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3D DYNAMIC ANALYSIS OF LAYERED ELASTIC SHELLS

Three-dimensional dynamic problem for a layered orthotropic elastic shell with
free upper face is considered. The interfaces between the layers are assumed to be
in perfect contact and the displacements on one of the interfaces are prescribed. A
long-wave asymptotic solution is constructed and the thickness resonances are
determined. The obtained results can be applied in evaluation of certain parameters
of earthquakes.
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Introduction. Mathematical modeling of thin elastic multi-layered solids
with various boundary conditions on the faces is of significant importance for
many applications. Among the latter we mention the theories related to earth-
quake prediction [19, 22, 25], relying on the data of displacements measured
at certain points of the region under investigation. It is emphasized that resto-
ration of associated dynamic parameters of the stress-strain state using the
measured discrete data and taking into account possible curvature of the
layers is of crucial importance for seismological theories.

Problems of mechanics of multi-layered elastic plates and shells with
non-classical boundary conditions, ie. conditions imposed not only on the
stress tensor component, have been studied in various publications, see e.g. a
monograph [6], as well as journal papers including both analyses of free [1, 7,
8] and forced vibrations [2, 9, 14]. We also mention important contributions to
the study of free vibrations of single-layer plates and shells in the case where
one or both faces is fixed [15, 17, 20, 23, 26]. The associated long-wave high-
frequency motions, investigated in these papers, have also been thoroughly
studied in the case of classical boundary conditions (formulated in terms of
stresses), see [3, 5, 21].

The current paper is devoted to the further developing results obtained
in the above-mentioned works. The approach relies on the asymptotic method,
widely used in statics and dynamics of thin-walled elastic structures, see e.g.
[4, 16], as well as recent monographs [10, 25], and publications [11-13, 18, 24]
to name a few, accounting for the effects of pre-stress, nonlocality, high cont-
rast, and also in contact problems for coated solids.

The asymptotic technique employed in this paper starts with a scaling
typical for non-classical face boundary conditions. 3D dynamic problems for
two- and three-layered elastic orthotropic shells with a traction-free upper
face are considered. In addition, it is assumed that the displacements are
prescribed on one of the contact surfaces between the layers; in particular, for
a two-layered shell they are imposed on the contact surface between the first
and second layers, whereas for a three-layered shell both situations are
considered, namely when the displacements are given on the contact surface
between the first and second layers, and between second and third layers.
The layers are supposed to be in perfect contact. Within the current
consideration, it is also assumed that the wave length exceeds substantially
the thickness, thus providing a natural geometrical small parameter. The
frequency range covers the thickness resonances. The parameters of the
stress-strain state are expanded into asymptotic series. The iterative formulae
for the coefficients of these series are derived. It is remarked that in the case
of the excitation frequency coinciding with one of the thickness resonant
frequencies, further investigation is required, according to the procedure
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presented in [15] etc. Explicit asymptotic results for the displacements are
obtained, which could be useful for estimates of certain parameters of

earthquakes.

1. Forced vibrations of a two-layered elastic shell. Consider a two-
layered elastic orthotropic shell (Fig. 1), occupying the domain D = {a,B,y;

o,peD,,0<vy<h +h,}, where D, is the face surface of the first layer, a,

B are lines of curvature of the surface D,, y is

rectangular axis directed downward to the surface
D,. The non-trivial solutions are sought for the

problem of elastodynamics in the given triorthogonal
coordinate system. The shell is under non-classical h,
boundary conditions (which will be formulated h
below). In order to reduce the length of algebraic
computations, the analysis below is presented in

terms of the components t,; of non-symmetric stress

tensor, see [4, 25].
The formulation of the problem includes:
— equations of motion
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— constitutive relations for an orthotropic elastic solid:
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where k_, IcB denote geodesic curvatures, A, B are coefficients of the first

quadratic form, R,, R, are main curvature radii of surface D,, p'’ are mass

volume densities of the layers, agljc) are elastic constants, agi) = ag), and j is

number of the layer.
Let the upper face y = 0 be traction-free:

,(0,8,0,6) =0, 7y (a,$,0,6)=0, 7 (,B,0,8)=0, (3)

and assume that on the contact surface between the first and second layers
the prescribed displacements are given by:

U'(a,B,hy,t) = UM (0, B, by, t) = U' (o, B)exp(iQt), (U, V, W), (4)

where Q is a given excitation frequency of forced vibrations. Perfect contact
between the layers is assumed:

T(Ixy((x"ﬁv hlit) = T(IXI«/((X"Bv hlit)7 (T(xyvrﬁyvtw)i (5)

U'(a, B, hy,t) = UN(a, B by, t), (U, V,W). (6)

If the displacements were prescribed on the traction-free surface, then in
addition to conditions (3) the equation

U'(a,B,0,t) = U (o, pexp(iQt), (U, V, W),
should hold, ie. at y =0 there would be six conditions, whereas in classical

elasticity there are usually only three conditions. Also, at y = h;, conditions

(5), (6) should hold, as well as three more conditions (4), so once again we
have non-classical boundary conditions. As demonstrated in [7], the solution of
the formulated boundary value problem always exists, moreover, it coincides
with the solution of some problem with classical boundary conditions.

Let us introduce the scaling

a=RE P=Rn y=eRC=hC,

U=Ru, V=Rv, W=Rw, 10 =pi7, 6 p?=pp?,

where R is a typical linear size of the shell, total thickness h =h, +h, (e.g.
the least of the radii of curvature and associated with linear sizes of surface
D,, h< R), p and p are typical values of elastic moduli and density, re-

spectively, and
e=h/R

as a small geometrical parameter.
The solutions are sought for in the form:

Q) = QL (EnQexp Q) (o,B,7), mk =123, j=LII, (M)

98



where Q;’g denotes any of the stress or displacement components. As a result,

we arrive at a singularly perturbed system with respect to Qfﬁc with a small

parameter €. The stresses and displacements are now represented in
asymptotic form as

W EM ) =T 00E ), mk=123 s=0,.,N, j=LII,
(u?(Em,0), vV, 8), w?(En,0) =
=& (u(E,n,6), 0"V (E,n,0), wP(En,0)). (8)

As follows from (8), there is a significant distinction from the conventio-
nal classical problem, related to relative orders, in particular, all stress compo-
nents are asymptotically of the same order, and so are all displacements,
therefore the traditional assumptions of plate and shell theory are invalid.

Substituting (8) into the dimensionless forms of the governing equations
(1), (2), we arrive at a system of the equations for determining the unknown

coefficients of expansion Q;{’;) in the form
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In view of (9), stress tensor components may be expressed in terms of
w59 09 (0.9

as
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According to (9), displacement components satisfy the following equations:
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Solutions of (13) are given by
u(g,m,€) = CP (&, ) sin g "C + CF (€, m) cos TMC + al (g m, ©),
(w,v,w; 1,3,5; 2,4,6), j=LII, (14)

where
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with 29 59 %) peing particular solutions of equations (13).
Satisfying the conditions (3)—(6), we obtain algebraic systems with re-

spect to the unknowns CEj’S), 1=1,...,6, j=LII, that have finite solutions
provided
cos x(l’“)Q1 #0, ( =h/h, (u,v,w). (15)

Solving these systems, we get the displacements
— for the first layer:
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— for the second layer:
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The stress tensor components may now be calculated by (11).

In particular, the resulting two-term approximation for the displacements
may be presented as
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It should be noted that the relation cosx(l’“)c1 =0, (u,v,w), in (195)
coincides with the resonances for a single-layered elastic shell in the case of
classical boundary conditions, see e.g. [2], ie. when the upper surface is free
and the time-harmonic displacement is prescribed at the lower face. The same
conditions are associated with thickness resonances, and moreover, it is known
that in the vicinity of these resonances the asymptotic solution degenerates,
requiring a special treatment, see [5, 16].

2. Forced vibrations of a three-layered elastic shell with prescribed
displacements on the contact surface between the first and second layers.
Consider a three-layered elastic orthotropic shell occupying the domain
D ={a,B,y; 0, € Dy, 0 <y <h; +h,+hy}, where as above D, is the upper

surface of the first layer, and o, B are lines of curvature of the surface D,.

The governing equations of elastodynamics are given by (1), (2), where now
j = LILIII. The boundary and contact conditions are as follows: the upper
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face y =0 is traction-free (3), and the layers are assumed to be in perfect
contact:

((X,Bhl,t)—T ((X‘Bhlit)v (T(xyvrﬁyvtw)i
U'(a, B, hy,t) = U0, B, by, t), (U, V, W), (19)
oy (0B Ry + Ry t) = T (0, B Ry + Py, 1), (T2 Tp,0 Ty )

U™ (0, B,y + by, t) = UM (0, By +hy, 1), (U, V, W), (20)
with time-harmonic displacement field (4) prescribed at the contact surface
between the first and second layers.

