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АСИМПТОТИЧЕСКОЕ РЕШЕНИЕ ЗАДАЧИ 
НЕСТАЦИОНАРНОЙ ТЕПЛОПРОВОДНОСТИ СЛОИСТЫХ 
АНИЗОТРОПНЫХ НЕОДНОРОДНЫХ ОБОЛОЧЕК 
 

Ïîñòðîåíû âíåøíèå àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ðåøåíèé çàäà÷è íåñòàöè-
îíàðíîé òåïëîïðîâîäíîñòè ñëîèñòûõ àíèçîòðîïíûõ íåîäíîðîäíûõ îáîëî÷åê 
ïðè ðàçëè÷íûõ ãðàíè÷íûõ óñëîâèÿõ íà ëèöåâûõ ïîâåðõíîñòÿõ. Ïðîàíàëèçè-
ðîâàíû ïîëó÷àþùèåñÿ äâóìåðíûå ðàçðåøàþùèå óðàâíåíèÿ è èññëåäîâàíû 
àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé çàäà÷è òåïëîïðîâîäíîñòè. Äàíî ôèçè-
÷åñêîå îáîñíîâàíèå íåêîòîðûõ îñîáåííîñòåé àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ 
òåìïåðàòóðû. 

 
Íàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé, îïóáëèêî-

âàííûõ â [4], ãäå áûëè ïîñòðîåíû àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ðåøåíèÿ 
çàäà÷è òåïëîïðîâîäíîñòè òîíêèõ ñëîèñòûõ ïëàñòèí ïîñòîÿííîé òîëùèíû 
ïðè ãðàíè÷íûõ óñëîâèÿõ I-ãî è III-ãî ðîäà íà ëèöåâûõ ïîâåðõíîñòÿõ. Îäíà-
êî â èíæåíåðíîé ïðàêòèêå ïîìèìî ïëàñòèí ÷àñòî èñïîëüçóþòñÿ òîíêîñòåí-
íûå êîíñòðóêöèè áîëåå ñëîæíîé ãåîìåòðèè – ñëîèñòûå îáîëî÷êè è èñêðèâ-
ëåííûå ïàíåëè ïîñòîÿííîé è ïåðåìåííîé òîëùèíû. Ïîýòîìó àêòóàëüíîé ÿâ-
ëÿåòñÿ ïðîáëåìà ðàçðàáîòêè ìåòîäîâ ðàñ÷åòà è àíàëèçà îñîáåííîñòåé ðåøå-
íèÿ çàäà÷è òåïëîïðîâîäíîñòè òàêèõ ñëîèñòûõ êîíñòðóêöèé. Íàñòîÿùåå èñ-
ñëåäîâàíèå ïîñâÿùåíî ïîñòðîåíèþ àñèìïòîòè÷åñêèõ ðàçëîæåíèé ðåøåíèé 
çàäà÷è íåñòàöèîíàðíîé òåïëîïðîâîäíîñòè ñëîèñòûõ àíèçîòðîïíûõ íåîäíî-
ðîäíûõ îáîëî÷åê ïî ðàçëè÷íûì ìàëûì ïàðàìåòðàì ïðè ãðàíè÷íûõ óñëîâè-
ÿõ íà ëèöåâûõ ïîâåðõíîñòÿõ îáùåãî âèäà. 
 1. Ïîñòàíîâêà çàäà÷è òåïëîïðîâîäíîñòè ñëîèñòûõ àíèçîòðîïíûõ 
îáîëî÷åê. Ðàññìîòðèì òîíêóþ îáîëî÷êó, ñîñòîÿùóþ èç M  àíèçîòðîïíûõ 
íåîäíîðîäíûõ ñëîåâ, âîçìîæíî, ïåðåìåííîé òîëùèíû. Ñâÿæåì ñ îáîëî÷êîé 
êðèâîëèíåéíóþ îðòîãîíàëüíóþ ñèñòåìó êîîðäèíàò 1 2 3Ox x x  òàê, ÷òîáû îò-

ñ÷åòíàÿ ïîâåðõíîñòü 3 0x =  ñîâïàäàëà ñ îäíîé èç ëèöåâûõ ïîâåðõíîñòåé 

îáîëî÷êè (íàïðèìåð, âíóòðåííåé), à ïîâåðõíîñòè 3 const 0mx H= = >  îïðå-

äåëÿëè ãðàíèöû êîíòàêòà ìåæäó m -ì è ( 1m + )-ì ñëîÿìè, 1,2, ,m M=   

(çíà÷åíèå 3 0 0x H= ≡  çàäàåò îòñ÷åòíóþ ïîâåðõíîñòü, 3 constMx H H= ≡ = >  

0>  – äðóãóþ ëèöåâóþ ïîâåðõíîñòü; ñëîè ïîñëåäîâàòåëüíî ïðîíóìåðîâàíû 
îò îòñ÷åòíîé ïîâåðõíîñòè ê ïðîòèâîïîëîæíîé ëèöåâîé ïîâåðõíîñòè). Ïàðà-
ìåòðû Ëàìå 1 2,A A  íåïðåðûâíû âñþäó â îáîëî÷êå è èìåþò ãëàäêîñòü, êîòî-

ðàÿ ïîòðåáóåòñÿ â ïðîöåññå ðàññóæäåíèé; ïàðàìåòð Ëàìå 3A  íà ãðàíèöàõ 

êîíòàêòà ñëîåâ ìîæåò èñïûòûâàòü ðàçðûâ ïåðâîãî ðîäà (ò. å. ( )
3 3

mA A=  ïðè 

1 3m mH x H− < < , 1 m M≤ ≤ ), âíóòðè êàæäîãî m -ãî ñëîÿ ýòîò ïàðàìåòð èìå-

åò ãëàäêîñòü, êîòîðàÿ ïîòðåáóåòñÿ â ïðîöåññå ðàññóæäåíèé. (Â ñëó÷àå ñëîåâ 
ïîñòîÿííîé òîëùèíû êîîðäèíàòà 3 0x ≥  çàäàåò ðàññòîÿíèå îò ïðîèçâîëüíîé 

òî÷êè îáîëî÷êè äî îòñ÷åòíîé ïîâåðõíîñòè, ïðè ýòîì 3 1A = .) Íà ãðàíèöàõ 
ìåæäó ñëîÿìè âûïîëíÿþòñÿ óñëîâèÿ èäåàëüíîãî òåïëîâîãî êîíòàêòà. 

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ óðàâíåíèå íåñòàöèîíàðíîé òåïëîïðî-
âîäíîñòè m -ãî ñëîÿ èìååò âèä 

 
( )3 3( ) ( )

1 2 3( ) ( )

1 11 2 3

1
mm m
ijm m

i ji j i j

A A AT Tñ
x xt A A A A A= =

λ ∂ ∂ ∂ρ = + ∂ ∂∂  
∑ ∑  

 ( )
1 2 3 1 3, , , ,    ,    1m

m mQ x x x t H x H m M−+ ≤ ≤ ≤ ≤( ) ,  (1) 
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ãäå ( )mT  – òåìïåðàòóðà m -ãî ñëîÿ; ( )mQ  – ïëîòíîñòü ìîùíîñòè âíóòðåí-

íèõ èñòî÷íèêîâ òåïëà â m -ì ñëîå; ( )m
ijλ  – êîýôôèöèåíòû òåïëîïðîâîäíîñ-

òè ìàòåðèàëà m -ãî ñëîÿ (â îáùåì ñëó÷àå, ôóíêöèè âñåõ ïðîñòðàíñòâåííûõ 

ïåðåìåííûõ); ( )mñ  – óäåëüíàÿ òåïëîåìêîñòü ìàòåðèàëà m -ãî ñëîÿ; ( )mρ  – 

îáúåìíàÿ ïëîòíîñòü ìàòåðèàëà m -ãî ñëîÿ; t  – âðåìÿ. Çäåñü è äàëåå ðàç-
ìåðíûå ôóíêöèè è âåëè÷èíû áóäåì ïîìå÷àòü ñâåðõó ÷åðòîé, à ñîîòâåòñòâó-
þùèå èì áåçðàçìåðíûå ôóíêöèè è âåëè÷èíû – îáîçíà÷àòü òåìè æå ñèìâî-
ëàìè, íî áåç ÷åðòû. 

Íà ïîâåðõíîñòÿõ 3 mx H=  êîíòàêòà m -ãî è ( 1)m + -ãî ñëîåâ äîëæíû 

âûïîëíÿòüñÿ óñëîâèÿ ñîïðÿæåíèÿ ðåøåíèÿ ïî òåïëîâîìó ïîòîêó è òåìïå-
ðàòóðå: 

 
( ) ( )3 3( ) ( )

( ) ( )3 3
3

1 1

,        ,        
m nm n

m ni i
m

i ii ii i

T T T T x H
x xA A= =

λ λ∂ ∂= = =
∂ ∂∑ ∑ , 

 1,      1 1n m m M= + ≤ ≤ − ,  (2) 

íà ëèöåâûõ ïîâåðõíîñòÿõ îáîëî÷êè ( 3 30,  x x H= = ) çàäàíû ãðàíè÷íûå 
óñëîâèÿ îáùåãî âèäà 

 

3

(1)3 (1)
( ) ( ) ( ) ( ) (1)3

1 2 ( ) 1 2
1 0

, , , , 0,( )i

ii i x

T Q x x t T x x t
xA

− − − −
−

= =

λ ∂β = γ + δ α −
∂∑ ( )(  

 ( )
1 2, ,T x x t−

∞− ( )) , 

 

3

( )3 ( )
( ) ( ) ( )3

1 2
1

, ,
M M
i

ii i x H

T Q x x t
xA

+ + +

= =

λ ∂− β = γ +
∂∑ ( )  

 ( ) ( ) ( )
( ) 1 2 1 2, , , , ,MT x x H t T x x t+ +
+ ∞+ δ α −( ) ( )( ) ,  (3) 

ãäå ( )Q ±  – çàäàííûå íà ëèöåâûõ ïîâåðõíîñòÿõ ïðîåêöèè âåêòîðà òåïëîâîãî 

ïîòîêà íà íàïðàâëåíèå âíåøíåé íîðìàëè; ( )±α  – êîýôôèöèåíòû êîíâåêòèâ-

íîãî òåïëîîáìåíà ñ îêðóæàþùåé ñðåäîé íà âíåøíåé (+) è âíóòðåííåé (–) – 

îòñ÷åòíîé – ïîâåðõíîñòÿõ îáîëî÷êè; ( )T ±
∞  – òåìïåðàòóðà îêðóæàþùåé ñðå-

äû ñî ñòîðîíû âíåøíåé (+) è âíóòðåííåé (–) ëèöåâîé ïîâåðõíîñòè îáîëî÷-

êè; ( ) ( ),  ± ±β γ , ( )±δ  – ôóíêöèè ïåðåêëþ÷åíèÿ, ïîçâîëÿþùèå çàäàâàòü òîò 
èëè èíîé òèï ãðàíè÷íûõ óñëîâèé íà âíåøíåé (+) è âíóòðåííåé (–) ëèöåâûõ 
ïîâåðõíîñòÿõ. 

