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Y poOOTI BUPILIEHO BaXJIWBE HAYKOBO-NPUKIAJHE 3aBJIaHHA — PO3POOJICHHS
YHCIIOBO-aHAIITUYHUX METOAUK Ta IMIJIXOJMIB 1O BHU3HAYEHHS Ta JOCIIIKCHHS
HaIpy>KEeHO-1e(OPMOBAHOTO CTaHy B 30HI KOHTAKTHOI B3aeMOAIl Uil JIBO- Ta
TPUBUMIPHUX (PPUKIIHHUX KOHTAKTHUX 3a71a4 3 HEBITOMUMU 00JACTIMU KOHTAKTY.

006’exTOM J0CJTiIKeHHSI € TPUBUMIPHI Ta TUIOCKI (PUKIIIHHI KOHTAKTHI 3a/1a4l 3
HEB1JIOMUMHU 00JIACTSIMU B3a€MOIII.

IIpeameTom qocaigkeHHsI € PO3BUHECHHS MiAXOIB MAaTEMAaTUYHOTO, YHCIOBOTO 1
KOMIT'FOTEPHOTO MOJICITFOBAHHS JIJISL TOCIIIDKEHHS HAPYKEHO-1e(hOPMOBAHOTO CTaHy
B 30H1 KOHTaKTHOI B3a€MO/Iil.

HaykoBa HoOBH3HA po0OTH:

1. Po3po0ieHo miaxia 10 po3B’s3yBaHHS MPOCTOPOBUX (PPUKUIAHUX KOHTAKTHUX
3a/1a4 3 HEBIIOMUMU O0JIACTSAMH B3a€EMO/II, SKUH 0a3y€ThCS HA METOJII IHTETPATHHUX
piBHsiIHb-HepiBHOCTeH  CiHBMOpIHI 3  MOJAJBIIMM  3BEICHHSIM 10  3ajadl
KBQIpaTUYHOTO TIPOTpaMyBaHHS Ta BHUKOHAHO JOCITIDKCHHS BIUIMBY TEpTSA Ha
PO3MO/II KOHTAKTHUX THCKIB MiJ] IITaMIIaMU CKJIaAHOI (opMuU Ta HaAmpy>KeHb O
HUX.

2. Ha ocHOBI migxomy po3poOJeHO METOAMKY AOCTIHKCHHS OCECUMETPHYHHUX
KOHTAaKTHHX 3a7a4 JUisl MIBOPOCTOPY Ta Tina 3 C(HEpUYHOI0 TMOPOKHUHOKO 3
HEBIJOMUMH 00JIaCTAMH B3aeMOIil.

3. JlocmimkeHo mpoIiecC 3HONTYBAHHS i MIOPCTKUAM IITAMIIOM, SIKHA 3yMOBJICHUN
CWJIaMH TEPTS MiJ WTaMIoM, 0 00epTaeThCs. 3aqady Ipo 3HOIIYBAHHS PO3B’S3aHO

KPOKOBHUM MCTOAOM 3a 4aCOM.



4. [ToOynoBaHO YHCIOBO-aHANITUYHUI aAITOPUTM PO3B’SI3yBaHHS (HPUKIIHHUX
KOHTAaKTHHUX 3a/ad ISl MIBIpocTopy Ta mmapy. JochipkeHO KOHTAKTHI THUCKH, SKi
BUHUKAIOTh B pe3yJbTaTl B3a€MOJIl MIBIOPOCTOPY Ta IIAPYy 3aJ€XKHO BIJI (PopMu
MITAMITIB, MEXaHIYHUX XapaKTePUCTUK Ta TepTs. BcraHoBieHo, 1m0 Oins mitamia
BUHHUKAIOTh pO3TATYBAJIbHI ~ HAINpyKEHHsA, SKI MOXYTb OyTH CyMipHi 3
MaKCHMaJIbHUMH THCKAMH.

5. Po3pobneHo MeToauKy AOCHIDKeHHS (PUKIIMHUX KOHTAaKTHUX 3aJad s
CYILIJIBHOI aHI30TPOIMHOI CMYTH Ta aHI30TPOMHOI CMYTH 3 TPIIMHAMU, PO3MILLIEHUMU
B 00JIaCTSAX PO3TATryBaJbHUX HANPYKEHb, SIKI BAHUKAIOTH OLJIS IITaMIa.

IIpakTHYHe Ta TEOPeTHYHE 3HAYEHHSI O/IeP:KAHUX pe3yJIbTaTiB.