The solution procedure is pretty similar to that presented in the previous
Section 1. Satisfying the conditions (3), (4), (19), (20), the resulting
displacements ™ (¢, n,¢) and w"™¥ (¢ n,C) for the first and second layers

coincide with (16) and (17), respectively, whereas the displacements for the
third layer are

IIIs)(é n,C) = - 1 - ( us)(é TI)MH (MLu) |
55x cosy ¢,

XCOSXHIu (C C’2)_ us)(é n)d;IIX (IL,u) x

x sin M) (¢~ CQ)j £ a9, n,0),

. . Aj h, +h
(u7vi w; ag57ai47_<)7 C_az =1 ! ’ (21)
Al h

where

M9 (&, n) = —al WWBEI (&, ) + &b, (B;“'”(a, -
(w9 (g, n)) TL8) cos M (E, — &y) +

+ @M sin Mg, - Cz)( agsy " -
B (g™ /eos xMC, +

By (&, my " tg x“’“)clj :
T (&,M) = dysdss B (€,m) + g5 (B;“%n) -
Bé“’”(é,n)j (T sin M0, - ¢,) +
all cos (¢, - &) k™) -

B (™ feos MG, + B (& te x“’“)clj :

B (gm) = u" (g, &) - a (g, §,),
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and
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Bws) __ 1o S MGy)  poams-n 3
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i gl A
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12
The solutions will be finite provided there is no resonance, i.e.

cos x"¢, # 0, ¢, =h,/h, (u, v, w). (22)

The two-term resulting displacements for the first and second layers coincide
with (18), whereas for the third layer

U(III)(g’n’ C) — |:(RM£u’0)(§,T]) T hMiu’U(i,n)j a;gx(lll,u) >
< cos M0 (E — () - (RTI‘“*“(&, n) + RTD(E, n)) x
Xa;l;x(n,u) sin ML) (¢ _C2)} / ( a;5X(II,u) cos X(I,u)glj +

—(I11,1 . A
+ hu( )(Fv’nig)? (u7 U, W, ag57ai47AT)' (23)

12

The stresses may be calculated using (11). Note that the conditions (22)
predictably coincide with (15) for a two-layered shell, and the resonant
conditions involve only the parameters of the first layer, whereas the overall
stress-strain state is obviously affected by the parameters of all three layers.

3. Forced vibrations of a three-layered elastic shell with prescribed
displacements on the interface of the second and third layers. Consider now
the situation when for the same three-layered orthotropic elastic shell

D ={a,B,y; 0, € Dy, 0 <y <h; +h, +hy}, the displacements are imposed on
the contact surface between the second and third layers :

U™ (0, B, hy + Ry, t) = U™ (0, B, by + hy, t) = U (o, B) exp(iQ)
U, V,W). (24)

As before, conditions (19), (20) of perfect contact between the layers are
supposed, and the upper face y =0 is traction-free, i.e. conditions (3) hold.

Satisfying the boundary conditions (3), (24), (19), (20), we get the
solutions for displacements
for the first layer:

1 -
U(I’S)(F;,n, ¢) = A_( a;5 (X(H’u)B;lf’s)(F;,n) N
u3
+ X(H’u)Biu’S)(é,n) cos x(ll,u)(cl _ Qz) _
~ a5 By Y (6 sing (G, ~ §y)) cos 1+

+ o ag B (g ) cos (G, - ) siny (- Gy +
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+ @B (&, )™ sin ™, - ¢,) cos x(E - ql)j +

+a(EM, 0,  (u,0,w), (25)

where

e m) = u e, ) - En Gy, (uv,w).

for the second layer:

w0 =

(d§5x("'“)B§T’S)(é, n)cos x "¢, cos MG - ¢,) -
u3

—al B g,y ™™ sin Mg, siny ™ - C)) -
— @l (-BM9 g, myx ™™ + @k, B0 (g,m)) cos x Mg, +

+ B9 &)y " sin x“'“)qu siny ™™ (C - ¢,) +

_ . A
+u™ e, 0),  (u,v,w; afs,aly, ), (26)
Ay
and for the third layer:
dll
III ,8) (é, n, C) W(Pl(u,s)(&” n) sin x(lll,u)(q _ QZ) +
u3

+ Qe cos M I(C € ) + TG0,

) cAd
(u,U,w; ag57ai477) ) (27)
A12

where

QU9 (&, 1) = Gl (1w (Béﬁ"”(é,n) - B;“’S’(a,n)j x
X (6;5)((1’“) cos X(I’u)f;l cos X(H’u)((;l -G, +
A sin g, sin M - ) )
B9 () = agzang 1" cos MG, ( d35 B (&,m) —
— g By (g,m)cos y M (G, - ¢y) +
B E ™ siny™MOE, - ¢+
+ gty @y ( 9 (g, my ™ -

= siny"C (BE (€ ™ +
+ By (g, my ™ cos y (G, - Gy +
By € mysing ™M(C, - ) ).
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The non-resonant condition allowing the finite solution is given by
Az = 6;5)((11’“) cos x"¢, cos yM(E, - &y) +
+ 6;15%(1’“) sin x(l’“)CI sin X(H’“)(Cl -G,)#0,
i gl A
(u7 v, W, a’557 a4457) . (28)
12
Once again, the stresses may now be calculated from (11).

It is worth noting that formulae (28) in fact coincides with the
corresponding non-resonant conditions for a two-layered orthotropic shell
within the conventional formulation, see [1], ie. when the upper face is free,
and the excitation in the form of associated displacements is applied at the
lower face (provided the layers are in perfect contact).

Once again, we observe that relations (28) imply that the parameters of
the first two layers are only involved in the resonant conditions, whereas the
overall stress-strain state includes the parameters of all three layers. Thus, as
expected, the resonant conditions involve only the parameters of the layers
above the contact surface at which the displacements were prescribed.

Once the stresses and strains are determined, the potential energy of the
deformation can be determined by a well-known formula

1
E = 5 j (O ppr t+ Cyylyy T 0228, + 048, + 0,8, + Gyzayz) dv, (29)
v
whereas the relation
logE =11.8+1.5M (30)

gives estimate for the magnitude M of the anticipated earthquake, see [19]
for more details.

Conclusion. In this paper, the asymptotic solutions of 3D dynamic
problems for multi-layered orthotropic elastic shells with a traction-free
upper face and prescribed displacements on one of the contact inter-layer
surfaces have been obtained in assumption of perfect contact between the
layers. The solutions for displacements and stresses have been derived in the
form of asymptotic series along the small geometrical parameter, which is a
natural feature of thin shells.

The results may be applied to estimate the possibility of delamination, as
well as to calculate the deformation energy required for seismological
applications [19].

The developed methodology may be extended to transient vibrations.
Another potential development is related to analysis of shells of finite size, in
which accounting for static and, in general, dynamic boundary layers would
be required, for more details see [4]. The proposed technique may also be
implemented for the case of non-perfect contact between the layers, as well
as a shell laminate containing more layers. Finally, we not a less trivial
generalisation for layered shells with layers of variable thickness.
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TPUBUMIPHUA OUHAMIYHUA AHAMNI3 LLAPYBATUX MPYXXHUX OBONOHOK

Poszzaanymo mpusumipti OuHamiuHt 3a0ayi 048 WAPY8amMur oOPMOMPONHUL NPYHCHUX
00010HOK 13 BINBHOMN BEPIHBOI NOBePXHer 1 3a0aHUMU TNepemiueHHAMU HA 00HIL 13
mexc modiny wapie 3a yYymosu ideaavHozo kKoumaxmy. Ilo6ydosano 00820x8UAbOBUIL
ACUMNMOMUYHUL PO36’A30K 1 6UHAUEHO Pe30HaHCU moswuru. Ompumani pesyassmamu
MOKHCYMb 3HAUMU NnoOanvble 3aCMOCYB8AHHA MPU OYIHYL NEeSHUX NaAPAMempis 3emie-
mpycis.

Kawouoei caosa: npysxcna 3-D OJunamika, wapysama 000A0HKA, ACUMNMOMUUHUL
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YIK 539.375
A. O. Kamitcbkuit', M. B. Oyank™, 10. B. PewitHuk?, B. M. ®eHbkis?

DOCNIAXXEHHA NOYATKOBOIO ETAMNY PYUHYBAHHSA
KYCKOBO-OAHOPIAHOIO TH1A 3 MPDK®A3HOIO TPILLMHOIO
NMPU CTUCKAHHI B3OOBX MEXI noginy

Pozzaadaemuvea nouamxosuti eman npoyecy pYyunHysanHa KYcKo8o-o0HOPIOHO20 Mi-
AQ MPU CMUCKAHHT 83008%C NAOCKOL MedHct nodiay Mamepianis, Wo MICTMUMD MIdHC-
pasny mpiwuny. BuKoHAHO AHAVIMUYHULU PO3IPALYHOK NMAPAMEMPI8 MALOMAC-
WMabdHOT 30HU NepedpYUtHYy8anHs Y 3’ €OHYBANBHOMY MAMEPIAAL NOOAU3Y BEPULUH.
3Hati0eHO 8eAUUUHY POIXOOHCEHHI MeHC 30HU, AKA BUKOPUCMOBYEMDBCS 8 N00ANb-
womy 8 Oeopmayitinomy Kpumepii YmeopeHHs 8 Hill BMOPUHHOT MIKPOMPIUWUHU.
3anponoHo8aAHO MeXaHidM 3PYUWEHHS NOoYAMKO080: MPiwunu, axui nepeddauae ii
3aummsi 31 3pOCMaryo0 MIKPOMPIUWUHOI NPU 30TABULEHHT HABAHMANCEHHIA.