Íà òîðöåâîé ïîâåðõíîñòè S  (êðîìêå) îáîëî÷êè òàêæå çàäàíû ãðàíè÷-
íûå óñëîâèÿ, àíàëîãè÷íûå (3): 

 
( )3 3 ( )

( ) ( ) ( )

1 1

( , ) ( , ) ( , )
m m

ij m m m
i n

ji j j

Tn q S t T S t T S t
xA ∞

= =

λ ∂− β = γ + δα −  ∂ 
∑ ∑ ( ) , 

 1 2 3 0( , , ) ,      ,      1x x x S t t m M∈ ≥ ≤ ≤ ,  (4) 

ãäå in  – êîìïîíåíòû âåêòîðà åäèíè÷íîé íîðìàëè ê òîðöåâîé ïîâåðõíîñòè 

îáîëî÷êè; ( )m
nq  – çàäàííûé òåïëîâîé ïîòîê ÷åðåç òîðöåâóþ ïîâåðõíîñòü 

m -ãî ñëîÿ; ( )mα  – êîýôôèöèåíò òåïëîîáìåíà ïî çàêîíó Íüþòîíà ìåæäó 

m -ì ñëîåì è îêðóæàþùåé ñðåäîé íà òîðöåâîé ïîâåðõíîñòè; T∞  – òåìïåðà-
òóðà îêðóæàþùåé ñðåäû ñî ñòîðîíû òîðöåâîé ïîâåðõíîñòè (èëè òåìïåðà-
òóðà òîðöåâîé ïîâåðõíîñòè, ñìîòðÿ ïî ñìûñëó); , ,β γ δ  – ôóíêöèè ïåðåêëþ-
÷åíèÿ, ïîçâîëÿþùèå çàäàâàòü òîò èëè èíîé òèï ãðàíè÷íûõ óñëîâèé íà òîð-
öåâîé ïîâåðõíîñòè. 
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Â ìîìåíò âðåìåíè 0t  â m -ì ñëîå çàäàíî íà÷àëüíîå óñëîâèå 

 ( ) ( )
1 2 3 0 0 1 2 3( , , , ) ( , , ),          1m mT x x x t T x x x m M= ≤ ≤ ,  (5) 

ãäå ( )
0
mT  – çàäàííàÿ ôóíêöèÿ. 

Îáåçðàçìåðèì ñîîòíîøåíèÿ (1)–(5). Ñ ýòîé öåëüþ ââåäåì áåçðàçìåðíûå 
íåçàâèñèìûå ïåðåìåííûå 
 3 3 3 3,        1,2,         i i i iA dx LA dx i A dx H A dx∗= = = , 

 ,         0,            min ( , )t t t t L R a∗ ∗= > =/ ,  (6) 

ãäå R  – õàðàêòåðíûé ðàäèóñ êðèâèçíû îòñ÷åòíîé ïîâåðõíîñòè îáîëî÷êè; a  
– õàðàêòåðíûé ðàçìåð îáîëî÷êè â ïëàíå (äëÿ ïîëîãèõ îáîëî÷åê è èñêðèâ-
ëåííûõ ïàíåëåé); H∗  – õàðàêòåðíàÿ òîëùèíà îáîëî÷êè, t∗  – õàðàêòåðíîå 
âðåìÿ, â òå÷åíèå êîòîðîãî ðàññìàòðèâàåòñÿ ïðîöåññ íåñòàöèîíàðíîé òåïëî-
ïðîâîäíîñòè. 

Óðàâíåíèå (1) îáåçðàçìåðèì óìíîæåíèåì íà 2
1 2 3 ( )A A A H T∗ ∗ ∗λ/ , òîãäà ñ 

ó÷åòîì (6) ïîëó÷èì 

 2 ( ) ( ) 2 ( ) ( ) ( ) ( ) ( ) ( ) 2 ( )
2 1 3 33 3 ( , )m m m m m m m m m

tC T L T L T T Q tε ∂ = ε + ε + ∂ λ ∂ + ε x( ) ( ) ( ) , 

 1 2 3, ,x x x=x { } ,  (7) 
ãäå 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1 13 3 2 23 3 3 31 1 32 2 ,m m m m m m m m m mL T T T T T≡ ∂ λ ∂ + ∂ λ ∂ + ∂ λ ∂ + λ ∂( ) ( ) ( ) ( )  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 1 11 1 12 2 2 21 1 22 2
m m m m m m m m m mL T T T T T≡ ∂ λ ∂ + λ ∂ + ∂ λ ∂ + λ ∂( ) ( ) ( ) ,  

  (8) 
H L∗ε = /  – ìàëûé ïàðàìåòð; i∂  – îïåðàòîð ÷àñòíîãî äèôôåðåíöèðîâàíèÿ 

ïî áåçðàçìåðíîé ïðîñòðàíñòâåííîé ïåðåìåííîé ix , 1,2,3i = ; t∂  – îïåðàòîð 

÷àñòíîãî äèôôåðåíöèðîâàíèÿ ïî áåçðàçìåðíîìó âðåìåíè t . 
Ïåðâîå èç óñëîâèé ñîïðÿæåíèÿ (2) îáåçðàçìåðèì óìíîæåíèåì íà 

1 2A A H T∗ ∗ ∗λ( )/ , à âòîðîå èç óñëîâèé (2) – äåëåíèåì íà constT∗ = : 

 ( ) ( ) ( ) ( ) ( ) ( )
31 1 32 2 33 3
m m m m m mT T Tε λ ∂ + λ ∂ + λ ∂ =( )  

 ( ) ( ) ( ) ( ) ( ) ( )
31 1 32 2 33 3
n n n n n nT T T= ε λ ∂ + λ ∂ + λ ∂( ) ,  

 ( ) ( )
3,       ,              1,    1 1m n

mT T x H n m m M= = = + ≤ ≤ − , (9) 

ãðàíè÷íûå óñëîâèÿ (3) îáåçðàçìåðèì óìíîæåíèåì íà 1 2 ( )A A H T∗ ∗ ∗λ/ , à (4) – 

óìíîæåíèåì íà 1 2 3 ( )A A A H T∗ ∗ ∗λ/ : 

 ( ) (1) (1) (1) (1) (1) (1) ( ) ( )
31 1 32 2 33 3T T T Q− − −β ε λ ∂ + λ ∂ + λ ∂ = εγ +( )[ ]  

 ( ) (1) ( )
( ) 3,             0T T x− −
− ∞+ εδ α − =( ) , 

 ( ) ( ) (1) ( ) ( ) ( ) ( ) ( ) ( )
31 1 32 2 33 3
M M M M MT T T Q+ + +− β ε λ ∂ + λ ∂ + λ ∂ = εγ +( )[ ]  

 ( ) ( ) ( )
( ) 3,           MT T x H+ +
+ ∞+ εδ α − =( ) ,  (10) 

 
3 2 3

( ) ( ) ( ) ( ) ( ) ( ) ( )
3 3

1 1 1

,m m m m m m m
p p p p n

p p

n T n T q T T∞
= = =

− βε λ ∂ − β λ ∂ = εγ + εδα −∑ ∑ ∑ ( ) 


 

 1 2 3 0( , , ) ,       ,        1x x x S t t m M∈ ≥ ≤ ≤ ,  (11) 

íà÷àëüíîå óñëîâèå (5) îáåçðàçìåðèì äåëåíèåì íà constT∗ = : 

 ( ) ( )
0 0( , ) ( ),              1m mT t T m M= ≤ ≤x x .  (12) 

Â ñîîòíîøåíèÿõ (7)–(12) èñïîëüçîâàíû ñëåäóþùèå ôîðìóëû îáåçðàç-
ìåðèâàíèÿ è îáîçíà÷åíèÿ: 
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 ( ) ( ) ( ) ( ) ( ) 2 ( )
1 2 3 1 2 3

1 1 1,    ,    m m m m m m
ij ij

i j

T T A A A Q A A A L Q
T A A T∗ ∗ ∗ ∗

= λ = λ =
λ λ

, 

 ( ) ( ) ( ) ( )
1 2 ( ) 1 2 ( )

1 1 1,    ,    ,    
T

T T Q A A LQ A A L T
T TT

± ± ± ± ∞
∞ ∞ ± ± ∞

∗ ∗∗ ∗ ∗

= = α = α =
λ λ

, 

 ( ) ( ) ( ) ( )0 0
0 1 2 3 1 2 3 0

1 1,     ,     ,    m m m m
n n

T t
T q A A A Lq A A A L t

tT T ∗∗ ∗ ∗ ∗

= = α = α =
λ λ

, 

 ( ) 2 ( ) ( ) ( ) ( )
1 2 3 1 2

1 ,    ,    m m m
i i iC A A A L c A A n A n

t
± ±

∗ ∗

= ρ δ = δ =
λ

, 

 , 1,2,3,        1i j m M= ≤ ≤ ,  (13) 

T∗  – íåêîòîðîå õàðàêòåðíîå çíà÷åíèå òåìïåðàòóðû êîíñòðóêöèè (íàïðè-

ìåð, òåìïåðàòóðà åñòåñòâåííîãî ñîñòîÿíèÿ); ∗λ  – õàðàêòåðíîå çíà÷åíèå êî-
ýôôèöèåíòà òåïëîïðîâîäíîñòè ìàòåðèàëîâ ñëîåâ îáîëî÷êè (íàïðèìåð, ìàê-
ñèìàëüíàÿ ïî ñëîÿì âåëè÷èíà íàèáîëüøåãî èç ãëàâíûõ çíà÷åíèé òåíçîðà 

êîýôôèöèåíòîâ òåïëîïðîâîäíîñòè ( )m
ijλ ); ( )mC  – áåçðàçìåðíàÿ òåïëîåì-

êîñòü (õàðàêòåðíîå çíà÷åíèå âðåìåíè t∗  â (7), (13) âûáðàíî òàê, ÷òîáû ( )mC  
èìåëà ïîðÿäîê åäèíèöû). 

Åñëè ñ÷èòàòü, ÷òî èçìåíåíèþ ìàëîãî ãåîìåòðè÷åñêîãî ïàðàìåòðà ε  ñî-

îòâåòñòâóåò èçìåíåíèå òîëùèíû îáîëî÷êè H∗  (òîëùèíû ñëîåâ ïðè ýòîì èç-

ìåíÿþòñÿ ïðîïîðöèîíàëüíî èçìåíåíèþ H∗ ) ïðè ôèêñèðîâàííîé ãåîìåòðèè 
îòñ÷åòíîé ïîâåðõíîñòè êîíñòðóêöèè (ïðè ôèêñèðîâàííîì õàðàêòåðíîì ðàç-
ìåðå L ), òî îñíîâíûå ôóíêöèè è âåëè÷èíû, ïðèâåäåííûå â (13), èìåþò ñëå-
äóþùèå àñèìïòîòè÷åñêèå ñâîéñòâà ïðè 0ε → : 

 ( ) ( ) ( ) ( )(1),    , 1,2, 3,     (1),    (1),    (1)m m
ij O i j Q O T O Q O± ±

∞λ = = = = = , 

 ( ) ( ) ( ) ( )
0(1),   (1),   (1),   (1),   (1)m m m m

nT O q O O C O T O∞ = = α = = = .  (14) 

Êàê áûëî ïîêàçàíî â [4], â ãðàíè÷íûõ óñëîâèÿõ îáùåãî âèäà (10) áåç-
ðàçìåðíûå êîýôôèöèåíòû ( )±α , õàðàêòåðèçóþùèå êðèòåðèé Áèî [3] íà ëè-

öåâûõ ïîâåðõíîñòÿõ, ìîãóò áûòü ïîðÿäêà åäèíèöû, à ìîãóò áûòü áîëüøèìè 
è ìàëûìè âåëè÷èíàìè ïî ñðàâíåíèþ ñ åäèíèöåé. Ñëåäîâàòåëüíî, ïðè îïðå-
äåëåííûõ óñëîâèÿõ òåïëîîáìåíà íà ëèöåâûõ ïîâåðõíîñòÿõ áåçðàçìåðíûå 
÷èñëà Áèî ( )±α  ìîæíî ðàññìàòðèâàòü êàê íåçàâèñèìûå îò ε  ìàëûå èëè 

áîëüøèå ïàðàìåòðû. 
Äàëåå áóäåì îòäåëüíî ðàññìàòðèâàòü ñëó÷àè áîëüøèõ è ìàëûõ çíà÷å-

íèé ÷èñåë Áèî íà ëèöåâûõ ïîâåðõíîñòÿõ îáîëî÷êè. 

