We introduce the class of functions L‘;Z(Q) ={f €
k,jEN, ’

Ly@:l flIS= ¥ (k- DU, i) <1}, where p>0, 1<s<o, k=
kj=0 -

max{1,k}, k =0,1,2,.... Note that L’S"2 is generalization of a class of bivariate

functions with dominating mixed partial derivatives. Moreover, let C = C(Q) be the

space of continuous on @Q bivariate functions.

We represent a function £ (¢, 7) from L’;,z as
f&, 1) = X (f,ox))er)e;(T), and by its mixed derivative we mean the
k,j=0

following series
FeEn = 3 fooe O0 @7 =12, ... @)
J=r

Assume that instead of the exact values of the Fourier-Legendre coefficients
(f) @k ;) only their perturbations are known with the error level § in the metric of
fp, 1 < p < oo. More accurately, we assume that there is a sequence of numbers

and for some 1 < p < oo the relation

1EN,<80<6<1, 2

is true.

The research of this work is devoted to recovering the derivative (1) of
functions from L’S‘,Z. Our goal is to achieve the best order of accuracy by using the

minimal number of perturbed Fourier-Legendre coefficients(f?, P j)-

2. Truncation method

It should be noted that at the moment a number of approaches were developed for
numerical differentiation. All these methods are accepted to divide into three groups
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(see [4]): difference methods, interpolation methods and regularization methods. As
is known, the first two types of methods have their advantage in the simplicity of
implementation, but they guarantee satisfactory accuracy only in the case of exactly
given input data about the differentiable function. At the same time, regularization
methods give stable approximations to the desired derivatives in the case of perturbed
input data but most of them (for example, the Tikhonov method and its various
variations) are quite complicated for numerical realization in view of their integral
form and require hard-to-implement rules for determination of regularization
parameters (see [4]). Recently in [2] a concise numerical method, called the
truncation method, has been proposed as a stable and simple approach to numerical
differentiation of multivariable functions. The essence of this method is to replace the
Fourier series (1) with a finite Fourier sum using perturbed data (f5,<pk,j). In the
truncation method, to ensure the stability of the approximation and achieve the
required order accuracy, it is necessary to choose properly the discretization
parameter, which here serves as a regularization parameter. So, the process of
regularization in the method under consideration consists in matching the
discretization parameter with the perturbation level § of the input data. The simplicity
of implementation is the main advantage of this method.

In the case of an arbitrary bounded domain (2 of the coordinate plane[r, o) x
[r, o), the truncation method for differentiating functions of two variables has the
form DUV = ¥ (f° qokj)qol(:) (t)q)]@ (). By card(?) we mean the

(k)En '
number of points that make up (2.

In order to increase the efficiency of the approach under study, we take a
hyperbolic cross as the domain {2 of the following form Q = FL;: = {(k,j): k- j <
m—1,k,j=r,..,n—1},card(l},) = O(nlnn). Then the version of proposed
truncation method can be written as

DI D= 3 (e e (D9 @ 3

kj=rkj<rn—1

3. Error estimate in L,-- metric
Theorem 1. Let f € L’s‘z, 1<s<oo,u>2r—1/s+1/2, and let the condition

1
(2) be satisfied. Then for n = (8~1im1/P=1/5 2)*"P*1% it holds

u—2r+1/s-1/2

I f(r,r) _ Dr(lr,r)fa I, <c (5ln1/s—1/p %) u-1/p¥i/s  1a3/2-1/s %_

Corollary 1. In the considered problem, the truncation method Dfl”)(3) achieves the
accuracy

u=2r+1/s-1/2

0((é~ln1/s—1/p %) u=1/p¥i/s 3/2-1/s %)
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on the class LI:,Z’ u>2r—1/s+1/2, and requires

1
- 1 - S -
card(l},) = nlnn = ﬂ? tnk i perturbed Fourier-Legendre
coefficients.
Remark 1 Let's consider the standard variant of the truncation method with 2 =
O,:= [r,n] X [r,n]. It is easy to verify that such approach guarantees the accuracy

—2r+1/s-1/2 R
0 (5_u+'§r—z/p+1/s+1/z) on the class Lf:, 5y U >2r—1/s+1/2, and requires card(O,) =
2
n? = ﬁ? wt2r-2/p+1/s+1/2 )perturbed Fourier-Legendre coefficients. Comparison of the

estimates found above with the corresponding estimates for the method Dﬁf'” (3) (see
Corollary 1) demonstrates that (3) is more efficient both in terms of accuracy and the
amount of discrete information used.

3. Error estimate in C-- metric

Theorem 2. Let f € L?,z: 1<s<oo,u>2r—1/s+ 3/2, and let the condition (2)

1
be satisfied. Then for n = (5—11n1/P—1/s g)“'”"“/s it holds I| £ — D8 <
u—2r+1/s-3/2

C(alnl/s—l/p%) u=1/p+1/s an—l/s%.

Corollary 2. In the considered problem, the truncation method Dr(l”) (3) achieves the

n—2r+1/s-3/2

accuracy 0((61n1/5‘1/1’ %) oS p2=1s %) on the class LY, u>2r —1/s +

1
. - - -1 1 u-1/p+1/s far
3/2 , and requires card(Il}) = ninn = @ ln#a Iz perturbed Fourier
Legendre coefficients.
Remark 2 Consider the standard variant of the truncation method with 2 = O,,;: =
[r,n] X [r,n]. It is easy to verify that this approach guarantees the accuracy

—21+1/s-3/2 R
0 (54u+ir-z/p+1/s+s/z) on the class Li 5 W>2r—1/s+3/2, and requires card( )=

2
- 2.1 3
n? = ﬁ ‘””‘5*?5/ perturbed Fourier-Legendre coefficients. Comparison of the

estimates found above with the corresponding estimates for the method D,(['T) (3) (see
Corollary 2) demonstrates that (3) is more efficient both in terms of accuracy and the
amount of discrete information used.

Remark 3. The method Dr(l”) (3) was studied earlier (see [5]) for the problem of
numerical differentiation of functions from L, in the case of 7 = landp = s = 2.
In addition, for the recovery of mixed derivatives f??, this method was considered
in [3]. Thus, Theorems 1 and 2 generalize previously known results for the case of
arbitrary r, p, s.
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Remark 4. It is easy to show that method (3) is optimal in terms of the informational
complexity of the numerical differentiation problem.

Conclusions. In the work, a new approach to the numerical recovering mixed
derivatives of any order of bivariate functions is investigated. For the proposed
method, accuracy estimates are found in integral and uniform metrics, and the
amount of discrete information used is calculated.
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HoBun metoa Ana BigAHOBMNEHHSA MillaHUX NOXiAHUX BULLMX
nopsAAakiB hbyHKUIN 4BOX 3MiHHUX

€srenia B. CemeHoBa, Ceprin . Conoakui

Jlocnidorcerno 3a0ayy 6i0HO6NEHHA MIUUAHUX NOXIOHUX GULYUX NOPAOKI6 (DYHKYII 080X 3MIHHUX 31
CKinuenHow enadkicmio. Ha ocHosi memody 3pisku NnoOyOO8aHO aNeOPUMM  HUCETbHOZO
oughepenyitoganms, AKULL 00CA2AE BUCOKO20 NOPAOKY MOYHOCHI.
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