Katouoei caosa: midcazna mpiwuna, cmuckants yaooedxe medxci nodiay, konmaxm 6Oe-
pezig, 30HA NePedPYUHYBAHHA, 8MOPUHHA MIKPOMPIUWUHA, MEXAHIZM 3PYULEHHS
MPIWUHU.

Beryn. Opniero 3 akTyaJbHUX IpoOJIeM MeXaHiKM AedOpMiBHOTO TBEPIOTO
Tijla € AOCJiyKeHHA MeXaHi3My PyMHYBaHHA Tijl NIpu cTuckaHHI. lo IIbOro Kjacy
IIpo0JieM BiTHOCUTBCA 3a/iaya IIP0 3PYIIEeHH:A TPIIMHM IPY CTUCKAHHI Tija B Ha-
IpAMKY, [TapaJjesbHOMY ILIOIMHI ii posramryBanHA. IIpu TakomMy HaBaHTaKEHHI
B IIOJIi HAIIPY:KeHb OijId BEPIIMH TPIIVMHYM BiACYTHI CMHTYJIApPHI cKrIanoBi (roedi-
Li€HTM IHTEeHCUBHOCTI HaIllpyKeHb IOPIBHIOIOTH HYJIEBi), III0 BUKJIOYAE MOKJIIN-
BiCTb 3acCTOCyYBaHHA KpUTepiiB JiHIMHOI MeXaHIKM pyVHYBaHHA.

HociimxeHHAMM IIOBeOIHKM TPIIMH IIPY CTMUCKaHHI Tijna DapajiesbHO IO
IUIOIMHM IX poaMilneHHA OyJio 3’7ACOBAaHO, IO NPUYMHOIO PYNHYBAaHHA Tija B
LIbOMY BUIIQJKY € JIOKaJbHa BTpaTa CTaHy piBHOBaru 0iyid BeplIMH TpimmHU [2,
12]. HacuoinkoM BTpaTy CTIIKOCTi MOKe cTaTu BUTMH OeperiB Tpilmemu B pisHi
CTOPOHM, B OJHY CTOPOHY 3 KOHTaKTOM OeperiB abo B OJHY CTOPOHY 3 YTBOPEH-
HAM 3a30py Mixk Oeperamu. Ili mporiecu Opm3BOAATH [0 KOHIEHTpAallii Hampy-
JKeHb Ta YTBOPEHHA 30H INepeJIpyMHYBaHHA B OKOJII BepIINMH, 110 Ha AAaHOMY
eTami JOMycKae 3aCTOCYBaHHA TPAaAMIIVMHMX METOHIB MNOCJIMIYKEHHA yYMOB 3py-
LIeHHA TPINMHY B paMKax JIHIMHOI MeXaHIKM pyiHyBaHHS.

Y wmift ctaTTi po3miAzaEMo IMOYATKOBUII eTall Ipolecy PyMHYBaHHA KYCKO-
BO-OZHOPIZHOTO Tijla IpM JOr0 CTMCKAHHI B3JOBJK IIJIOCKOI MeKi mominy marepi-
aJiB, 110 MicTUTE MiK(asHy TpimmHy. Y IPUIIYIIEHHI, III0 BHACJIIZOK BTPATH
CTifIKOCTI PIBHOBa’KHOTO CTaHy BiIOyBa€TbCA CIIIJIBHE BUKPMBIIEHHS TPIIVHA 3
KOHTAKTOM ii OeperiB B CTOPOHY MEHIII KOPCTKOTO MaTepiajly, BUKOHAHO po3pa-
XYHOK IIapaMeTpiB MaJjioMacIITa0HOI 30HM NepenpyiHYBaHHA y 3’€IHYBaJbHOMY
MaTepiasi B OKOJIi BepIIMH TPIMMHM. SHAVIEHO BEJVUMHY PO3XOIKEHHA MK
30HM, AKY BMKOPJMICTOBYEMO B IIOJAJIBIIOMY y AedopMalliiHoMy Kputepii yTBO-
PEHHA BTOPMHHOI MIKPOTPIIMHM B 30HI. 3alIpPOIIOHOBAHO MEXaHIi3M 3PYLIEHHSA
II0YaTKOBOI TpimmHM, AKMii nependadae ii 3yumTTa 31 3pocTarodor MikpoTpimm-
HOI0 TIpy 30iJbIlleHHI HaBaHTAKEHHA. AHAJOTIUHMII MeXaHI3M 3pPYIIEHHA MidK-
¢aszHoi TPIIMHN B yMOBaxX 3CYBHNMX HAaBaHTAKEHb OIMCAHO B [6].

1. IlocranoBka 3ajmagi. B ymoBax myockoi nedopmaliii posraggaemMo 3ana-
4y PO HAIPy KeHO-AedOPMOBaHMI CTAH B OKOJII BepInyHM MiKdasHOI TpimmHm,
PO3MillleHOl Ha IIJIOCKII Meski HoAily [BOX PI3SHMX OIHOPIZHMX 130TPONHUX
Opy:KHMX MarTepiayie 3 momgyasamu IOwra E;, E, i cramummu KoedilieHTammu
IIyaccona v,, v, Bigmosimno. JlociimKyBaHe KyCKOBO-OJHOPiJHE TiJIO MigJaeTh-
CcA CTMUCKAHHIO y HAIPAMKY, IIapajieIbHOMY OO0 IUIOIIMHM 3’eqHaHHA i Oeperis
TPIIIMHEN, 10 NPMU3BOAUTL IO BUTMHY OeperiB TpimmayM B OiK MEHII $KOPCTKOTO
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MaTepiady (OaA BM3HadeHocTi — mepiroro, E; < E,), I0oABM KOHIIeHTpaIlii Ha-

IIPY*KEeHb i yTBOPEHHA 30H NepeApyNHYBaHHA B TOHKOMY LIapi 3’€QHYBaJIbHOTO
MaTepiaJy B OKOJIi BepIIMH, AKMII IependadaeTbCA MEHII TPIIMHOCTIKUM II0-
pPiBHAHO 3 MaTepiasaMy 3’egHaHMX YacTUH Tinma (puc. la). Bynemo BBaskaTy, 110
[IpUKJIaJleHI HaBaHTaMKeHHA He IOPYLIYIOTh MPAMOJIHIMHOCTI MesKi Imofminy Iosa
TPIIMHOIO, II0 y BUIIAJKY PIBHOMIPHO POS3IOAIJIEHOTO CTMCKAJBHOTO HaBaHTA-
SKeHHdA, [IPUKJAJIEeHOoro 0 TOPILIB Tija, BUMara€ BUKOHAHHA yMOBM, BCTAHOBJIEHOI
J. R. Rice, G. C. Sih [14]:

E, 1—v12
TE v
11-v,

)

2

S

WA Ve

114 4004

a)
Puc. 1. a) — KyckoBo-oaHopiaHe Tino 3 MiXXdasHoi TPILLMHOK B YMOBax CTUCKaHHS;
6) — PospaxyHkoBa cxema 3agaui.

Ha mouaTkoBOMYy eTalli HaBaHTasKeHHA PO3MIpM 30H NepenpyiHyBaHHA Ma-
Ji, ToMy OOBXKMHY { KOKHOI 3 30H BBasKaTUMeMO Ha0araTo MEHIIIOI IIOPiBHAHO
3 JoBkMHOIO TpimyHEM L. Ile 103BOJAE OOMENKMUTIUCA NOCHTIMKEHHAM HAaIpy’Ke-
HO-7e(POPMOBAHOTO CTAHY TiJIBKM JIOKAJBbHOI obJsiacTi B OKoJi onmHiel 3 BepmmH i
3BECTM BUXINHY 3aJady MO 3aJadi PO pPO3paxXxyHOK MapaMeTpiB MaJomaciuTad-
HOI 30HMU INepeApyiHYBaHHA y 3’€IHYBaJbHOMY MaTepiaJi 0ina BepumHm miBHe-
CKiHueHHOI MiskdaszHOI TPINMHM Yy KYyCKOBO-OOHOPiAHIN IJIONIMHI, 1110 BUXOOUTH
3 KyTOBOi TOUKM JlaMaHOI Meski noginy (puc. 16).