2. Ñëó÷àé ãðàíè÷íûõ óñëîâèé II-ãî è III-ãî ðîäà ïðè ìàëûõ ÷èñëàõ 
Áèî íà ëèöåâûõ ïîâåðõíîñòÿõ îáîëî÷êè. Ïóñòü íà îáåèõ ëèöåâûõ ïîâåðõ-
íîñòÿõ ÷èñëà Áèî ( )+α , ( )−α , ÿâëÿþòñÿ ìàëûìè íåçàâèñèìûìè ïàðàìåòðàìè 

(ïðè ýòîì â (10) ñëåäóåò ïðèíÿòü ( ) 1±β = ). Òàê êàê ( )+α , ( )−α  âõîäÿò ëèøü â 

ãðàíè÷íûå óñëîâèÿ (10), ñòîÿò ñîìíîæèòåëÿìè ïðè ôóíêöèÿõ 
(1) ( ), ,MT T  à íå 

ïðè èõ ïðîèçâîäíûõ, è äëÿ îñíîâíûõ ôóíêöèé è âåëè÷èí, ïðèâåäåííûõ â 
(13), âûïîëíÿþòñÿ àñèìïòîòè÷åñêèå ñâîéñòâà, àíàëîãè÷íûå (14), ïðè ( )+α →  

0→ , ( ) 0−α → , òî íà÷àëüíî-êðàåâàÿ çàäà÷à (7)–(12) ÿâëÿåòñÿ çàäà÷åé ñ ðå-

ãóëÿðíûì âîçìóùåíèåì ïî ïàðàìåòðàì ( )+α , ( )−α . Äëÿ óïðîùåíèÿ ðåøåíèÿ 

ýòîé íà÷àëüíî-êðàåâîé çàäà÷è èñïîëüçóåì àñèìïòîòè÷åñêîå ðàçëîæåíèå 
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 ( ) ( )
1 2 3 1 2 3 ( ) ( ) ( ) ( )

0 0

( , , , ) ( , , , ) ,     0 , 1m m i j
ij

i j

T x x x t T x x x t
∞ ∞

− + − +
= =

α α ≤ α α <∑ ∑ . 

   (15) 
Ïîäñòàâèì (15) â (7)–(12) è ñîáåðåì ñëàãàåìûå ïðè îäèíàêîâûõ ñòåïå-

íÿõ ( ) ( )
i j
− +α α , òîãäà ïîëó÷èì ñëåäóþùóþ öåïî÷êó ðàâåíñòâ: 

 2 ( ) ( ) 2 ( ) ( ) ( ) ( ) ( ) ( )
2 1 3 33 3

m m m m m m m m
t ij ij ij ijC T L T L T Tε ∂ = ε + ε + ∂ λ ∂ +( ) ( ) ( )  

 2 ( )
0 0 ( , )m
i j Q t+ δ δ ε x ,  (16) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
31 1 32 2 33 3 31 1 32 2
m m m m m m n n n n

ij ij ij ij ijT T T T Tε λ ∂ + λ ∂ + λ ∂ = ε λ ∂ + λ ∂ +( ) ( )  

 ( ) ( )
33 3
n n

ijT+ λ ∂ , 

 ( ) ( )
3,      ,             1,    1 1m n

ij ij mT T x H n m m M= = = + ≤ ≤ − ,  (17) 

 (1) (1) (1) (1) (1) (1) ( ) ( ) ( ) ( )
31 1 32 2 33 3 0 0 1 0ij ij ij i j i jT T T Q T− − − −

∞ε λ ∂ + λ ∂ + λ ∂ = εδ δ γ − εδ δ δ +( )  

 ( ) (1)
1, 3,             0i jT x−

−+ εδ = , 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
31 1 32 2 33 3 0 0
M M M M M M

ij ij ij i jT T T Q+ +− ε λ ∂ + λ ∂ + λ ∂ = εδ δ γ −( )[ ]  

 ( ) ( ) ( ) ( )
0 1 , 1 3,            M
i j i jT T x H+ + +

∞ −− εδ δ δ + εδ = ,  (18) 

 
3 2 3

( ) ( ) ( ) ( ) ( ) ( )
3 3

1 1 1

m m m m m m
p p ij p p ij ij

p p

n T n T T
= = =

− βε λ ∂ − β λ ∂ = εδα +∑ ∑ ∑ 


 

 ( ) ( )
0 0 1 2 3 0,      ( , , ) ,    m m
i j nq T x x x S t t∞+ εδ δ γ − δα ∈ ≥( ) , 

 1 m M≤ ≤ ,  (19) 

 ( ) ( )
0 0 0 0( , ) ( ),    1 ,    , 0,1,2,3m m

ij i jT t T m M i j= δ δ ≤ ≤ =x x  ,  (20) 

ãäå kδ   – ñèìâîë Êðîíåêåðà. Â ïåðâîì ðàâåíñòâå (18) ïðè 0i =  è âî âòîðîì 

ðàâåíñòâå (18) ïðè 0j =  ñëåäóåò ó÷åñòü 

 ( ) ( )
1, , 10,       0,         1 ,        , 0,1, 2,3m m

j iT T m M i j− −≡ ≡ ≤ ≤ =  .  (21) 

Íà÷àëüíî-êðàåâûå çàäà÷è (16)–(20) ñ ó÷åòîì (21) ìîæíî ïîñëåäîâàòåëü-
íî ïðîèíòåãðèðîâàòü ïðè âñåõ , 0i j ≥ , ò. å. ìîæíî ïîñëåäîâàòåëüíî îïðåäå-
ëèòü âñå êîýôôèöèåíòû ðàçëîæåíèÿ (15). 

Íàëè÷èå ìàëîãî ãåîìåòðè÷åñêîãî ïàðàìåòðà ε  ïðè âûñøèõ ïðîèçâîä-
íûõ â óðàâíåíèè (16), â óñëîâèÿõ ñîïðÿæåíèÿ (17) è ãðàíè÷íûõ óñëîâèÿõ 
(18), (19) óêàçûâàåò íà òî, ÷òî íà÷àëüíî-êðàåâàÿ çàäà÷à (16)–(20) ïðè ëþ-
áûõ , 0i j ≥  ÿâëÿåòñÿ çàäà÷åé ñ ñèíãóëÿðíûì âîçìóùåíèåì, ïîýòîìó ðåøå-
íèå ýòîé çàäà÷è ñëåäóåò ðàçûñêèâàòü â âèäå 

 ( ) ( ) ( ) ( )
b ,       1 ,      , 0,1,2,3m m m m

ij ij ij ijT T T T m M i j∗ τ= + + ≤ ≤ =  ,  (22) 

ãäå ( )m
ijT∗  – âíåøíåå àñèìïòîòè÷åñêîå ðàçëîæåíèå ôóíêöèè ( )m

ijT , õàðàêòå-

ðèçóþùåå îñíîâíîå òåìïåðàòóðíîå ïîëå â m -ì ñëîå; ( )m
ijTτ  – ïîïðàâêà ê 

âíåøíåìó ðàçëîæåíèþ â îêðåñòíîñòè íà÷àëüíîãî ìîìåíòà âðåìåíè 0t t= ; 
( )
b
m
ijT  – ïîïðàâêà ê âíåøíåìó ðàçëîæåíèþ â ïîãðàíè÷íîì ñëîå â îêðåñòíîñ-

òè òîðöåâîé ïîâåðõíîñòè îáîëî÷êè. 
Äàëåå íàñòîÿùåå èññëåäîâàíèå ïîñâÿùåíî îïðåäåëåíèþ âíåøíåãî 

àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ( )m
ijT∗ . ×òîáû ïîëó÷èòü äëÿ îïðåäåëåíèÿ ( )m

ijT∗  

íåïðîòèâîðå÷èâóþ öåïî÷êó ðàâåíñòâ, àñèìïòîòè÷åñêîå ðàçëîæåíèå ñëåäóåò 
çàäàòü â âèäå 
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 ( ) ( )
1 2 3 1 2 31

0

1( , , , ) ( , , , ) ,   1 ,   , 0m m k
ij ijki j

k

T x x x t T x x x t m M i j
∞

∗ + +
=

∼ ε ≤ ≤ ≥
ε

∑ . 

  (23) 
Ïîäñòàâèì (23) â (16)–(20) è ñîáåðåì ñëàãàåìûå ïðè îäèíàêîâûõ ñòåïå-

íÿõ ε , òîãäà ïîëó÷èì ñëåäóþùóþ öåïî÷êó ðàâåíñòâ äëÿ îïðåäåëåíèÿ ôóíê-

öèé ( ) ( , )m
ijkT tx : 

 ( ) ( )
3 33 3 0 0,           1m m

ijT m M∂ λ ∂ = ≤ ≤( ) ,  (24) 

 ( ) ( ) ( ) ( ) ( ) ( )
33 3 0 33 3 0 0 0 3,        ( , ) ( , ),      m m n n m n

ij ij ij ij mT T T t T t x Hλ ∂ = λ ∂ = =x x , 

 1,      1 1n m m M= + ≤ ≤ − ,  (25) 

 (1) (1) ( ) ( )
33 3 0 3 33 3 0 30,     0,     0,     M M

ij ijT x T x Hλ ∂ = = − λ ∂ = = ,  (26) 

 ( ) ( ) ( ) ( )
1 13 2 23 3 33 3 0 1 2 30,       ( , , )m m m m

ijn n n T x x x S− β λ + λ + λ ∂ = ∈( ) , 

 1 m M≤ ≤ ,  (27) 

 ( )
0 0( , ) 0,                 1m

ijT t m M= ≤ ≤x ,  (28) 

 ( ) ( ) ( ) ( )
3 33 3 1 1 0 0,        1m m m m

ij ijT L T m M∂ λ ∂ + = ≤ ≤( ) ( ) ,  (29) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 1 31 1 0 32 2 0 33 3 1 31 1 0 32 2 0
m m m m m m n n n n n n

ij ij ij ij ij ijT T T T T Tλ ∂ + λ ∂ + λ ∂ = λ ∂ + λ ∂ + λ ∂ , 

 ( ) ( )
1 1 3( , ) ( , ),      ,    1,    1 1m n

ij ij mT t T t x H n m m M= = = + ≤ ≤ −x x ,  (30) 

 (1) (1) (1) (1) (1) (1)
33 3 1 31 1 0 32 2 0 30,                0ij ij ijT T T xλ ∂ + λ ∂ + λ ∂ = = , 

 ( ) ( ) ( ) ( ) ( ) ( )
33 3 1 31 1 0 32 2 0 30,     M M M M M M

ij ij ijT T T x H− λ ∂ + λ ∂ + λ ∂ = =( ) ,  (31) 

 
3 2 3

( ) ( ) ( ) ( ) ( ) ( )
0 3 3 1 0

1 1 1

0m m m m m m
p p ij p p ij ij

p p

n T n T T
= = =

− β λ ∂ − β λ ∂ − δα =∑ ∑ ∑ 


, 

 1 2 3( , , ) ,         1x x x S m M∈ ≤ ≤ ,  (32) 

 ( ) ( )
1 0 0 0 0( , ) ( ),             1m m

ij i jT t T m M= δ δ ≤ ≤x x ,  (33) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
3 33 3 2 1 1 2 0 0 0m m m m m m m m

ij ij ij t ijT L T L T C T∂ λ ∂ + + − ∂ =( ) ( ) ( ) , 

 1 m M≤ ≤ ,  (34) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 2 31 1 1 32 2 1 33 3 2 31 1 1 32 2 1
m m m m m m n n n n n n

ij ij ij ij ij ijT T T T T Tλ ∂ + λ ∂ + λ ∂ = λ ∂ + λ ∂ + λ ∂ , 

 ( ) ( )
2 2 3( , ) ( , ),       ,     1,    1 1m n

ij ij mT t T t x H n m m M= = = + ≤ ≤ −x x , (35) 

 (1) (1) (1) (1) (1) (1) ( ) ( ) ( ) (1)
33 3 2 31 1 1 32 2 1 0 0 1, ,0 3,     0ij ij ij i j i jT T T Q T x− − −

−λ ∂ + λ ∂ + λ ∂ = δ δ γ + δ = , 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 2 31 1 1 32 2 1 0 0 , 1,0
M M M M M M M

ij ij ij i j i jT T T Q T+ + +
−− λ ∂ + λ ∂ + λ ∂ = δ δ γ + δ( ) , 

 3x H= ,  (36) 