[IpakTiuHe Ta TEOpETWYHE 3HAUEHHS OTPUMAHUX pE3yJbTaTiB TMOJSATae Y
po3po0Ili KOMILJIEKCHOTO TMIIXOMy N0 BHU3HAYEHHS 1 JOCIHIKEHHS HaIpy>KEeHO-
ne(hOpMOBAHOTO CTaHYy B YMOBax CHUJIOBOTO KOHTAaKTy, OCKUIbKM 30Ha KOHTaKTHOI
B3a€MOJIIi YacTO € 30HOI0 BTPATH MIIMHOCTI a00 30HOI0 3apOHKEHHS PYyHHYBaHb
CJIEMEHTIB KOHCTPYKIIii Ta JeTajel MaIivH.

Y poOOTi pO3TISIHYTO OCECUMETPUYHY KOHTAKTHY 3aady IJjsl MBIPOCTOPY 3
ypaxyBaHHSM OO€pTaHHS IITaMIla Ta 3HONTYBaHHS B 00yacTi B3aemoii. JlocmimkeHo
BIJIUB TIPOLIECY 3HOINYBAaHHS Ha EBOJIOIII0 KOHTAKTHOTO THUCKY Ta 3MIHY HOTO
pPO3MOLTY B 00J1aCTI KOHTaKTy. 30KpeMa BCTAHOBJICHO, 10 BHACIIJIOK 3HOIIYBaHHS
MiBUIIEHI KOHTAaKTHI THCKM B OKOJI JIOKAJbHUX HEPIBHOCTEH IMOCTYIOBO
3MEHIIYIOTHCS 1 32 JOCTaTHhO BEIWKHX 3HAYEHb YacCOBOI KOOPAWHATH HaOyBarOTh
PO3MOTY, XapaKTEPHOIO JIJIs ITaMIIA 31 3TJIa[KEHOI0 OBEPXHEIO.

B ycix po3risiHyTHX BUNAAKAX, AJs SAKUX MPOBOAMINCH PO3pPaxyHKH, (opma
OCHOBM IIITaMIla B HOTO IEHTpadbHIN YacTUHI MiCNs 3HONIyBaHHS (MPU JTOCTAaTHHO
BEJIMKHX Yacax) BUSBHWIACS KOHYCOIOAIOHO0, Y 3B 3Ky 3 YUM TyT BUHHKAIN BUCOKI
tucku (edext ['amina).

OtpumaHi pe3ynbTaTH MOXYTh OyTH BUKOPUCTaHI y BHIAJKaX, KOJW IiJl
XBUJISICTUMHU IITAMIIAMU BUHUKAIOTh BHUCOKI KOHTAaKTHI THUCKHA. OmuH 13 crmoco0iB
onTuMizailii GpopMu mrammna Moxke OyTH 3IIMCHEHUN NUISIXOM MO0 IMOINEpPeIHbOrO

oOepTaHHsi HaBKOJIO oci. Sk Moka3aHO B poOOTI 3a PAaXyHOK 3HOCY KOHTaKTHI



HAmNpy>XeHHI MOXYTh OYyTH ICTOTHO 3MEHIIEHI NpHU ONTHUMAIbHOMY BHOOpI
MPUKJIAJCHOrO JI0 IITaMI1a HABAHTAKEHHS Ta Yacy WOro o0epTaHHs.

Ha ocHOBI noOyJ0BaHOTO YHCIOBO-aHATITUYHOTO aJTOPUTMY JOCIHIIKEHO
KOHTaKTHI TUCKH Ta JIOTUYHI HAINPY>KCHHS, SKI BUHHKAIOTh B PE3yJIbTaTi B3a€MO/IIi
MIBIPOCTOPY Ta IIapy 3ajeXKHO BiJ GOpMH IITaMITIB, MEXaHIYHUX XapaKTEPUCTHK Ta
TepTs. BcTaHOBEHO, IO OIS ITaMIIa BUHUKAIOTh PO3TATYBAJIbHI HAPYXEHHS, SKI
MOXYTh OyTH CyMIpHI 3 MaKCUMaJbHUMHU THUCKaMH. Taki Hampy»XeHHS MOXKYTb
OPUBOJUTU JI0 BUHUKHEHHS MOBEPXHEBHUX TPIUIMH, SIKI Haxajdl MiAPOCTaIOTh MpU
MOBTOPHUX HABAHTAXKEHHAX (1110, HANPUKIAA, BIAOYBAEThCA MPU Pycl MOI3MIB IO
penbcax). Y 3B’S3Ky 3 IIUM CTAHOBUTH 3HAYHMIA MPAKTHUUYHUN 1HTEpec po3polieHa
METOJIMKA JOCIHIJKEHb HampyXeHb Ol TPIUH PO3MILIEHUX OIS MTaMMiB Y
KOMIIO3HUTAX, sIK1 JO3BOJISTh MPOTHO3YBATH MPOLIECH 3apOKEHHS pyIHYBaHb.