OCKiNbKM PO3BUTOK TPIlMHU BiAOyBaeThbCcA 3a KPUXKUM MeXaHiZ3MOM, 30HY
epeApyMHYBaHHA MOJEJJIOBAaTMMEMO IPAMOIO JliHI€I0 PO3PMBY HOPMAJBHOTO
IepeMillleHHs, Ha AKiVi HOpMaJbHe HallpysKeHHA NOPIBHIOE OIIOPY BinpuBy 3’en-
HyBaJIbHOTO MaTepiasty o, . IIpunyckaouyu HaABHICTL KOHTaKTy Oeperis Tpimmumn

3 TepTAM 3a 3aKOHOM KyJioHa, mpuxoammo 0 CTaTUYHOI KpaiioBoi 3amadi Teopii
NPY*KHOCT] 3 TPAHNYHMMY yYMOBaMMU:

0=0: (o) =(re)=0, (u,)=0,
0=-alU@r-o): (09) =(7,6) =0, (ug)=0, 7,9 =-H0y, 1)
06=0, r</¢: Gy = G,

0=0, r>0: (ug) =0, 2)

ne (f) — crpubor BesumHM f; W — KoedilieHT TepTaA Mixk Geperamu TPILIHI.

A dopMysIOBaHHA YMOBM Ha HECKIHYEHHOCTI BUKOPMCTOBYEMO METOJ
3POIIYBAaHHA ACUMIITOTUMYHUX PO3BUHEHb [13], AKuit nepenbadae IMIMBAHHA Ha
Bimcrauax ¢ < r < L 1IyKaHOrO PO3B’s3KYy 3 BiOMUM PO3B’A3KOM aHAJOTiYHOI
3ama4i Teopii mpyskHOCTI 6€3 30HM mepenpyliHyBaHHA [3]:

T

06=0, r—> o: Ge=CF(OL)T}L+O(1), (3)

ae

110



F(a) = (1-e)*f, + (1 —e)(1 +,)f,+e(l —e)(1 +x,)f; +
+el+x)(l+a,)f, +e*(L+a,)f,,
fi = —4pdyty, fy = 4t,[cos AP — usin(A + 2)B],
f3 = 81855 — 218,58, (B) + p[(A + 2)8,,85; + 28,,8,(B) + 43,,5, ()],
fy =2sinAn[2sin M(n — a)d, (o) — 85, cos A(m — ) +
+sin(A + 2)B [8,5 sin (1 — &) + A8,, cos A — o) — 23, ||,
f5 = 4sin And,[cos(A + 2)a + pusin(A + 2)a],
t, =M+ 1)2 sin® o — sin?(\ + Do,
d;; = Asin(h +2)B — (A + 2)sin A, 8,5 = cos AP —cos(A +2)B,
3y, = Asin(A + 2)a — (A + 2)sin Ao, 8,y = cos Ao — cos(A + 2)a,
8y3 = (A +2)sin(A + 2)a — Asin Ao,
85, = —(A +1)sin 2a + sin 2(A + 1)a.,
84y = (A +1)sin2a + sin2(A + Do,
8,(x) = (A +1)sin® x + sin*(A + 1),
8y = (A +1)sina cos(An + a) — sin(h + 1)a cos[(A + 1)o — Ax],

E 1+v
=91 — =_L 2
p=ir-a, e=g Ty

s @) = 3- 4v1(2),

e A — IOKAa3HMK CUHIYJSPHOCTI HAIIPYIKEHb, SKMUI BU3HAYAEMO SK HaliMEHIIINIA
Ha inTepBaJi (—1,0) KOpiHb XapaKTEPUCTUYHOIO PiBHAHHA 3a1adi

D) =0, (4)

e
D, ) = D()l(?\) + P«Doz(?\) )

Dy;(M)= (1-¢)[0.5(1+ «,)D,;t; — 0.5e(1+ &,)D; ot + e(1+ @ )1+ @,)d; | +
+e(l+e,)1+a,)D,,,

Dy, (M) =(1—e){(1+@,)Dy,t, —e(1+@,)[Dyyts — (L +2,)d, ]+ 21 —e)’t,t; } +
+e(l+2,)1+a,)D,,,

D,,(A) = (1—e)dy + (1 +=,)sin2(h +1)21 - o),

D,y (M) = e(l + =,)sin2(h + Do + (1 - e)d,,

D, (1) = sin® An[(1 + @,)d, —e(l +@,)d,],

Dy, (M) = (1 —e)dy — (1 + )t

Dy, (X) = e(1 + @,)t, + (1 —e)d,,

Dy, (M) = sin®* An[(1 + ;) — e(l + 2,)]d,,
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t, =sin® (L + 1B,  ty; =(A+1)P?sin*a—t,, ¢, =sin’(h+1)a,

d, = (A +1)sin® @ +3t,, d, =(A+1)sin2a+sin2( + la,

dy = [(k + 1)2 sin® a + sin(A + Da sin(A + 1)[3] sin 2(A + 1)(a — ®) —
-2(A+1) sin® Arsin 20 cos?(A + 1)(n — o),

dy =2 [(k + 1)2 sin® a + sin(A + Da sin(A + I)B] sin?(A + 1)(nt — o) —
—4sin® An [(k +1)sin® acos*(A + 1)(n — a) +
+ sin (A + 1)asin(A + I)BJ ,

ds = (A +1)sin 2a — sin 2(A + 1), de =(A+1) sin® o + 3t,,
d;, = (A +1)sinacosa - sin (A + 1)acos (A + 1)B,
dg = (L +1)sin® o + sin (A + L)asin (L + 1B,

dy = (A +1)sinacosa +cos (A +1)asin (A +1)B.

Ilin miero cTMCKAJIbHMX HaBaHTAsKeHb OlJbIN M’AKNUIT BEPXHII MaTepiaa B
OKOJIi ITpaBOl BepIIMHM TPinmaN (puc. la) 3MiluryeTbea BJIIBO BiTHOCHO HUYKHBLOTO
MaTepiasy, ToMy KoediiieHT TepTa | noBmHeH OyTu Big'emuum. Crany C, aHa-
JIOTiYHY 3a CMMCJIOM [0 KoedpillieHTa IHTEHCMBHOCTI HamnpyskeHb OiId BepPIINHM
TPIIMHYM, BBA’KAEMO 3aJIaHOI0 3a yMOBOIo. Ilepenbavaerbcd, 10 B 3anadi, AKa
BiZIIOBila€ TOMY eTamy Ipolecy nedOpMyBaHHSA, KOJIM 30HA HepeapyiHyBaHHSA
Ille He IOABMUJACA, HOPMaJbHe HaNpysKeHHA npyu 0 =0 B OKoJi BepIIMHMU
TpimmuM € postaryBagbEuM (0 =0, o, >0) Ile BuMarae BMKOHAHHA yYMOBU
CF(a) > 0 momaTKOBO 0 BMMOTM iCHyBaHHA CTMCKAJIbHOTO HAIPYsKeHHA Gy < 0
Ha Geperax tpimmun 0=-o0 U (27— o), HeoOXigHOro AJIA KOHTAKTy Oeperis.

Y kinmi Jiinii po3puBYy, fAKa MOJEJIIOE 30HY IepelpyVHYBaHHdA, BIIIIOBIAHO

JI0 3araJibHUX IIOJIOMKEHb IIPO HAIPY KeHO-I1e(pOpMOBAHMII CTaH B OKOJII T'OCTPO-
KiHIIeBUX KOHIIEHTPATOPIB [9], HAIPY)KEeHHA MalOTh KOPEHeBY OCOOJIMBICTE!

l+x, +e(l+=,) k
0=0, r—>L+0: Gy ~ L 2 , (5)
0 21+=2)  Jon(r—10)
ne k — koediiieHT iHTEHCMBHOCTI HANpPy’KeHb, AKMUII MiAJIATAE PO3PAXYHKY B

XOJli po3B’sA3aHHA 3aj]adi.

Posp’a30kx cdopmysnboBaHOl KpaiioBoi 3amaul (1)—(3) mykaemo y BUrIaAni
CyMM HACTYIHMX IBOX 3ajad. Ilepwa 3adaua BifgpisHAETbCA Bif cOPMYJIBO-
BaHOI TMM, IO B (2) 3aMicTb MepIOl YMOBU IIOKJIAIa€MO

0=0, r<?(: 6y = 6, — CF(a)r", (6)

a Ha HECKIHYeHOCTI HANpysKeHHsA crnaxaiTb, Ak o(l/r). Jpyeoto 3adauero €
aHaJoriyHa mepwiil 3amada Oe3 JiHil po3puBy, Po3B’A30K AK0I oTpuMaHo B [3],
TOMY 3aBJaHHSA 3BOJUTBCA JI0 PO3B’A3aHHA IIepIIoi 3aadi.