 
3 2 3

( ) ( ) ( ) ( ) ( ) ( ) ( )
1 3 3 2 1 0 0

1 1 1

m m m m m m m
p p ij p p ij ij i j n

p p

n T n T T q
= = =

− β λ ∂ − β λ ∂ − δα = δ δ γ −∑ ∑ ∑ ( 


 

 ( )
1 2 3( , , ) ,    1,    m T x x x S m M∞− δα ∈ ≤ ≤) ,  (37) 

 ( )
2 0( , ) 0,           1m

ijT t m M= ≤ ≤x ,  (38) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
3 33 3 1 1 2 2 2

m m m m m m m m
ijk ijk ijk t ijkT L T L T C T− − −∂ λ ∂ + + − ∂ =( ) ( ) ( )  

 ( )
0 0 3 ( , ),         1m
i j kQ t m M= − δ δ δ ≤ ≤x ,  (39) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 31 1 1 32 2 1 33 3 31 1 1
m m m m m m n n n n

ijk ijk ijk ijk ijkT T T T T− − −λ ∂ + λ ∂ + λ ∂ = λ ∂ + λ ∂ +  

 ( ) ( )
32 2 1
n n

ijkT −+ λ ∂ , 
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 ( ) ( )
3( , ) ( , ),    ,    1,    1 1m n

ijk ijk mT t T t x H n m m M= = = + ≤ ≤ −x x ,  (40) 

 (1) (1) (1) (1) (1) (1) ( ) (1) ( ) ( )
33 3 31 1 1 32 2 1 1, , 2 1 0 3ijk ijk ijk i j k i j kT T T T T− − −

− − − − ∞λ ∂ + λ ∂ + λ ∂ = δ − δ δ δ δ , 

 3 0x = , 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 31 1 1 32 2 1 , 1, 2 0 1 3 ,M M M M M M M

ijk ijk ijk i j k i j kT T T T T+ + +
− − − − ∞− λ ∂ + λ ∂ + λ ∂ = δ − δ δ δ δ( )  

 3x H= ,  (41) 

 
3 2 3

( ) ( ) ( ) ( ) ( ) ( )
1 3 3 1

1 1 1

0m m m m m m
p p ijk p p ijk ijk

p p

n T n T T− −
= = =

− β λ ∂ − β λ ∂ − δα =∑ ∑ ∑ 


, 

 1 2 3( , , ) ,      1 ,      3,4,5x x x S m M k∈ ≤ ≤ =  ,  (42) 

 ( )
0( , ) 0,      1 ,    3, 4,5 ,    , 0,1, 2,3m

ijkT t m M k i j= ≤ ≤ = =x   ,  (43) 

ãäå ñîãëàñíî (21), (23) ñëåäóåò ó÷åñòü 

 ( ) ( )
1, , , 1,0,    0,        1 ,    , , 0,1,2,3m m

j k i kT T m M i j k− −≡ ≡ ≤ ≤ =  .  (44) 

Ïîñòðîèì ðåøåíèå ñèñòåìû (24)–(43). Èíòåãðèðóÿ óðàâíåíèå (24), ñ ó÷å-

òîì (25), (26) è ( )
33 0mλ >  (â ñèëó ïîñòóëàòà Îíçàãåðà [2] è 0iA > , 1,2,3i = ) 

ïîëó÷èì 

 ( )
0 0 1 2( , ) ( , , ),       1m

ij ijT t x x t m M= θ ≤ ≤x ,  (45) 

ãäå 0ijθ  – ïðîèçâîëüíàÿ ôóíêöèÿ, ïîäëåæàùàÿ â ïîñëåäóþùåì îïðåäåëå-

íèþ. Èç (45) ñëåäóåò òîæäåñòâåííîå âûïîëíåíèå ãðàíè÷íîãî óñëîâèÿ (27) íà 
êðîìêå îáîëî÷êè, à èç (28) ñ ó÷åòîì (45) âûòåêàåò íà÷àëüíîå óñëîâèå 
 0 1 2 0( , , ) 0,                  1ij x x t m Mθ = ≤ ≤ .  (46) 

Èíòåãðèðóÿ óðàâíåíèå (29) ïî ïåðåìåííîé 3x , ñ ó÷åòîì (45), (8), (30), 
(31) ïîëó÷èì 

 ( ) ( ) ( ) ( ) ( ) ( )
33 3 1 31 1 0 32 2 0 0m m m m m m

ij ij ijT T Tλ ∂ + λ ∂ + λ ∂ = ,  (47) 
îòñþäà 
 ( ) ( )

1 1 1 2 1( , ) ( , , ) ( , ),       1m m
ij ij ijT t x x t F t m M= θ − ≤ ≤x x ,  (48) 

ãäå 
3

1

( ) ( ) ( )
1 31 1 0 32 2 0 3( )

33

1( , )

m

x
m m m

ij ij ij m
H

F t dx

−

≡ λ ∂ θ + λ ∂ θ +
λ∫x ( )  

 

1

1
( ) ( )
31 1 0 32 2 0 3( )

1 33

1
Hm

ij ij
H

dx

−

−

=

+ λ ∂ θ + λ ∂ θ
λ

∑ ∫ ( )




 



,  (49) 

(1)
1 1 2 1 1 2( , , ) ( , ,0, )ij ijx x t T x x tθ ≡  – ïðîèçâîëüíàÿ ôóíêöèÿ, ïîäëåæàùàÿ îïðåäå-

ëåíèþ. Âûðàçèì èç (47) ïðîèçâîäíóþ ( )
3 1

m
ijT∂  è ïîäñòàâèì â (32), òîãäà 

 
( ) ( )3 2 3
31 1 0 32 2 0( ) ( ) ( )

0 3 0( )
1 1 1 33

0
m m

ij ijm m m
p p ij p p ijm

p p

n n
= = =

λ ∂ θ + λ ∂ θ
− β λ ∂ θ + β λ − δα θ =

λ
∑ ∑ ∑ 


, 

 1 2 3( , , ) ,        1x x x S m M∈ ≤ ≤ .  (50) 
Òàê êàê ìàòåðèàëû ñëîåâ ïðåäïîëàãàþòñÿ ïðîèçâîëüíûìè (â îáùåì 

ñëó÷àå, è íåîäíîðîäíûìè ïî òîëùèíå), à ôóíêöèÿ 0ijθ  íå çàâèñèò îò ïåðå-

ìåííîé 3x , ãðàíè÷íîå óñëîâèå (50) íå ìîæåò áûòü âûïîëíåíî òî÷íî âî âñåõ 
òî÷êàõ òîðöåâîé ïîâåðõíîñòè îáîëî÷êè, ïîýòîìó çäåñü è äàëåå ãðàíè÷íûå 
óñëîâèÿ íà êðîìêàõ îáîëî÷êè (50), (37), (42) áóäåì âûïîëíÿòü â èíòåãðàëü-
íîì ñìûñëå (ïðîèíòåãðèðîâàâ ïî òîëùèíå îáîëî÷êè óêàçàííûå ðàâåíñòâà), 
÷òî ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì äëÿ çàòóõàíèÿ ïîãðà-
íè÷íûõ ñëîåâ [3]. 

Ïðîèíòåãðèðîâàâ ñîîòíîøåíèå (50) ïî òîëùèíå îáîëî÷êè, ïîëó÷èì ãðà-
íè÷íîå óñëîâèå íà êðîìêå äëÿ ôóíêöèè 0ijθ : 
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1

( )2 3 3
3( ) ( )

0 3 3( )
1 1 1 1 33

m

m

H mM
p pm m

ij p p m
m p pH

n
n dx

−= = = =

λ 
β ∂ θ − λ + λ − 

λ 
∑ ∑ ∑ ∑∫  


 

 

1

( )
0 3 1 2

1

0,          ( , )
m

m

HM
m

ij
m H

dx x x

−=

− δθ α = ∈ Γ∑ ∫ , (51) 

ãäå Γ  – êîíòóð, îãðàíè÷èâàþùèé îòñ÷åòíóþ ïîâåðõíîñòü îáîëî÷êè, çàíè-
ìàþùóþ îáëàñòü G  â ïðîñòðàíñòâå ïåðåìåííûõ 1 2,x x . 

Ïîäñòàâèì (48) â íà÷àëüíîå óñëîâèå (33), òîãäà 

 ( ) ( )
1 1 2 0 1 0 0 0 0( , , ) ( , ) ( )m m

ij ij i jx x t F t Tθ − = δ δx x .  (52) 

Òàê êàê íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû ( )
0 ( )mT x  ïðîèçâîëüíî, 

ôóíêöèÿ 1ijθ  íå çàâèñèò îò ïåðåìåííîé 3x  è ôóíêöèÿ ( )
1
m

ijF  ïî ïåðåìåííîé 

3x  èìååò âïîëíå îïðåäåëåííóþ çàâèñèìîñòü (49), òî íà÷àëüíîå óñëîâèå (52) 
â îáùåì ñëó÷àå íå ìîæåò áûòü âûïîëíåíî òî÷íî âî âñåõ òî÷êàõ îáîëî÷êè, 
ïîýòîìó çäåñü è äàëåå íà÷àëüíûå óñëîâèÿ (52), (38), (43) áóäåì âûïîëíÿòü â 
èíòåãðàëüíîì ñìûñëå (ïðîèíòåãðèðîâàâ ïî òîëùèíå îáîëî÷êè ýòè ðàâåíñò-
âà), ÷òî ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì äëÿ çàòóõàíèÿ ïî-

ïðàâêè ( )m
ijTτ  â (22) â îêðåñòíîñòè íà÷àëüíîãî ìîìåíòà âðåìåíè 0t . 

Ïðîèíòåãðèðîâàâ ðàâåíñòâî (52) ïî òîëùèíå îáîëî÷êè, ïîëó÷èì íà-
÷àëüíîå óñëîâèå äëÿ ôóíêöèè 1ijθ : 

 

1

( ) ( )
1 1 2 0 0 0 0 1 0 3 1 2

1

1( , , ) ( ) ( , ) ,   ( , )
m

m

HM
m m

ij i j ij
m H

x x t T F t dx x x G
H

−=

θ = δ δ + ∈∑ ∫ x x[ ] , 

   (53) 
ãäå 3 0x H= >  – àïïëèêàòà âíåøíåé ëèöåâîé ïîâåðõíîñòè â áåçðàçìåðíîé 
ñèñòåìå êîîðäèíàò. 

Óðàâíåíèå (34) ñ ó÷åòîì (8), (45) è (47) ìîæíî ïðåîáðàçîâàòü ê âèäó 

 
2

( ) ( ) ( ) ( ) ( ) ( ) ( )
3 33 3 2 31 1 1 32 2 1 1 1 0

1

m m m m m m m
ij ij ijT T T

=

∂ λ ∂ + λ ∂ + λ ∂ = − ∂ λ ∂ θ +∑( ) ( 


 

 
2

( ) ( ) ( )
2 2 0 3 31 1 0

1

m m m
l ij ij

=

+ λ ∂ θ + ∂ λ λ ∂ θ +
∑) ( 


 

 ( ) ( )
32 2 0 0( )

33

1m m
ij t ijm

C
λ

+ λ ∂ θ + ∂ θ
) . 