2. Po3p’sa3aHHA 3ajadi. 3aCTOCYBaBIIM [0 PIBHAHb PIBHOBaryu, yMOBU Cy-
MicHOCTi medpopmarnisi, 3akony I'yka Ta rpaHmuamx ymoB (1) iHTerpasbHe mepe-
TBOpeHHA Meytina [8] i BuropucraBmM apyry 3 ymoB (2) i ymoBy (6), mpuxo-
MO 1o (pyHKIIiOHaJIBHOrO piBHAHHA Binepa — T'omda mepimoi 3azmaui:
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. o,  CF(w)¢*
@ (p)+p+1 p+1l1+A

= Actg pnG(p)® (p), —-g <Rep<eg, (7)

ze

Pd
g PP P
0=0

2 E L/ ou
D (p) = 0,0)pPdp, D (p)= —— < >
(p) ! 54(pl,0)pPdp (p) V) { p=

! +a))[l+x +e(l+x,))
- 2e +z,)(1+ex,)

_ (I+ =)D (p)sin pn

’ Glp) = 2AD;(-1—-p)cospn’

Di(p)=-1+=, )? cos (p +1DBAA; — e*(1+ 262)2 cos(p +1aA,As +
+ul—e)I+x)A Ay —pe(l—e)(1+a@,)AA, +
+2e(1+ )1+ =,)[cos(p+1)(m—a)A Ay + sin® PTA,],
A(p) = p2 sin® a — sin® po., A,(p) = psin2a - sin 2pa.,
A4(p) = psin2a + sin 2pP, A,(p) = p? sin? o — sin® pP ,
A;(p)=cos(p — 1P + psin(p —1)B, Ag(p)=cos(p —1a —psin(p —a,
A, (p) = p? sin? o + sin pa.sin pp,
Ag(p) = cos(p —1)(n —a) + psin(p - 1)(n - a),
Ay(p) = p2 sin® o — 2up sin a cos p(n — a)cos[p(nt —a) —a] —
— sin pa sin pf,

€, € — JOCTATHLO MaJi JOJATHI 4MCJIA.

Pos3p’a30k pyHKLIiOHANBHOIO piBHAHHA (7), 3HALEeHNI 3a JOIIOMOTOI0 METO-
ny Bimepa — Tondpa [7] mozmibHO 1o po3B’A3KiB aHAJOrIYHMX PiBHAHB y poboTax
[4—6], mae Buraang

c 1 1
d)*(p):—?f*(p)G*(p){ : [ n PN + }‘
P+l K" (p)G'(p) (' (-1)G*(-1)

_ CF()¢* [ 1 B 1 }}
P+A+1K (PG (p) K'(-1-1)G (-1-2) J)’

Rep <0,
S G(p){ Sy 1
® (p) =2 _
Pk | P 1% 06 (D)
_ CF(a)(* 1 } R 0 g
P+A+1 K (—1-0)G* (-1-0))" ep>0,
e
+,_ Q¥ p)
G'(p)
G(p)=—7 Rep=07
G (p)

exp[iT In G(2) dz} _[G*(p), Rep<,
2mi 5 z-p G (p), Rep>0,

I'(p) — ramma-dyrkuia Einepa.
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3. BuznaueHHsaA mapaMeTpiB 30HM NepeapyiHyBaHH:A. 3aCTOCYBaBIIM 10
acuMnToTuku (5) Teopemy abeseBoro Tumy [7], oTpuMaemMoO

x, +l+e(l+=,) K
2(e+2) J-2pl’
IlopiBHIOIOYM IT}0 ACMMITOTHKY 3 aCUMIITOTMKOIO PO3B’A3KY (8) mpu p — o,

Rep <0:

D (p) ~ p > o, Rep<0.

s
o (p) ~ L { % CF(a)t }

V-p K" -DG'(-1) K'(-1-MG'(-1-2)
3HaIeMO KOoe(illieHT iHTEeHCMBHOCTI HAIpysKeHb OijA KiHIA JIiHII po3pMBY HOp-
MAaJIBHOT'O II€pPEeMIIeHHSA:

o= J2r_ det®) { S ~ CF(a)(* }
T tlrel+2) [K7(-DG' (=) K'(-1-MG (-1-1)
BigmoBizmHO 10 BMMOrM 0OME’KEHOCTI HAIIPY’KeHb y KiHIT 30HM IepenpyiHy-

BaHHA, MOKJANaeMo KoedilieHT iHTeHcMBHOCTI k piBHMM HyJeBi, 3BiIKu oTpu-
MYEMO aHAJITUYHNI BMUpPa3 OJIA JOBYKVHY 30HMU!

‘- [ 2CF(a)J(0) j” *
Vo, K" (-1 —1)J(L) ’

9)

ae

J(x) = exp HT (x +1)In|G(it)| + t - arg (G(it)) dt}
0

t% + (x + 1)

3rizHo 3 (9), IOBXKMHA 30HU IepeApyiHYBaHHA HeJIHIHO 3pocTae 3i 36iyb-
IIIeHHAM 30BHIITHBOIO HAaBAHTAYKEHH:, N0 AKOro MHOXKHUK C € IpaAMO IIpOIIop-
niiauM. Kpim Toro, HOBKMHA 30HU IIepeApyHYBaHHA € TUM OiJIBIIIOI0, YUMM MEH-
LIMM € OIip BiPMBY 3’€QHYBAJILHOTO MaTepiany o .

3Hannennii po3B’a30k (8) piBHaAHHA Binepa — TI'omda 3azmadi i3 3anydeHHAM
obepHeHOro nmepetrBopeHHsa MeJiHa 1 TeopeMy PO JIMIIKY JO3BOJIAE BU3HAYUUTU
IoJie HAIPY)KeHb B OKOJI BEpPHIMHM TpIIMHM, fAKe 3MIHMJIOCA B pe3yJbTarTi
YTBOPEHHA 30HM IlepeApyJHyBaHHA. 3arajibHa CTPYKTypa TeH30pa HAIpPYKeHb
Ha BiicraHaAx T <K { Mae BUIVIAL

Gy (150) = 0%, (0) + 3 g, (B, )™, r 0, (10)

me o, (0), g,..(0,;) — Bimomi dyHkuii, A, — KopeHi piBHAHHA

D/(-1-x)=0, (11)

AKI BHACJIJIOK BMMOTM OOMEYKEHOCTI IlepeMillleHb 3aJ0BOJIbHAIOTH YMOBY
Re), > —1. Bokpema, kopensam pisHaHHA (11) y cmysi —1 < Re); <0 signosi-
JaTVMYTh CUHIYJIAPHI CKJIanoBi B po3BmHEHHI (10), 10 3yMOBJIIOIOTE KOHIIEHTPA-
LIiI0 HAIPY°KeHb OiJIfg BEPIIVHM TPIlHNA.

Ha pocnimxyBaHOMY ITOYaTKOBOMY eTalli PO3BUTKY 30HU IepeNpyHYBaHHA
PO3KPUTTA TpimmyHM B ii BepinwHi, 3rifHo 3 npuitHATIMA B (1) TpaHMYIHMMM yMO-
BaMU, IOPiBHIOE HYJIEBi, TOMY, BiIIOBiHO N0 nedOpPMAIifIHOrO KPUTEPi0 PyNHY-
BaHHA, 3PYIIEHHA TPIIMHM 37a€TbcA HeMOKJMBUM. OZHAK MOYKHA YABUTY Me-
xaHi3M ii 3pymIeHHsa, 3a AKUM CIIOYATKY BiOyZeTbCA PO3PUB MiK4IaCTHHKOBUX
3B’A3KIB y 30HI NepeApylHYBaHHA y MicCli MaKCUMaJIBHOIO PO3XOMKEHHA MeXK
30HM, AKe NOPIBHIOE CTPUOKY HOPMaJbHOro nepemimensa du(r) = (uy(r,0)), mpu

JOCATHEHHI HUM [eAKOr0 KPUTMYHOTO 3HAUEHHA Ou.., 0 € XapaKTepPUCTUKOIO

cr?
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3’egHyBaJIbHOrO MaTepiasy. B pesysaepraTi BcepenmHi 30HM NepenpyiHYBaHHSA
YTBOPIOETBCA MiKpOTpimmHa (auB. puc. 2), Axka 30impuHIyeTBCA 3a po3MipaMm 3i
30iJIbIIIEHHAM HAaBaHTAa’KEHHA ak JO0 JOCATHEHHA HEI0 BEePIIMHM II09aTKOBOi
TPIIMHY, IO 1 IPU3BOAUTE [0 3PYILIEHHA TPIIVHN.

E, v,

E,, v, O

rl' 4

micro

Ty

Puc. 2. Mogenb CTpykTypu 30HM NepeapyiHyBaHHS 3 MIKPOTPILLMHOL.

BuxopucroByroun pos3B’a3ok (8) piBHAHHA Binepa — I'omdha 3apaui, 3HAXO0-
IVIMO 3aJIeXKHicTb Ou(r) :

Su(r) = 2(1+v,) A [ Dy (-1 = A)K" (=1 = L)J(X))h .
E, SLD[(-1- MK (DI + A0k, — 1)
7 Dy(-1)
r 0
X(fj D[ (12)

YMOBa MakCUMyMy PO3XOKEHHA MEK 30HM IepenpyiiHyBaHHA Ou(r) mpu-
BOAUTb OO PIBHAHHA IJA PO3PaxXxyHKY BifcTaHi 71

m?’

Ha dAKiM cjifn odikyBaTu
YTBOPEHHA MIKPOTPIIIMHN:
$ [ Dol = MK (L3 JG2 H“ L Do
S L Dj (-1 - A)K* (~1)IO); (] - 2) L Dj(-1)
BignmoBigHO 3HauyeHHA HAMOINBIIIOTO PO3XOMKEHHS Me)K 30HU JIOPIBHIOBATHUME
du(r,,). IIpupiBHABIIM MaKCHMMaJbHe PO3XOIYKEHHA i KPUTWYHe 3HAYEHH:, AKe

(13)

BiZIIOBia€ IIIKOBUTOMY PO3PMBY MIiMKYaCTMHKOBMX 3B’A3KIB y IOCIiIsKyBaHIi

YaCTMHI 30HM NepepyiiHyBaHHA, OTPUMY€EMO PiBHAHHA Ou(r,) = du,., 3 AKOro

cr?
MOKHA BM3HAYMTY HaBaHTa’KeHHd, 1110 BiAIIOBiZlae MOMEHTY 3apOKeHHA MIKpO-
Tpinmun. Ilonaseine 306iybIIEHHA HaBAaHTAKEHH:A OyZe CYIPOBOJIYKYBATMCA 3Mi-
HOI0O KyTa BIIXMJEHHA o TPIIMHM Bif IJIOMVMHM MeKl Ioziny MaTepiadiB i
3POCTAaHHAM JOBXKMHU MikpoTpimyHnu. IlonoskenHa KiHIIB MikpoTpimyuay Ta ii
JIOBXKUHY MOKHA BU3HAUYUTU 3 PIBHAHb 8u(r1(2)) =0u,,nme 0<n <r, <mn<dl,
il
myHa Oyze iCTOTHO BIUIMBATM Ha HAIPYsKEeHO-IeOpPMOBaHMII CTaH B o0JsacTi
30HM IlepesipyliHyBaHHA. TOMY PO3IJIAHYTa BUIIE MOJEJb 30HMU NepelpylHyBaH-
HA 1 3HalifjleHMi PO3B’A30K 3akadul Ipo Ii mapamMeTpy € KOPEKTHUMM JIMIe 3a
BMKOHAHHA yMOBU { < /.

Bigmitumo, mo B (12), (13) mizcymMoByBaHHA mependadaeThbcA 3a BCiMa KO-

cr?

micro = T2 — 1 (puc. 2). Ilpu npomy ciif MaTy Ha yBasi, 110 HaABHA MIKpPOTPi-

micro

. . ' c o
penamyu piBHAHHA (11), AKi 3am0BOJBHAIOTL ymoBy Rel, > —1. Ilpore B nilic-
HOCTi BUABJAETHCA, 110 BHACJIJOK IiABUIIEHOTO PIiBHA HAaIpPysKeHb B OKOJII Bep-
IIMHM TPIIIMHNM CHPaBIPKYy€TbCA HepiBHiCTL 1, <« {, TOMy JOCTaTHA TOYHICTDH
BU3HAYEHHA 7, JOCATAE€TLCS IPM BPaXyBaHHI BCbOro Jmiile 4+6 mepmmx Kope-
HiB, 1 TiMIbKM Ha BificTaHAX omHOro nopAaky 3 ¢ y cywmi pany (12) norpi6uHo Gpa-
T HabaraTo 6iybllle JOMAHKIB.

4. AHaJ1i3 OTPUMAHUX Pe3yJbTATIB. SIK BUIIMBAE 3 MOIEPEIHBLOTO PO3TJIA-
Iy, OOUMCIIeHHA MapaMeTpiB MaJoMacIITabHOI 30HM NIepedpyHHYBaHHA BUMArae
3HAHHA KyTa BIIXMJEHHA TPIIIVHM BiJl IIOYATKOBOTO HAIPAMKY i Koedimienta C
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B yMOBi (3) mpu 3aMaHi/i BeJMUMHI CTUCKAJILHOTO HAaBAaHTAKEHHA. Y 3B'A3KY 3
M OyzieMo BBasKaTH, III0 BUKOHYIOTHCA TaKi IPUITYIIEeHHSA. SOBHIIIIHE HaBaHTAa-

»xeHHs Gynemo zamaBaTy Gesposmipuum mapamerpom o = |C|L' /o, . Kyt Bigxn-
JIEHHA TPIIMVHM O 3aJeKUTbh AK BiJ BEJIMUYMHM CTYUCKAJIBHOIO HaBaHTAKEHHH,
TaK i Bif NpYy'KHMX XapaKTepUCTUK 3’€qHaHUX MaTepiajiB. Ockinbku BifcyTHI
JIOCTOBIpHI BiJOMOCTi PO TaKy 3aJIe’KHICTb, TO IPUIIMEMO 3a Ieplie HabIMKeH-
HA JiHIiHe chiBBigHOmIeHHA o(o,e) =180°+ n(e)o, ne m(e) — medAxa HeBizoMa
¢yHKIiA OiMaTepiaJbHOTO IMapamMeTpa e, o3HadeHoro y 6Joii dpopmyat micada (3).

PesynpraTy 004YMcieHb IIapaMeTpiB 30HU NepenpyiHyBaHHA i MiKpoTpimm-
HM: KyTa O, BIIHOCHMX HOBIKUH 30HM NepenpyinyBanHHa x = {/L i mixporpi-

HIMHU X =(r, —m)/L, Bigcrani 7, /L [0 MOJOEHHA MaKCUMAaJbHOTO PO3-

micro

XOIKEHHA Me)X 30HM 1 HOPMOBaHe B3HAYEHHA IbOTO PO3XOMKeHHA Ou,, =
du(r,)E; . . .

= " ——, TOJOXeHHA BepIIMH Mikporpimmum 1,/L, 7,/L, HaBeneHi y
2(1+v,)Lo,

Tabs. 1 i Ha puc. 3 1A TaKMX 3HAUEHb XapPaKTEPUCTUK 3’€THAHUX MaTepiaJis:
E /E, =05, v, =v, =03, p=-05, n =400,
HOPMOBaHe 3HaUeHHH KPUTUIHOTO PO3XOMKEHHA O, = 8- 107,
Tabnuuga 1. MapameTpu 30HW NepeapyiHyBaHHS | MIKPOTPILLIMHM.

x r,/L | du rn/L 1, /L x

m

o
S a, micro

0.001 | 180.2 | 2.42:1078 | 2.07-107° | 6.63-107°
0.002 | 180.4 | 4.19-1077 | 3.59-1078 | 1.15-1077
0.003 | 180.6 | 2.22-:1076 | 1.90-1077 | 6.07-1077
0.004 | 180.8 | 7.22:1076 | 6.19-1077 | 1.98-107¢
0.005 | 181.0 | 1.80-107° | 1.55-1076 | 4.93-1076
0.006 | 181.2 | 3.81-107° | 3.26:1076 | 1.04:107°
0.007 | 181.4 | 7.16:107° | 6.13-107% | 1.96:107°
0.008 | 181.6 | 1.24-107% | 1.06:107® | 3.38-107°
0.009 | 181.8 | 2.00-107% | 1.72:107® | 5.47-107°
0.010 | 182.0 | 3.08:107% | 2.64-107° | 8.42:107 | 1.28:107° | 4.81-1075 | 3.54-107°
0.011 | 182.2 | 455107 | 3.90-107° | 1.24:107* | 3.09-1076 | 1.67-107* | 1.64-107*
0.012 | 1824 | 6.50-107% | 5.56:107® | 1.77-107% | 1.36:1076 | 3.25-107¢ | 3.23-107%
0.013 | 182.6 | 9.02:107 | 7.71-107° | 2.46:107% | 7.14-1077 | 5.37-107* | 5.36-107*
0.014 | 182.8 | 1.22:1073 | 1.04-107* | 3.33-107% | 4.13-1077 | 8.13-107% | 8.13-107*
0.015 | 183.0 | 1.62:1073 | 1.38-107% | 4.41-107% | 2.56:1077 | 1.16:1073 | 1.17-1073

MikpoTrpiminsaa
He yTBOPIOETHCHA

Pospaxysknu ninTBepIKyIOThH IIOIEPeNHii BUCHOBOK IIpO HeJIiHiViHE 3poc-
TaHHA JOBXKMHM 30HU NepeApyMHYBaHHA IIpy 30i/IbllIeHH] HaBaHTAKEHHA, OTPU-
MaHMII Ha OCHOBi aHaJsidy cdopmysn (9). IIpornopuiiHo 10 NOBXKMHM 30HU IIepes-
pPylHYBaHHA 30LIBIIYIOTHCA BilCTaHb BiJf BEPIIMHM IIOYATKOBOI TPIIMHM 10 TOY-
KJI MaKCHMaJbHOIO PO3XomsxeHHs Oeperi 3omm 1, /¢ ~ const i BesmumHa 1IBHOTO

posxomsxenna & /{ ~ const.
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0.8 + 0.8 /
i / / : /
L / L 3
0.6 / 06 | !
L / L 7
0.4 7 0.4 +
C ’ [ /
L 7 - /
0.2 0.2 -
r / r % 1 -
0 L X N ./r/. T B 0 R BRI BN AN S Sy bt
1 3 5 7 9 11 13¢-10° 1 3 5 7 9 11 13¢-103
a) 6)

Puc. 3. 3anexHicTb Big 6€3po3mipHOro NapameTpa HaBaHTaXKeHHA G : @) — BiAHOC-
HUX JOBXWH 30HM NepeapyiiHyBaHHs x = £/L (cyuinbHa niHia) i MikpoTpi-

LWMHN X (wTpuxoBa nNiHist); 6) — BiZHOCHKX BiAcTaHeN rm/L (wTpmxo-

micro

Ba niHif), rl/L (cyuinbHa ninis), TZ/L (LWUTPUXNYHKTMPHA niHiA) Ana
E /E, =05, v, =v,=03, u=-05; n=400.