Ïðîèíòåãðèðîâàâ ïî 3x  ýòî óðàâíåíèå, ñ ó÷åòîì (35), (45) è ïåðâîãî ðà-
âåíñòâà (36) ïîëó÷èì 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 2 31 1 1 32 2 1 2 ( , ),  1m m m m m m m

ij ij ij ijT T T Q t m Mλ ∂ + λ ∂ + λ ∂ = ≤ ≤x ,  (54) 

ãäå 

 
3

1

2
( ) ( ) ( ) ( ) ( ) ( )

2 0 0 1, ,0 3 31 1 0
1

( , )

m

x
m m m

ij i j i j ij
H

Q t Q

−

− − −
−

=

 ≡ δ δ γ + δ θ + ∂ λ λ ∂ θ + 
∑∫x ( 


 

 
2

( ) ( ) ( )
32 2 0 1 1 0 2 2 0( )

133

1m m m
ij ij ijm

=

+ λ ∂ θ − ∂ λ ∂ θ + λ ∂ θ +λ
∑) ( )  


 

 ( ) ( )
0 3 0( )m m

t ij ijC dx D
+ ∂ θ + θ


,  (55) 

äèôôåðåíöèàëüíûé îïåðàòîð ( ) ( )mD ⋅  èìååò âèä 
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1

1 2 2
( ) ( ) ( ) ( ) ( )

3 31 1 32 2 1 1( )
1 1 133

1( ) ( ) ( ) ( )
Hm

m
p p p p

p pH

D

−

−

= = =

  ⋅ ≡ ∂ λ λ ∂ ⋅ + λ ∂ ⋅ − ∂ λ ∂ ⋅ +  λ 
∑ ∑ ∑∫ ( ) (





   



 

 ( ) ( ) (1)
2 2 3( ) ( ) ,     ( ) 0m

p tC dx D
+ λ ∂ ⋅ + ∂ ⋅ ⋅ ≡


) .  (56) 

Èç ðàâåíñòâà (54) ïðè m M= , 3 Mx H H= =  è èç âòîðîãî ðàâåíñòâà (36) 

ñ ó÷åòîì (55), (56), (45) ñëåäóåò 

 ( 1) ( ) ( ) ( ) ( ) ( ) ( )
0 0 0 1, ,0 , 1,0

M
ij i j i j i jD Q Q+ − − + + − +

− −θ = − δ δ γ + γ − δ θ − δ θ( ) ( ) , 

 1 2( , )x x G∈ .  (57) 

Ýòî óðàâíåíèå ñ ó÷åòîì (44), (45) îïðåäåëÿåò ôóíêöèþ 0 1 2( , , )ij x x tθ  ïðè 

óæå èçâåñòíûõ 1, ,0i j−θ  è , 1,0i j−θ . Óðàâíåíèþ (57) ñîîòâåòñòâóþò ãðàíè÷íîå 

óñëîâèå (51), çàäàííîå íà êîíòóðå Γ , è íà÷àëüíîå óñëîâèå (46). Çíàÿ èç íà-
÷àëüíî-êðàåâîé çàäà÷è (46), (51), (57) ôóíêöèþ 0ijθ , ïîëó÷èì â ñèëó (49), 

(55), (56) èçâåñòíûå ïðàâóþ ÷àñòü â (54) è ôóíêöèþ ( )
1 ( , )m

ijF tx  â (48). Ïîä-

ñòàâèâ (48) â (54), ïîëó÷èì 

 ( ) ( ) ( ) ( ) ( ) ( )
3 2 2 31 1 1 32 2 1 ( )

33

1( , )m m m m m m
ij ij ij ij m

T Q t F F∂ = + λ ∂ + λ ∂ −
λ

x( )  

 ( ) ( )
31 1 1 32 2 1 ( )

33

1m m
ij ij m

− λ ∂ θ + λ ∂ θ
λ

( ) ,  (58) 

ãäå ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè – èçâåñòíàÿ ôóíêöèÿ. Ïðîèíòåãðèðî-
âàâ ýòî ðàâåíñòâî ïî 3x , ñ ó÷åòîì (35) áóäåì èìåòü 

 ( ) ( )
2 2 1 2 2( , ) ( , , ) ( , ),         1m m

ij ij ijT t x x t F t m M= θ − ≤ ≤x x ,  (59) 

ãäå 

 
3

1

( ) ( ) ( )
2 31 1 1 32 2 1 3( )

33

1( , )

m

x
m m m

ij ij ij m
H

F t dx

−

≡ λ ∂ θ + λ ∂ θ +
λ∫x ( )  

 

1

1
( ) ( )
31 1 1 32 2 1 3( )

1 33

1
Hm

ij ij
H

dx

−

−

=

+ λ ∂ θ + λ ∂ θ −
λ

∑ ∫ ( )




 



 

 
3

1

( ) ( ) ( ) ( ) ( )
2 31 1 1 32 2 1 3( )

33

1

m

x
m m m m m

ij ij ij m
H

Q F F dx

−

− + λ ∂ + λ ∂ −
λ∫ ( )  

 

1

1
( ) ( ) ( ) ( ) ( )

2 31 1 1 32 2 1 3( )
1 33

1
Hm

ij ij ij
H

Q F F dx

−

−

=

− + λ ∂ + λ ∂
λ

∑ ∫ ( )




    



,  (60) 

(1)
2 1 2 2 1 2( , , ) ( , ,0, )ij ijx x t T x x tθ ≡  – ïðîèçâîëüíàÿ ôóíêöèÿ, ïîäëåæàùàÿ îïðåäå-

ëåíèþ. 
Ïîäñòàâèì (58) â ãðàíè÷íîå óñëîâèå íà êðîìêå (37) è ïðîèíòåãðèðóåì 

åãî ïî òîëùèíå îáîëî÷êè ñ ó÷åòîì (48), òîãäà 

 

1

( )2 3 3
3( ) ( )

1 3 3( )
1 1 1 1 33

m

m

H mM
p pm m

ij p p m
m p pH

n
n dx

−= = = =

 λ
β ∂ θ − λ + λ − 

λ  
∑ ∑ ∑ ∑∫  


 

 

1

( )
1 3

1

m

m

HM
m

ij
m H

dx

−=

− δθ α =∑ ∫  
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1

( )3 3
3( ) ( ) ( ) ( ) ( )

1 1 1 2 2 1 2( )
1 1 1 33

m

m

H mM
p pm m m m m

ij ij ijm
m pH

n
n F F Q

−= = =

λ
= − β λ ∂ + λ ∂ + β + λ

∑ ∑ ∑∫ ( ) (  


 

 ( ) ( ) ( ) ( ) ( ) ( )
31 1 1 32 2 1 0 0
m m m m m m

ij ij i j nF F q T∞+ λ ∂ + λ ∂ + δ δ γ − δα −( ))  

 ( ) ( )
1 3 1 2,            ( , )m m

ijF dx x x


− δα ∈ Γ


.  (61) 

Ïîäñòàâèâ (59) â íà÷àëüíîå óñëîâèå (38) è ïðîèíòåãðèðîâàâ åãî ïî òîë-
ùèíå îáîëî÷êè, ïîëó÷èì 

 

1

( )
2 1 2 0 2 0 3 1 2

1

1( , , ) ( , ) ,      ( , )
m

m

HM
m

ij ij
m H

x x t F t dx x x G
H

−=

θ = ∈∑ ∫ x . (62) 

Â ñèëó ôîðìàëüíîãî ñõîäñòâà ñîîòíîøåíèé (34)–(38) è (39)–(43) ñîîò-
âåòñòâåííî è ðàâåíñòâ (59), (48) è (54), (47) ìîæíî äëÿ íà÷àëüíî-êðàåâîé çà-
äà÷è (39)–(43) ïðè 3k ≥  ñäåëàòü äîïóùåíèÿ 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 1 31 1 2 32 2 2 1( , ),     1m m m m m m m

ijk ijk ijk ijkT T T Q t m M− − − −λ ∂ + λ ∂ + λ ∂ = ≤ ≤x , 

  (63) 

 ( ) ( )
2 2 1 2 2( , ) ( , , ) ( , ),        1m m

ijk ijk ijkT t x x t F t m M− − −= θ − ≤ ≤x x ,  (64) 

ãäå ( )
1( , )m

ijkQ t− x , ( )( )
2 ,m

ijkF t− x  ïðåäïîëàãàþòñÿ óæå èçâåñòíûìè ôóíêöèÿìè. 

(Ïðè 3k =  äîïóùåíèÿ (63), (64) âûïîëíÿþòñÿ, òàê êàê ñïðàâåäëèâû ðà-

âåíñòâà (48), (54) è ôóíêöèè ( )
2
m

ijQ , ( )
1
m

ijF  èçâåñòíû èç (49), (55) è ðåøåííîé 

íà÷àëüíî-êðàåâîé çàäà÷è (46), (51), (57).) 

Âûðàçèì èç (63) ïðîèçâîäíóþ ( )
3 1

m
ijkT −∂  è ïîäñòàâèì ñ ó÷åòîì (8) â óðàâ-

íåíèå (39), òîãäà ïîñëå èñïîëüçîâàíèÿ ðàâåíñòâà (64) ïîëó÷èì 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
3 33 3 31 1 1 32 2 1 0 0 3 ( , )m m m m m m m

ijk ijk ijk i j kT T T Q t− −∂ λ ∂ + λ ∂ + λ ∂ = − δ δ δ −x( )  

 
2

( ) ( ) ( ) ( ) ( ) ( )
3 1 31 1 2 32 2 2 ( )

1 33

1m m m m m m
ijk ijk ijk m

Q F F− − −
=

 − ∂ λ + λ ∂ + λ ∂ −  λ 
∑ ( ) 


 

 ( ) ( ) ( ) ( ) ( ) ( )
1 1 2 2 2 2 2
m m m m m m

ijk ijk t ijkF F C F− − −
− ∂ λ ∂ + λ ∂ − ∂ +


( )    

 
2

( ) ( ) ( )
3 31 1 2 32 2 2 ( )

1 33

1m m m
ijk ijk m− −

=

  + ∂ λ λ ∂ θ + λ ∂ θ −  λ 
∑ ( ) 


 

 ( ) ( ) ( )
1 1 2 2 2 2 2
m m m

ijk ijk t ijkC− − −
− ∂ λ ∂ θ + λ ∂ θ + ∂ θ


( )   . 

Ïðîèíòåãðèðîâàâ ïî 3x  ýòî óðàâíåíèå, ñ ó÷åòîì (40), (41) áóäåì èìåòü 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 31 1 1 32 2 1 ( , ),    1m m m m m m m

ijk ijk ijk ijkT T T Q t m M− −λ ∂ + λ ∂ + λ ∂ = ≤ ≤x ,  (65) 
ãäå 

 
3

3
1

( ) ( ) (1) ( ) ( ) ( )
1, , 2 1 0 3 0 0 30

( , ) ( , )

m

x
m m

ijk i j k i j k i j kx
H

Q t T T Q t

−

− − −
− − ∞=

≡ δ − δ δ δ δ − δ δ δ −
∫x x  

 
2

( ) ( ) ( ) ( ) ( ) ( )
1 1 2 2 2 2 2

1

m m m m m m
p p ijk p ijk t ijk

p

F F C F− − −
=

− ∂ λ ∂ + λ ∂ + ∂ +∑ ( )  

 
2

( ) ( ) ( ) ( )
3 1 31 1 2

1

m m m m
p p ijk ijk

p

Q F− −
=

+ ∂ λ + λ ∂ +
∑ (  

 

1

1
( ) ( ) ( )
32 2 2 3 0 0 3( )

133

1 ( , )
Hm

m m
ijk i j km

H

F dx Q t

−

−

−
=

 + λ ∂ − δ δ δ − λ  
∑ ∫ x)








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2

( ) ( ) ( ) ( ) ( ) ( )
1 1 2 2 2 2 2

1
p p ijk p ijk t ijk

p

F F C F− − −
=

− ∂ λ ∂ + λ ∂ + ∂ +∑ ( )       

 
2

( ) ( ) ( ) ( ) ( ) ( )
3 1 31 1 2 32 2 2 3( )

1 33
p p ijk ijk ijk

p

Q F F dx− − −
=

 + ∂ λ + λ ∂ + λ ∂ + λ 
∑ 1( )     

  

 
3

1

2
( ) ( ) ( )
3 31 1 2 32 2 2 ( )

1 33m

x
m m m

p p ijk ijk m
pH −

− −
=

  + ∂ λ λ ∂ θ + λ ∂ θ −  λ 
∑∫ 1( )  

 
2

( ) ( )
1 1 2 2 2 2

1

m m
p p ijk p ijk

p
− −

=

− ∂ λ ∂ θ + λ ∂ θ +∑ ( )  

 ( ) ( )
2 3 2

m m
t ijk ijkC dx D− −

+ ∂ θ + θ


( ) , (66) 

äèôôåðåíöèàëüíûé îïåðàòîð ( ) ( )mD ⋅  îïðåäåëåí â (56). Èç ñîîòíîøåíèÿ (65) 

ïðè m M= , 3 Mx H H= =  è èç âòîðîãî ðàâåíñòâà (41) ñ ó÷åòîì (56) ñëåäóåò 

 
3 3

( 1) ( ) (1) ( ) ( ) ( ) ( )
2 1, , 2 , 1, 2 1 0 30

( )M M
ijk i j k i j k i j kx x H

D T T T+ − + − −
− − − − − ∞= =

θ = − δ − δ + δ δ δ δ +  

 

1

( ) ( ) ( )
0 1 3 0 0 3

1

( , )
m

m

HM
m

i j k i j k
m H

T Q t

−

+ +
∞

=

+ δ δ δ δ + δ δ δ −


∑ ∫ x  

 
2 2

( ) ( ) ( ) ( ) ( ) ( )
1 1 2 2 2 2 3 1

1 1

m m m m m m
p p ijk p ijk p p ijk

p p

F F Q− − −
= =

− ∂ λ ∂ + λ ∂ + ∂ λ +
∑ ∑( ) (  

 ( ) ( ) ( ) ( ) ( ) ( )
31 1 2 32 2 2 2 3( )

33

1m m m m m m
ijk ijk t ijkm

F F C F dx− − −
+ λ ∂ + λ ∂ + ∂ λ  

) , 

 1 2 0( , ) ,      x x G t t∈ ≥ ,  (67) 

ãäå ïðàâàÿ ÷àñòü – èçâåñòíàÿ ôóíêöèÿ ïåðåìåííûõ 1 2, ,x x t , òàê êàê ôóíê-

öèè ( )
1

m
ijkQ − , ( )

2
m

ijkF −  ïðåäïîëàãàþòñÿ óæå èçâåñòíûìè (ñì. (63), (64)). 

Ïðè 3k =  óðàâíåíèå (67) îïðåäåëÿåò ôóíêöèþ 1 1 2( , , )ij x x tθ  ïðè ãðà-

íè÷íîì óñëîâèè (61), çàäàííîì íà êðîìêå îáîëî÷êè, è íà÷àëüíîì óñëîâèè 
(53). Ïðè 4k ≥  ãðàíè÷íîå óñëîâèå äëÿ óðàâíåíèÿ (67) ïîëó÷èì, ïðîèíòåã-
ðèðîâàâ ðàâåíñòâî (42) ïî òîëùèíå îáîëî÷êè äëÿ ïðåäûäóùåãî çíà÷åíèÿ k  
(çàìåíèâ â (42) k  íà 1k − ), òîãäà, èñêëþ÷èâ èç (42) çà ñ÷åò (63) ïðîèçâîä-

íóþ ( )
3 1

m
ijkT −∂  è èñïîëüçîâàâ ðàâåíñòâî (64), áóäåì èìåòü 

 

1

( )2 3 3
3( ) ( )

2 3 3( )
1 1 1 1 33

m

m

H mM
p pm m

ijk p p m
m p pH

n
n dx

−

−
= = = =

λ 
β ∂ θ − λ + λ − 

λ 
∑ ∑ ∑ ∑∫  


 

 

1 1

3
( ) ( ) ( )

2 3 1 1 2
1 1 1

m m

m m

H HM M
m m m

ijk ijk
m mH H

dx n F

− −

− −
= = =

− δθ α = − β λ ∂ +
∑ ∑ ∑∫ ∫ ( 


 

 
( )3
3( ) ( ) ( ) ( ) ( )

2 2 2 1 31 1 2( )
1 33

m
p pm m m m m

l ijk ijk ijkm
p

n
F Q F− − −

=

λ
+ λ ∂ + β + λ ∂ +

λ
∑) (  

 ( ) ( ) ( ) ( )
32 2 2 2 3 1 2,   ( , ) ,  4,5,6m m m m

ijk ijkF F dx x x k− −
+ λ ∂ − δα ∈Γ =

) . 

  (68) 
Äëÿ îïðåäåëåíèÿ æå íà÷àëüíîãî óñëîâèÿ, ñîîòâåòñòâóþùåãî óðàâíåíèþ 

(67) ïðè 4k ≥ , ïîäñòàâèì (64) â ðàâåíñòâî (43) (çàìåíèâ â íåì k  íà 2k − ) è 



183 

ó÷òåì, ÷òî ñîãëàñíî ñäåëàííîìó äîïóùåíèþ ôóíêöèÿ ( )
2

m
ijkF −  óæå èçâåñòíà, 

òîãäà ïîñëå èíòåãðèðîâàíèÿ ïî òîëùèíå îáîëî÷êè ïîëó÷èì 

 

1

( )
2 1 2 0 2 0 3 1 2

1

1( , , ) ( , ) ,   ( , ) ,  4,5,6
m

m

HM
m

ijk ijk
m H

x x t F t dx x x G k
H

−

− −
=

θ = ∈ =∑ ∫ x  . 

   (69) 

Âûðàçèì èç (63) ïðîèçâîäíóþ ( )
3 1

m
ijkT −∂  è ïðîèíòåãðèðóåì ïîëó÷åííîå 

ðàâåíñòâî ïî 3x , òîãäà ñ ó÷åòîì (64) ïîëó÷èì 

 ( ) ( )
1 1 1 2 1( , ) ( , , ) ( , ),    1m m

ijk ijk ijkT t x x t F t m M− − −= θ − ≤ ≤x x ,  (70) 
ãäå 

 
3

1

( ) ( ) ( )
1 31 1 2 32 2 2 3( )

33

1( , )

m

x
m m m

ijk ijk ijk m
H

F t dx

−

− − −≡ λ ∂ θ + λ ∂ θ +
λ∫x ( )  

 

1

1
( ) ( )
31 1 2 32 2 2 3( )

1 33

1
Hm

ijk ijk
H

dx

−

−

− −
=

+ λ ∂ θ + λ ∂ θ −
λ

∑ ∫ ( )




 



 

 
3

1

( ) ( ) ( ) ( ) ( )
1 31 1 2 32 2 2 3( )

33

1

m

x
m m m m m

ijk ijk ijk m
H

Q F F dx

−

− − −− + λ ∂ + λ ∂ −
λ∫ ( )  

 

1

1
( ) ( ) ( ) ( ) ( )

1 31 1 2 32 2 2 3( )
1 33

1
Hm

ijk ijk ijk
H

Q F F dx

−

−

− − −
=

− + λ ∂ + λ ∂
λ

∑ ∫ ( )




    



, (71) 

(1)
1 1 2 1 1 2( , , ) ( , ,0, )ijk ijkx x t T x x t− −θ ≡  – ïðîèçâîëüíàÿ ôóíêöèÿ, ïîäëåæàùàÿ îï-

ðåäåëåíèþ. (Ïðè 3k =  ðàâåíñòâà (70), (71) ñîâïàäàþò ñ (59), (60) ñîîòâåòñò-
âåííî.) 

Îïðåäåëèâ ôóíêöèþ 2ijk−θ  èç íà÷àëüíî-êðàåâîé çàäà÷è (67), (61), (53) 

(ïðè 3k = ) èëè (67)–(69) (ïðè 4k ≥ ), áóäåì èìåòü â ñèëó (71), (66) è äîïó-

ùåíèé (63), (64) èçâåñòíûå ôóíêöèè ( )
1

m
ijkF − , ( )m

ijkQ  â ðàâåíñòâàõ (65), (70), êî-

òîðûå ôîðìàëüíî ïîëíîñòüþ ñîâïàäàþò ñ (63), (64). Òàêèì îáðàçîì, äîïóùå-
íèÿ (63), (64) îñòàþòñÿ ñïðàâåäëèâûìè è äëÿ ñëåäóþùåãî çíà÷åíèÿ k , ïî-
ýòîìó ïî ñõåìå (63)–(71) ìîæíî ïîñòðîèòü ðåøåíèå íà÷àëüíî-êðàåâîé çàäà-
÷è (39)–(43) (ãäå , 0,1,2i j =  ) äëÿ íîâîãî çíà÷åíèÿ k  è ò. ä. 

Ïðåäëîæåííûé àëãîðèòì îïðåäåëåíèÿ îñíîâíîãî òðåõìåðíîãî íåñòàöè-
îíàðíîãî òåìïåðàòóðíîãî ïîëÿ â ñëîèñòîé àíèçîòðîïíîé îáîëî÷êå ïîêàçûâà-

åò, ÷òî äëÿ âû÷èñëåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ ( )m
ijkT  â àñèìïòîòè÷åñ-

êîì ðàçëîæåíèè (23) ïðè êàæäîì 0,1,2,k =   íåîáõîäèìî ïðîèíòåãðèðîâàòü 
äâóìåðíûå óðàâíåíèÿ (57), (67), êîòîðûå îòëè÷àþòñÿ ëèøü èçâåñòíûìè ïðà-
âûìè ÷àñòÿìè è â ðàçâåðíóòîì âèäå â ñèëó (56) âûãëÿäÿò òàê: 

 

1

2
( ) ( ) ( )
3 31 1 2 32 2 2 ( )

1 1 33

1
m

m

HM
m m m

ijk ijk m
m H −

− −
= =

  ∂ λ λ ∂ θ + λ ∂ θ −  λ 
∑ ∑∫ ( ) 


 

 
2

( ) ( )
1 1 2 2 2 2 3

1

m m
ijk ijk dx− −

=

− ∂ λ ∂ θ + λ ∂ θ =


∑ ( )  


 

 

1

( )
2 3 1 2

1

( , , )
m

m

HM
m

t ijk k
m H

C dx W x x t

−

−
=

= − ∂ θ +∑ ∫ ,  (72) 

ãäå kW  îïðåäåëÿåòñÿ ïðàâîé ÷àñòüþ (57) ïðè 2k =  èëè ïðàâîé ÷àñòüþ (67) 

ïðè 3k ≥ . 
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Òàê êàê óðàâíåíèå (72) ñîäåðæèò ïðîèçâîäíóþ ïî âðåìåíè t  ëèøü 
ïåðâîãî ïîðÿäêà è ïðîèçâîäíûå ïî ïðîñòðàíñòâåííûì ïåðåìåííûì 1 2,x x  
âòîðîãî ïîðÿäêà, òî îíî ÿâëÿåòñÿ óðàâíåíèåì ïàðàáîëè÷åñêîãî òèïà. 

Ïîêàæåì, ÷òî äèôôåðåíöèàëüíûé îïåðàòîð â ëåâîé ÷àñòè óðàâíåíèÿ 
(72) ÿâëÿåòñÿ ýëëèïòè÷åñêèì. Ñ ýòîé öåëüþ ðàññìîòðèì ñëåäóþùåå óðàâíå-
íèå: 

 
2 2

( ) ( ) ( ) ( )
3 31 1 2 32 2 2 1 1 2( )

1 133

m m m m
ijk ijk ijkm− − −

= =

 ∂ λ λ ∂ θ + λ ∂ θ − ∂ λ ∂ θ + λ 
∑ ∑1( ) (   
 

 

 ( )
2 2 2 1 2 3( , , ),    1m

ijk kw x x x m M−+ λ ∂ θ = ≤ ≤) ,  (73) 

ãäå ïåðåìåííàÿ 3x  âûñòóïàåò â êà÷åñòâå ïàðàìåòðà, à ëåâàÿ ÷àñòü ñîâïàäà-
åò ñ ïîäûíòåãðàëüíûì âûðàæåíèåì â ëåâîé ÷àñòè (72). Õàðàêòåðèñòè÷åñêîå 
óðàâíåíèå äëÿ (73) èìååò âèä 

 ( ) ( ) ( ) ( ) 2 ( ) ( ) ( ) ( )
22 33 23 23 2 12 33 13 23 22m m m m m m m mx x′ ′λ λ − λ λ − λ λ − λ λ +( ) ( )[  

 ( ) ( ) ( ) ( )
11 33 13 13 ( )

33

1 0m m m m
m

+ λ λ − λ λ =
λ

( )] ,  (74) 

ãäå 2 1 2 1( )x x dx dx′ = /  – ïðîèçâîäíàÿ, çàäàþùàÿ íàïðàâëåíèå õàðàêòåðèñòè-

êè ïðè ôèêñèðîâàííîì 3x . Äèñêðèìèíàíò ýòîãî óðàâíåíèÿ 

 ( )
( )
33

4 det ,           , 1,2,3m
ijm

D i j= − λ =
λ

( ) , 

ãäå ( )det m
ijλ( )  – îïðåäåëèòåëü ìàòðèöû êîýôôèöèåíòîâ òåïëîïðîâîäíîñòè. 