Ilicna yrBopenHa mikporpimman ii gosskuza ¢ 31 30i/IBIIIEHHAM HaBaH-

micro
Ta'KeHHA 3pOCTa€ MIBYUAIIE, Hi%K JOBXKMHA 30HU NepepyliHyBaHHA (puc. 3a), Io-
cATaroYy 3HAUYEeHHA Oiybllle ITOJIOBVHM JOBIKMHY 30HM IIPY POSIJIAHYTOMY MaKCH-
MaJIbHOMY HaBaHTaskeHHi. IIpy npomy OJVoKHIN KiHEIb MIKPOTPIIIMHM iCTOTHO
30JIMKy€EeThCA 3 BePIIMHOI IodaTkoBOl Tpimmuu (1, — 0, puc. 36), i moganbi

pPO3pPaxyHK!M CTalOTh HEKOPEKTHMMM dYepe3 HeOOXINHICTh ypaxyBaHHA BILIMBY
MIKpPOTPIMVHY Ha HaIpy:KeHO-IedOpMOBaHMII CTAH B OKOJIL BepLIMHM 1 ii MOMXK-

JIMBOTO 3JIMTTHA 3 MOYaTKOBOK TPimuHOMI. Bimcranb 1, Bif BepIIMHM IIOYATKOBOI
TPIIMHN A0 BiIIaJI€HOr0 KIHI[A MIKpOTpIimmuy 3i 30iJbIIIeHHAM HaBaHTAKEHHSA
3pocrae mBujIe, HiX 7, 1 ¢ (puc. 36), i IpKM JOCKUTL BUCOKMX HaBaHTAKEHHAX

BM3HAYAE JOBYKMHY MIKPOTpPImH (1, = 14 micro )-

3rigHOo 3 pe3ysbTaTaMy, HaBeneHMMM y Tabs 1 i Ha puc. 36, OPiBHAHO He-
BesIMKe 30iIbIIIeHHA HAaBAaHTAYKEHHA CYIPOBOISKYETHCA IIBUAKMM 30JMKEHHAM
MIKPOTPIIIYHEY 3 BePIIMHOI MOYAaTKOBOI TPIILMHM, 0 NPU3BOOUTL O PO3KPUT-
Ts [OYATKOBOI TPIIIMHMY, NOAAJBIIOTO IOIIMPEHHS MIJIAXOM 3JUTTA 3 MIKPOTpi-
IIMHOIO 1 MOSKJIMBOTO PYMHYBaHHA KYyCKOBO-OJHOPIIHOrO Tija HIJIAXOM JOTo IIO-
Jiny 1o Meski noziny Matepiadis. Ile NpumyIieHHA NO3BOJIAE OI[IHUTY T'PaHMUYHE
HaBaHTaKEHHdA, IIPU AKOMY Bin0yBaeTbCA 3pyIIEHHA TPIIMHM, 332 3HAYEHHAM

KPUTWYHOIO HABAHTAKEHHA G, III0 BU3HAYAETBbCA 3 ymoBu Ou(r, ) = du,., Ipu

cr? cr?

AKOMY BimOyBa€eTbCA 3apOJPKeHHA Mikporpimmuan. Puc. 4a memoHcTpye, AK 6e3-
PO3MipHe KPUTHYHE HAaBaHTAKEHHS 3aJIeYKUTh BiJ BINHOIIEHHA NPYKHUX Iapa-

MeTpiB 3’€IHaHMX MaTepianiB. BuaBiaeTbCA, 3HAYEHHA G, TaK CaMo, AK 1 Bia-

T

MOBIAHMI KyT BIOXWJIEHHA TPIIIMHM Bil IIOYaTKOBOTO HaNpAMKY Ao, =

= o(o,,.,e) —180° (puc. 46), smeHITyIOTbCA IIpK 30MMsKeHH] MoayJiB IOHra 3’en-
HaHMX Marepianis (E, /E, — 1). IIpoTe i BMCHOBKM HE € OCTAaTOYHMMM, TOMY
110 4yepe3 HEBiIOMy 3aJelKHiCTb m(e) I Yac pPO3paxyHKIB IapaMeTp 1 IIO-
KJagaBca crajuM. Ik Gaummo Ha puc. 4, GinpmmM 3HadeHHAM 1 (M =400, cy-
LiJIbHI KPMBI) BiANOBiAAIOTE MeHIII 3HaYeHHA KPUTUYHOTO HABAHTaKEHHA G, Ta

OinbIni 3HaUEHHA KyTa BinxXmyeHHA Ao, TPIIMHM BiJl IOYAaTKOBOTO HAIPAMKY.
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c C
BN 4 A
0.025 —
EoN L
L N L
0.020 R < 3
. S~o N \
0.015 | S o "N
E \ \\\\\ | \\\ ~_
0.010 =~ ! S~ —~
B — : I ~=L —
r I 1 il S
0.005 | !
ok

L L1 L L L L1 L1 L O i PR PR PR P P PR PR
01 02 03 04 05 06 07 08 E;/E, 01 02 03 04 05 06 07 08 E,/E,
a) 0)

Puc. 4. 3anexHicTb Bin BigHolweHHa moaynis OHra E, / E,: a) — kpuTu4HOro Ha-

BaHTaXEHHS G, ; 0) — KPUTMYHOTO KyTa BIAXWMNEHHS TPilmHM Ao, Ana

cr’
v, =v, =03, p=-0.5 (n =200 — nyHkTupHi ninii, 1 =400 - cy-
LinbHi NiHiT).

Y mporeci HaBaHTasKeHHA Tijla 3 IIOJAJIBIIMM BUTMHOM TPIIIMHM 1 yTBO-
PEHHAM 30HM IepeApyiHYyBaHHA BiOyBaeTbCcA 3MiHa MTOKA3HMKA CUHIYJISIPHOCTI
Halpy:KeHb. Pe3ysbpTaTn pos3paxyHKiB KopeHIiB piBHAHBL (4) i (11) mOKas3yioTh,
1110 HaABHICTb 30HU IlepeApYyHYBaHHA IPU3BOAUTL N0 IOCUJIEHHA KOHIleHTpalii
HalIpyKeHb: HalMeHIIMI Ha iHTepBaJsi (—1,0) xopiHb 7\'1 piBHAHHA (11) BUAB-
JIEThCA MEHIIMM, Hid aHaJOriyHMil Kopinb A, = A piBHaAHHA (4) (puc. 5).

'y

7

-0.40 |

045 | e

-0.50 |

-0.55 | =

oeo Lol o bl b
1 3 5 7 9 11 13 o©-103

Puc. 5. 3anexHicTb Big HaBaHTaXeHHs1 G MOKa3HWKIB CUHIYMSPHOCTI HanpyXeHb B
OKOMi BEPLUMHW BUIHYTOI TPILUMHW NPWU BiACYTHOCTI 30HM nepeapynHyBaHHS

. o . [ . ’ M ’
(A, — cyuineHa ninis) Ta i HAasABHOCTI (A, — WTPUXOBA MiHist; A, — LWITPUX-
NyHKTUPHA NiHiNA).

SIKIO MOKAa3HMK CMHTYJAPHOCTI A, He3HaYHO 3pocTae npyu 30ijbITeHHi Ha-
BaHTAKEHHHA, 3aJMINAIOYNCh OJM3BKMM 3a BEJIMUYMHOI IO IIOKa3HMKA CUHIY-
JIAPHOCTI
(1+ex,)—(e+e)

(1+ex,)+(e+a)

1
Ao =—= t
c arcc g

B KiHII TpilmMHM Ha IJIOCKiN Meski noxiny B pamkax mozedsi Comninou 3 dppux-
ifiHuM KoHTakTOoM OeperiB [10], TO IOKa3HUK 7\'1, HaBIIaKM, 3HUYKYETBHCH, IO

IIPU3BOAUTE 10 MOJAJIBIIIOTO IIOCUJIEHHSA KOHI[eHTpalii HanpyskeHb (puc. 5). Kpim
Toro, y Bupasi (10) oA KOMIIOHEHT TeH30pa HaIpPY:KeHb IIPY yTBOPEHHI 30HU
IepenpyHYBaHHA [IOABJIAETHCA 1€ ONVH ICTOTHMII CUHTYJIAPHMUI IOAAHOK 3 IIO-
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. !

Ka3HMKOM CUHTYJAPHOCTI A, > A;, IO NPMU3BOAUTEL IO JOAATKOBOTO IIOCUJIEHHS
KOHLIeHTpallil Hanpy:keHb. BinmitTmmo, mo piBHAHHA (4) i (11) MalTb TaKOMX
. . . . . r . . .
nocuTh OJM3BbKI 710 HyJsia Bin'emHi KopeHi A, i A, BiAmoBimHO, AKi He BIVIMBAIOTH

icTOTHO Ha HAIPY’KEHO-Ae(POPMOBaHMII CTaH B OKOJI BEpPIIMHM TPIIIVHM i IIapa-
MeTpM 30HU NepeapylHyBaHHA.