Ñîãëàñíî ïîñòóëàòó Îíçàãåðà [2] è 0iA > , ( )
33 0mλ > , ( )det 0m

ijλ >( ) , ïîýòîìó 

0D < . Ñëåäîâàòåëüíî, îïåðàòîð â (73) ÿâëÿåòñÿ ýëëèïòè÷åñêèì, à äëÿ êî-
ýôôèöèåíòîâ â (74) ïðè ëþáûõ 3x  âûïîëíÿåòñÿ íåðàâåíñòâî 

 
2

( ) ( ) ( ) ( )
12 33 13 23( )

33

2 m m m m
m

 λ λ − λ λ <  λ
( )  

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
22 33 23 23 11 33 13 13

( ) ( )
33 33

4
m m m m m m m m

m m

λ λ − λ λ λ λ − λ λ
< ⋅

λ λ
. 

Ïðîèíòåãðèðóåì ýòî íåðàâåíñòâî ïî òîëùèíå îáîëî÷êè 

 

1 1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2
12 33 13 23 22 33 23 23

3( ) ( )
1 133 33

m m

m m

H Hm m m m m m m mM M

m m
m mH H

dx

− −= =

λ λ − λ λ λ λ − λ λ  < × 
 λ λ

∑ ∑∫ ∫  

 
( ) ( ) ( ) ( )
11 33 13 13

3( )
33

m m m m

m
dx

λ λ − λ λ
×

λ
,  (75) 

îòñþäà, ïðèìåíèâ ê ëåâîé ÷àñòè íåðàâåíñòâî Áóíÿêîâñêîãî [1], ïîëó÷èì 

 

1 1

2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
12 33 13 23 22 33 23 23

3( ) ( )
1 133 33

m m

m m

H Hm m m m m m m mM M

m m
m mH H

dx

− −= =

 λ λ − λ λ λ λ − λ λ
< ×  λ λ 

∑ ∑∫ ∫  

 

1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
11 33 13 13 22 33 23 23

3 3( ) ( )
133 33

m

m

Hm m m m m m m mM

m m
m H

dx dx

−=

λ λ − λ λ λ λ − λ λ
× < ×

λ λ
∑ ∫  

 

1

( ) ( ) ( ) ( )
11 33 13 13

3( )
1 33

m

m

H m m m mM

m
m H

dx

−=

λ λ − λ λ
×

λ
∑ ∫ , (76) 

ãäå ïîñëåäíåå íåðàâåíñòâî ÿâëÿåòñÿ ñëåäñòâèåì òîãî, ÷òî â ñèëó ïîñòóëàòà 
Îíçàãåðà ñîìíîæèòåëè ïîä çíàêîì èíòåãðàëà â ïðàâîé ÷àñòè (75) ïîëîæè-
òåëüíû ïðè âñåõ 3x . 
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Èñïîëüçóÿ íåðàâåíñòâà (76), ìîæíî îïðåäåëèòü òèï îïåðàòîðà â ëåâîé 
÷àñòè ðàçðåøàþùåãî óðàâíåíèÿ (72). Â ñòàöèîíàðíîì ñëó÷àå ( 2 0t ijk−∂ θ ≡ ) 
õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ (72) èìååò âèä 

 

1 1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 22 33 23 23 12 33 13 23

2 3 2 3( ) ( )
1 133 33

2
m m

m m

H Hm m m m m m m mM M

m m
m mH H

x dx x dx

− −= =

λ λ − λ λ λ λ − λ λ′ ′− +
λ λ

∑ ∑∫ ∫  

 

1

( ) ( ) ( ) ( )
11 33 13 13

3( )
1 33

0
m

m

H m m m mM

m
m H

dx

−=

λ λ − λ λ
+ =

λ
∑ ∫ , 

à åãî äèñêðèìèíàíò 

 

1 1

2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
12 33 13 23 22 33 23 23

3 3( ) ( )
1 133 33

4 4
m m

m m

H Hm m m m m m m mM M

m m
m mH H

D dx dx

− −= =

 λ λ − λ λ λ λ − λ λ
= − × 

λ λ 
∑ ∑∫ ∫  

  

 

1

( ) ( ) ( ) ( )
11 33 13 13

3( )
1 33

m

m

H m m m mM

m
m H

dx

−=

λ λ − λ λ
×

λ
∑ ∫ .  (77) 

Èç (77) ñ ó÷åòîì íåðàâåíñòâà (76) ïîëó÷àåì 0D < . Ñëåäîâàòåëüíî, 
äèôôåðåíöèàëüíûé îïåðàòîð â ëåâîé ÷àñòè ðàçðåøàþùåãî óðàâíåíèÿ (72) 
ÿâëÿåòñÿ ýëëèïòè÷åñêèì îïåðàòîðîì âòîðîãî ïîðÿäêà ïî äâóì ïðîñòðàíñò-
âåííûì ïåðåìåííûì 1 2,x x , ïîýòîìó â ñòàöèîíàðíîì ñëó÷àå ( 2 0t ijk−∂ θ ≡ ) 

óðàâíåíèå (72) ÿâëÿåòñÿ óðàâíåíèåì ýëëèïòè÷åñêîãî òèïà, çàâèñÿùèì ëèøü 
îò äâóõ ïåðåìåííûõ 1 2,x x . 

Åñëè íà îáåèõ ëèöåâûõ ïîâåðõíîñòÿõ çàäàíû ãðàíè÷íûå óñëîâèÿ II-ãî 

ðîäà ( ( ) ( ) ( )1, 0± ± ±β = γ = δ =  èëè ( ) 0±α =  â (10)), òî â ðàçëîæåíèè (15) îñòàåòñÿ 

ëèøü ïåðâîå ñëàãàåìîå ( ( ) ( )
00( , ) ( , )m mT t T t=x x ) è âíåøíåå àñèìïòîòè÷åñêîå 

ðàçëîæåíèå òåìïåðàòóðû îïðåäåëÿåòñÿ ñîîòíîøåíèåì (23) ïðè 0i j= = . 
Îáñóäèì íåêîòîðûå ñâîéñòâà ïîëó÷åííîãî àñèìïòîòè÷åñêîãî ðàçëîæå-

íèÿ (23) ïðè ãðàíè÷íûõ óñëîâèÿõ II-ãî ðîäà íà ëèöåâûõ ïîâåðõíîñòÿõ (ïðè 

0i j= =  è ( ) 0±α = ). Èç ðàçëîæåíèÿ (23) ñëåäóåò, ÷òî ïðè ( ) 0Q ± ≠  èìååì 

 ( )
00 1 2 3( , , , ) (1 )mT x x x t O∗ = ε/  ïðè 0ε → ,  (78) 

ò. å. ñ óìåíüøåíèåì ε  òåìïåðàòóðà ( )
00
mT∗  â êàæäîì ñëîå íåîãðàíè÷åííî âîç-

ðàñòàåò ïî ìîäóëþ. Ýòîò ôàêò èìååò ôèçè÷åñêîå îáúÿñíåíèå. À èìåííî: 
óìåíüøåíèþ ε  ñîîòâåòñòâóåò óìåíüøåíèå òîëùèíû îáîëî÷êè è ñëîåâ ïðè 
ôèêñèðîâàííûõ ïðî÷èõ âõîäíûõ äàííûõ çàäà÷è (ðàçìåðàõ îòñ÷åòíîé ïî-
âåðõíîñòè îáîëî÷êè, ïëîòíîñòè ìîùíîñòè âíóòðåííèõ èñòî÷íèêîâ òåïëà, 
òåïëîâûõ ïîòîêàõ íà ëèöåâûõ ïîâåðõíîñòÿõ). Òàê êàê õàðàêòåðíûé ðàçìåð 

îáîëî÷êè L  è òåïëîâûå ïîòîêè íà ëèöåâûõ ïîâåðõíîñòÿõ ( )Q ±  â êàæäûé 
ìîìåíò âðåìåíè ôèêñèðîâàíû, òî áåçðàçìåðíûé ïðèòîê (îòòîê) òåïëà ÷åðåç 
ýòè ïîâåðõíîñòè èìååò âûðàæåíèå 

 ( ) ( )
1 2 1 2 ( )

G

Q Q Q A A dx dx O+ −
∗ = − + + ε∫∫ ( ) .  (79) 

Ïðè óìåíüøåíèè æå òîëùèíû îáîëî÷êè è ñëîåâ (óìåíüøåíèè ε ) 
óìåíüøàþòñÿ îáúåì êîíñòðóêöèè è ïëîùàäè òîðöåâûõ ïîâåðõíîñòåé îáî-
ëî÷êè è ñëîåâ (íà êðîìêàõ). Ïîýòîìó, ÷òîáû îáåñïå÷èòü ôèêñèðîâàííûé îò-
òîê (ïðèòîê) òåïëà ÷åðåç ýòè ïîâåðõíîñòè, ðàâíûé çíà÷åíèþ ïåðâîãî ñëàãà-
åìîãî â ïðàâîé ÷àñòè (79), ïðè óìåíüøåíèè ε  äîëæíû âîçðàñòàòü ïî ìîäó-
ëþ òàíãåíöèàëüíûå êîìïîíåíòû òåïëîâîãî ïîòîêà â îáîëî÷êå, à çíà÷èò, ïî 
çàêîíó Ôóðüå íåîãðàíè÷åííî äîëæåí âîçðàñòàòü ìîäóëü ãðàäèåíòà òåìïå-
ðàòóðû. Ñëåäñòâèåì ýòîãî áóäåò íåîãðàíè÷åííîå âîçðàñòàíèå ïî ìîäóëþ 
òåìïåðàòóðû ïðè 0ε → . Ýòîò ôàêò è îòðàæàåò ñîîòíîøåíèå (78). 
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Èç ðàçëîæåíèÿ (23) è ðàâåíñòâ (57), (67) (ïðè 3k = ) ñëåäóåò, ÷òî âêëàä 

â òåìïåðàòóðó îò òåïëîâûõ ïîòîêîâ ( )Q ± , çàäàííûõ íà ëèöåâûõ ïîâåðõíîñ-
òÿõ îáîëî÷êè, ïî ε  íà ïîðÿäîê áîëüøå âêëàäà îò âíóòðåííèõ èñòî÷íèêîâ 

òåïëà ( )mQ , òàê êàê ( )Q ±  îïðåäåëÿþò ôóíêöèþ ( )
000
mT  (÷åðåç 000θ ) è ïîñëå-

äóþùèå ( )
00
m
kT , 1,2,3,k =   (ñì. (57)), à ( )mQ  çàäàåò ôóíêöèþ ( )

001
mT  (÷åðåç 

001θ ) è ïîñëåäóþùèå ( )
00
m
kT , 1,2,3,k =   (ñì. (67)). Ýòîò ôàêò òàêæå èìååò 

ôèçè÷åñêîå îáúÿñíåíèå. Ïðè óìåíüøåíèè ε  óìåíüøàåòñÿ îáúåì îáîëî÷êè è 
ñëîåâ, à çíà÷èò, â ñèëó (14) óìåíüøàåòñÿ ìîùíîñòü òåïëà VQ , ïðîèçâîäè-
ìîãî â äàííûé ìîìåíò âðåìåíè âî âñåé îáîëî÷êå âíóòðåííèìè èñòî÷íèêàìè 

òåïëà ( )mQ , ïðè÷åì 0VQ →  ïðè 0ε → , òàê êàê ñòðåìèòñÿ ê íóëþ îáúåì 

îáîëî÷êè. Ìîùíîñòü æå ïðèòîêà (îòòîêà) òåïëà Q∗ , ïðèâíîñèìîãî â êîíñò-

ðóêöèþ â äàííûé ìîìåíò âðåìåíè çà ñ÷åò òåïëîâûõ ïîòîêîâ ( )Q ±  ñîãëàñíî 
(79) â îáùåì ñëó÷àå íå ñòðåìèòñÿ ê íóëþ ïðè 0ε → . Ïîýòîìó òåïëîâûå 

ïîòîêè ( )Q ± , çàäàííûå íà ëèöåâûõ ïîâåðõíîñòÿõ, îêàçûâàþò áîëüøåå âëèÿ-
íèå íà òåìïåðàòóðó, ÷åì âíóòðåííèå èñòî÷íèêè òåïëà. 