YTBOpPeHHA 30HM IepepyiHyBaHHA B OKOJI KOHIIeHTpaTopa HalpyKeHb
3a3BUYAl CYNIPOBOKYETbCA PO3BAHTAMKEHHAM MaTepiaJsy B il obsacrti. IIpore,
AK BCTAHOBJIEHO BUIIle, B IIili MOJeJi cIIOCTepiraeTbcA 3BOPOTHUII IIpOLieC —
3pOCTaHHA PIBHA HAIIPYysKeHb, HACJIIIKOM SKOI'0 € YTBOPEHHA i PO3BUTOK MIKpO-
TpimmHN. AJle, KpiM yTBOPEHHA MIKPOTPIIMHM, MOMKJIMBMM € TaKOXK MeXaHI3M
3HVKEHHA PIBHA KOHI[EHTpallii HaIpy'KeHb, AKMI II0JIATAE B YTBOPEHHI 0e3ro-
cepenHbO Oiis BEPIIMHM ITOYATKOBOI TPIIMHNM 30HM AeCTPYKIii Marepiasy (30HM
nponecy pyrrysaHHA). Ha Bigminy Binm ommcanoi Buie MozmeJsi 30HUM Iepenpyii-
HYBaHHA, B 30HI JIeCTPYKIii BMCOKOTrO pPiBHA IOCATAIOTH He TiNbKM Jedopmarii
BimpuBy, ajsie i gedpopmarii 3cyBy. 30KpeMa, KOMILJIEKCHA MOZEJb 30HU Iepe-
PYJMHYBaHHA, AKa BPaXOBYE€ HAABHICTb B Hill MajoMaciITabHOI 30HM HECTPYKILi,
It Miskdpas3HOI TPIMMHM Ha IJIOCKIN MesKi IOy cepeoBMII peaJsli30oBaHA B
poborax [6, 11]. Hua pmocauigskeHoi B miii poOoTi mpobiemy pyiHYBaHHA IIPU
CTUICKaHHI PO3IJVIAL 3aJadi PO YTBOPEHHA 30HM NEeCTPYKIii Moske OyTm akxTy-
aJIbHUM [1J1A TOSCHEHH:A BJAacHe 3PYIIEeHHA IIOYaTKOBO 3aKPUTOI TPIIMHMN.

BucHoBEN. 3anporOHOBaHO MOJE€JIb IIOYATKOBOI'O €Tally Ipolecy PpyWHY-
BaHHA KYCKOBO-OJHOPIJZHOTO Tijla IpPM CTMCKAHHI B3JIOBK IIJIOCKOI MeKi momimy
MaTepiaJis, o0 mMicTuTe MikdasHy TpinmHy. B ii ocHOBI sexnuTh npuUIyIeHHA
IIPO CIIJIbHMI BUTMH OeperiB TPIIIMHM B CTOPOHY MEHII 3KOPCTKOTO MaTepiaty, y
IIOEHAHHI 3 iX (PPMKLIIHMM KOHTAKTOM i YTBOPEHHAM 30HM IepenpyNHYBaHHSA
y 3’€IHYBaJIbHOMY MaTepiaJji B OKoJii BepiumHu Tpimyan. MomeroBaHHAM 30HU
IepenpyHYBaHHA JIHICI0 PO3PMBY HOPMAJIBHOT'O IIE€PEMIIIEHHA OTPMMAaHO PO3-
B’A30K 3aJladi PO PO3PaXyHOK ITapaMeTpiB 30HM, 328 AKYM BCTAHOBJIEHO CITiBBif-
HOIIIEHH, AKi BM3HAYAIOTH JOBXKJHY i PO3XOIYKEHHA MEYK 30HM. 3a JIOIIOMOIOI0
IedpopMalliiiHOrO KpuTepio cPopMyJIbOBAHO YMOBY 3apPOJPKEHHA MIKPOTPIIIMHUA
B 30HI IepeApyiHyBaHH#A, AKe BUKOPMUCTAHO AJIs BU3HAUEHHA I'PaHMYHOTO Ha-
BaHTasKeHHs, IO BiJIOBiflae MOMEHTY 3apOJKeHHA MIKpPOTPIIMHM, Ta AJA JO-
CHIIKEeHHs 3aJiesKHOCTi ii posmipiB Bin HaBaHTa’sKeHHs. 3alIpPOIIOHOBAHO MeXa-
Hi3M 3pYILIEHHS [I0YaTKOBOI TPIIIMHM i IOJAJBIIOr0 pyHYBaHHA Tijla IpU CTUC-
KaHHI, 10 mepenbadae 3JUTTA TPIINMHM 31 3pOCTAIOY0I0 MIKPOTPIIMHOI Ipu
30i/IbIIIeHH] HAaBaHTAaYKEeHHA. ¥ paMKax JOCIiIKeHOI MoJeJi BUKOHAHO YMCJIOBMIL
PO3paxyHOK IMapaMeTpiB MaJjoMaciiTabHOI 30HM HepenpylHYBaHHA i MiKpoTpi-
LIVHN, aHAJI3 AKUX [IPUBIB 10 HACTYIHUX BUCHOBKIB:

e Jlia cTUCKAJBLHOTO HaBaHTAYKEHHA Y3JO0BXK IIJIOCKOI Meski omisny maTepi-
aJiiB KyCKOBO-OJHOPIZHOTO Tija, II0 MICTUTBH Mik(asHy TpIilMHYy, IPU3BO-
IUTb 10 BinxmiieHHA OeperiB TPIIVMHM B CTOPOHY MEHII KOPCTKOrO MaTepia-
JIy Ha KyYT, AKUII 3pocTae 3i 30iIbIIIeHHAM HaBaHTAKEHHS.

e JloB)KMHA 30HM IlepenpyiiHyBaHHA y 3’€IHyBaJIbHOMY MaTepiaJi i pos-
XOMKEHHsA i1 Me)K HeJIIHIIHO 3pOocTaioTh 3i 30iJbIIIEHHAM CTUCKAJbLHOTO Ha-
BaHTa'KeHHA. BifcTanb BiJ BepIIMHM IIOYATKOBOI TPIIMHM IO TOYKM MaKCH-
MaJILHOTO PO3XOI KEeHHA OeperiB 30HM i BesMuMHA IIbOTO PO3XOIKEHHA Mali-
’Ke MPAMO IIPOIIOPIIiNiHI JO MOBKMHM 30HM IlepeIpyiHyBaHHA.

e Ilicna MOCATHEHHA KPUTHYHOTO PO3XOMKEHH: OeperiB 30HM Iepenpyii-
HYBaHHA BiOyBa€TbCA YTBOPEHHA MIKPOTPIIMHNM, NOBMKMHA AKOi 31 30i1b-
LIIeHHAM HaBaHTA’KeHHSA 3POCTa€ IIBMIIE, HIK JOBYKMHA 30HU NepelpyliHy-
BaHHA. [Ipy npoMy NHOpPiBHAHO HeBeJsMKe 30iJBIIIEHHA HaBAHTAMKEHHSA CYIIPO-
BOJIPKYETBCA MIBUAKMM 30/IMKEHHAM MIKPOTPIIVMHM 3 ITOYaTKOBOIO TPIIINHOIO.

e KpurtnyHe HaBaHTa'KEeHHdA, IO BiAIIOBia€ MOMEHTY YTBOPEHHS MiKpoO-
TPIIMHN, € TUM OLJIBIIMM, UMM CUJIBHIIIE Bipi3HAIOTBHCA MPYKHI XapaKTe-
pUCTMEM 3’€IHAHUX MaTepiaJis.
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e YTBOpEHHH 30HU INIepelpyNHYBaHHA IPU3BOAUTH IO IIOCMJIEHHA KOHIIEH-
Tpalili HanopyKeHb OiJiA BEPIIMHM TPIIIMHK, AKe MOYKHA YCYHYTU OECTPYK-
Li€l0 MaTepiasy B OKOJIi BepILIVHM TPIIIVHMN.
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INVESTIGATION OF THE INITIAL STAGE OF FRACTURE OF A PIECE-HOMOGENEOUS BODY
WITH INTERFACE CRACK UNDER COMPRESSION ALONG THE INTERFACE

The initial stage of the fracture process of a piecewise homogeneous body
under compression along a flat interface of materials, containing an interface
crack, is considered. An analytical calculation of parameters of a small-scale
pre-fracture zone in the joint material near the tips is performed. The value of
zone boundaries deviation is found. It is used later in the deformation criterion
for the formation of a secondary microcrack in it. The mechanism of a crack
starting is proposed, which provides its coalescence with a growing microcrack
under an increasing load.

Key words: interfacial crack, compression along interface, faces contact, pre-
fracture zone, secondary microcrack, crack starting mechanism.
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