Åñëè â êàæäîé òî÷êå êàæäîãî ñëîÿ îáîëî÷êè îäíà èç ãëàâíûõ îñåé àí-

èçîòðîïèè ñîâïàäàåò ñ íàïðàâëåíèåì 3x , òî ( ) ( )
31 32 0m mλ = λ = , 1 m M≤ ≤ . 

(Òàêèìè ñâîéñòâàìè îáëàäàþò, íàïðèìåð, îáîëî÷êè, ñëîè êîòîðûõ ïîñòîÿí-
íîé òîëùèíû àðìèðîâàíû ïî ïîâåðõíîñòÿì, ýêâèäèñòàíòíûì îòñ÷åòíîé ïî-
âåðõíîñòè 3 0x = .) Â ýòîì ñëó÷àå ïðè òåðìîèçîëÿöèè ëèöåâûõ ïîâåðõíîñ-

òåé ( ( ) 0Q ± = ), íàëè÷èè âíóòðåííèõ èñòî÷íèêîâ òåïëà ( ( ) 0mQ ≠ ) è íåíóëå-
âîì íà÷àëüíîì óñëîâèè (53) èç (60), (49), (55) ïîëó÷àåì 

 ( ) ( ) ( )
001 002 002( , ) ( , ) 0,           ( , ) 0,       1m m mF t F t Q t m M≡ ≡ ≡ ≤ ≤x x x .  (80) 

Ñëåäîâàòåëüíî, ïðè ( ) ( )
31 32 0m mλ = λ =  è ( ) 0Q ± =  èç (23), (45), (48), (59), (80) 

âûòåêàåò, ÷òî ñ òî÷íîñòüþ 2( )O ε  òåìïåðàòóðó ìîæíî ñ÷èòàòü ïîñòîÿííîé ïî 
òîëùèíå îáîëî÷êè çà ïðåäåëàìè ïîãðàíè÷íîãî ñëîÿ äàæå â ñëó÷àå íåîäíî-

ðîäíîñòè ìàòåðèàëîâ ñëîåâ ïî òîëùèíå ( ( )
3 0m

ij∂ λ ≠ ). 

Åñëè ëèöåâûå ïîâåðõíîñòè íå òåðìîèçîëèðîâàíû ( ( ) 0Q ± ≠ ), à âíóòðåí-

íèå èñòî÷íèêè òåïëà îòñóòñòâóþò ( ( ) 0mQ = ), òî ôóíêöèÿ ( )
003
mT  ïðè ( )

31
mλ =  

( )
32 0m= λ = , 1 m M≤ ≤ , â ñèëó (66), (70), (71), (49), (55), (60) èìååì êâàäðà-

òè÷íîå ðàñïðåäåëåíèå ïî òîëùèíå ñëîåâ, ïîýòîìó èç (23) ñëåäóåò, ÷òî ñ 

òî÷íîñòüþ 3( )O ε  ðàñïðåäåëåíèå òåìïåðàòóðû çà ïðåäåëàìè ïîãðàíè÷íîãî 
ñëîÿ ïî òîëùèíå ñëîåâ ìîæíî çàäàâàòü ïî êâàäðàòè÷íîìó çàêîíó (ïî êóñî÷-
íî-êâàäðàòè÷íîìó çàêîíó ïî òîëùèíå ñëîèñòîé îáîëî÷êè â öåëîì). 

Åñëè íà îáåèõ ëèöåâûõ ïîâåðõíîñòÿõ èìååò ìåñòî êîíâåêòèâíûé òåï-

ëîîáìåí ( ( ) ( ) 1± ±β = δ =  â (10)) ñ ìàëûìè ÷èñëàìè Áèî ( )±α  è ýòè ÷èñëà èìå-

þò ïîðÿäîê ε  ( ( )±α ε ), òî â ñèëó ðàçëîæåíèé (15), (23) ïîëó÷èì àñèìïòî-

òè÷åñêèå ñâîéñòâà îñíîâíîãî òåìïåðàòóðíîãî ïîëÿ ( )mT∗ , àíàëîãè÷íûå òåì, 
÷òî ïðèâåäåíû âûøå äëÿ ñëó÷àÿ ãðàíè÷íûõ óñëîâèé âòîðîãî ðîäà íà ëèöå-
âûõ ïîâåðõíîñòÿõ. 

3. Ñëó÷àé ãðàíè÷íûõ óñëîâèé I-ãî è III-ãî ðîäà ïðè ñðåäíèõ è áîëü-
øèõ ÷èñëàõ Áèî íà ëèöåâûõ ïîâåðõíîñòÿõ îáîëî÷êè. Â ýòîì ñëó÷àå îñòà-
þòñÿ ñïðàâåäëèâûìè óðàâíåíèÿ è ñîîòíîøåíèÿ (1)–(14), íî ÷èñëà Áèî íà 
ëèöåâûõ ïîâåðõíîñòÿõ ( ) 1±α ≥ , ïðè÷åì ïî-ïðåæíåìó âûïîëíÿåòñÿ àñèìï-

òîòè÷åñêàÿ îöåíêà ( ) (1)O±α =  ïðè 0ε → . 



187 

Äëÿ óäîáñòâà äàëüíåéøåãî èçëîæåíèÿ â íàñòîÿùåì ïàðàãðàôå ñäåëàåì 

ñëåäóþùèå ïåðåîáîçíà÷åíèÿ: ( )
( ) 1±
±α ≡ α ≥  – ÷èñëà Áèî íà ëèöåâûõ ïîâåðõ-

íîñòÿõ; ( ) ( )
0 00
m mT T≡  – áåçðàçìåðíàÿ íà÷àëüíàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ òåì-

ïåðàòóðû; íèæíèé èíäåêñ ïîñëå çàïÿòîé îçíà÷àåò ÷àñòíîå äèôôåðåíöèðî-
âàíèå ïî ïðîñòðàíñòâåííîé ïåðåìåííîé ix  ( ,( ) ( )i i⋅ ≡ ∂ ⋅ , 1,2,3i = ) èëè âðå-

ìåíè t  ( ,( ) ( )t t⋅ ≡ ∂ ⋅ ). 

Íàëè÷èå ìàëîãî ïàðàìåòðà ε  ïðè âûñøèõ ïðîèçâîäíûõ â óðàâíåíèè 
(7), â óñëîâèÿõ ñîïðÿæåíèÿ (9) è ãðàíè÷íûõ óñëîâèÿõ (10), (11) óêàçûâàåò 
íà òî, ÷òî íà÷àëüíî-êðàåâàÿ çàäà÷à (7)–(12) ÿâëÿåòñÿ çàäà÷åé ñ ñèíãóëÿð-
íûì âîçìóùåíèåì, ïîýòîìó ðåøåíèå ýòîé çàäà÷è áóäåì ðàçûñêèâàòü â âè-
äå, îòëè÷íîì îò (15), 

 ( ) ( ) ( ) ( )
b ,         1m m m mT T T T m M∗ τ= + + ≤ ≤ ,  (81) 

ãäå ( )mT∗  – îñíîâíîå òåìïåðàòóðíîå ïîëå â m -ì ñëîå; ( )mTτ  – ïîïðàâêà ê 
îñíîâíîìó òåìïåðàòóðíîìó ïîëþ â îêðåñòíîñòè íà÷àëüíîãî ìîìåíòà 

âðåìåíè 0t t= ; ( )
b
mT  – ïîïðàâêà ê îñíîâíîìó òåìïåðàòóðíîìó ïîëþ â 

ïîãðàíè÷íîì ñëîå â îêðåñòíîñòè òîðöåâîé ïîâåðõíîñòè îáîëî÷êè. 
Â ýòîì ñëó÷àå â êà÷åñòâå íåïðîòèâîðå÷èâîãî âíåøíåãî àñèìïòîòè÷åñ-

êîãî ðàçëîæåíèÿ òåìïåðàòóðû ñëåäóåò âûáðàòü 

 ( ) ( )
1 2 3 1 2 3

0

( , , , ) ( , , , ) ,    1m m k
k

k

T x x x t T x x x t m M
∞

∗
=

∼ ε ≤ ≤∑ .  (82) 

Ñ ó÷åòîì ñäåëàííûõ ïåðåîáîçíà÷åíèé áåçðàçìåðíûå óðàâíåíèÿ è ñîîò-
íîøåíèÿ (7)–(12) ïîëíîñòüþ ñîâïàäàþò ñ óðàâíåíèÿìè è ñîîòíîøåíèÿìè 
(2)–(7) â [4] ñîîòâåòñòâåííî, à ðàçëîæåíèÿ (81), (82) ñîâïàäàþò ñ ðàçëîæåíè-

ÿìè (9), (10) â [4], ïîýòîìó äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ( )m
kT  ðàçëîæå-

íèÿ (82) ìîæíî äîñëîâíî ïîâòîðèòü âñå ðàññóæäåíèÿ, ïðèâåäåííûå â [4]. 
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АСИМПТОТИЧНИЙ РОЗВ’ЯЗОК ЗАДАЧІ НЕСТАЦІОНАРНОЇ ТЕПЛОПРОВІДНОСТІ 
ШАРУВАТИХ АНІЗОТРОПНИХ НЕОДНОРІДНИХ ОБОЛОНОК 
 
Ïîáóäîâàíî çîâí³øí³ àñèìïòîòè÷í³ ðîçêëàäè ðîçâ’ÿçê³â çàäà÷³ íåñòàö³îíàðíî¿ 
òåïëîïðîâ³äíîñò³ øàðóâàòèõ àí³çîòðîïíèõ íåîäíîð³äíèõ îáîëîíîê ïðè ð³çíèõ 
êðàéîâèõ óìîâàõ íà ëèöüîâèõ ïîâåðõíÿõ. Ïðîàíàë³çîâàíî îòðèìàí³ äâîâèì³ðí³ 
ðîçâ’ÿçóâàëüí³ ð³âíÿííÿ ³ äîñë³äæåíî àñèìïòîòè÷í³ âëàñòèâîñò³ ðîçâ’ÿçê³â çàäà÷³ 
òåïëîïðîâ³äíîñò³. Íàâåäåíî ô³çè÷í³ îá´ðóíòóâàííÿ äåÿêèõ îñîáëèâîñòåé àñèìï-
òîòè÷íîãî ðîçêëàäè òåìïåðàòóðè. 
 
ASYMPTOTIC SOLUTION OF THE PROBLEM OF NON-STATIONARY THERMAL CONDUCTION 
OF LAYER ANISOTROPIC INHOMOGENEOUS SHELLS 
 
Exterior asymptotic expansions of solutions of the problem on non-stationary thermal 
conduction of layer anisotropic inhomogeneous shells are constructed under various bo-
undary conditions on obverse surfaces. The obtained two-dimensional resolving equa-
tions are analyzed and asymptotic properties of solutions of the problem on thermal 
conduction are investigated. The physical substantiation of some singularities of asymp-
totic expansion of temperature is given. 
 
Èí-ò òåîðåò. è ïðèêë. ìåõàíèêè  Ïîëó÷åíî 
ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ 26.08.08 