JlucepTariiitHa poOoTa CKJIaJa€ThCA 31 BCTYIy, YOTHPHOX PO3/1IiB, BUCHOBKIB,
BUKOPHUCTAHUX JDKEpesl Ta JOAATKIB. Y BCTYIl HaBEACHO OOIPYHTYBaHHS BUOOpY
TEMU JOCHIDKCHHS; CHOPMYJIBOBAHO METy, OO0’€KT, MTpeaMeT 1 3aBIaHHA
TUcepTaliitHoi poOOTH; BIAOOPAXKEHO HAYKOBY HOBHU3HY 1 MPAaKTUYHE 3HAYEHHS
OTPUMAHHX PE3yJIbTATiB; BUCBITIECHO 3B 30K POOOTH 3 HAYKOBHMH MPOTPAMaMH,
IaHaMu 1 TemMaMd. TakKoXX BIiJ3HAYEHO BHECOK 3J00yBaukH, BIJIOMOCTI IIpO
ampoOailito pe3yyibTaTiB JOCHII)KEHb, HABEJIEHO CHUCOK MyOJiKaliil 3100yBayukH,
MOJIAHO CTPYKTYPY 1 00csT poOOTH.

Y  nepwomy po3nil MOpOaHaN30BaHO CY4YacHI JOCHIJDKEHHS B Taly3i
KOHTAKTHOI MEXaHIK{, METOJIN PO3B’sI3yBaHHS MPOCTOPOBHX Ta TUNIOCKUX KOHTAKTHHUX
3a7a4 3 HeBigoMuMH obnacTtsmMu  B3aemojaii. OOIpYHTOBAaHO aKTYaJIbHICTh
JOCTIPKEHb, 3YMOBJICHY IIMPOKHAM CIEKTPOM BaXKIMBUX NPAKTHYHUX 3a7ad, M0
BUHUKAIOTh Y PI3HUX Tally3sX MPOMHCIOBOCTI. HaBeaeHo OCHOBHI CITiBBITHOIICHHSI,
HEOOX1TH1 is (QOPMYJIOBAaHHS IHTETPAIbHUX PIBHSHb KOHTAaKTHUX 3ajad s
HIBIIPOCTOPY Ta IIapy B MPOCTOPOBIM MOCTAHOBI, a TAKOX ISl CMyT'M — Y TUIOCKIM
NOCTaHOBL. BHKIaZeHO OCHOBHI CHIBBIAHOWIEHHS MeTony JIeXHIIBbKOro, SKi
BUKOPHUCTAHO B POOOTI JUIsl pO3B’SI3aHHS KOHTAKTHUX 3a/1ay ISl aH130TPOITHOI CMYTH

Ta aHI30TPOIHOI CMYTH, OCIA0IEHOT TPILIUHOIO.



Y  Opyeomy posauni  noOyJOBAaHO YHUCJIOBUM  allTOPUTM  PO3B’SA3yBaHHS
OCECUMETPUYHOI 3aJ1aul Teopil MPY>KHOCTI PO B3aEMOJIII0 MPYKHOTO MIBIPOCTOPY 3
KOPCTKUM IIITAMIIOM, TOBEPXHS sKOro Mae ckiaaHy dopmy. Ilig miero Takoro
mTamMrna KOHTaKT BiJIOYBA€ThCS HA OKPEMHUX, Hamepel HEeBIJOMHUX IUISHKAX.
KoHTtakTHy 3amady chOpMyJIbOBAaHO Y BUIJISAJI IHTETPAJbHUX PIBHSIHB-HEPIBHOCTEH
CiHbHOpiHI, $KI, 3 BHUKOPHUCTAHHAM KBaJApaTypHUX (QOpMyN s CHHIYJSIPHHX
1HTerpajiB, TpPaHCPOPMOBAHO [JI0 CHCTEMH JIHIWHUX anreOpUYHUX PIBHIHbB-
HepiBHOCTeH. PO3B’A3yBaHHA CHUCTEMH 3BEIEHO [0 3HAaXO/HKCHHS MIHIMyMYy
KBaJpaTU4HOi (HOopMHU 3a JIIHIHHUX OOMEXEHb Ha HEBIJIOMI KOHTAaKTHI HANpPY>KEHHS,
TOOTO 70 3a/1a4l KBaJAPaTUYHOTO MPOrpPaMyBaHHS.

I3 BuKOpHCTaHHSM pPO3pOOJCHOTO AITOPUTMY BH3HAUYEHO Ta JOCHIIKEHO
PO3MOAUI KOHTAKTHOTO THCKY IS INTaMmiB pi3HOI (GoOpMH, B TOMY YHCIl 3
CHHYCOIaIbHOIO MOBEpXHE. PO3IIISIHYTO KOHTAaKTHI 3ajadi, KOJU IIBIOPOCTIp abo
HITaMI MAarOTh BHUIMKM pi3HOI (opmu. JlochikeHo HampyX eHHs Oulsl BHUIMKH
3aJIe)KHO BiJ] MPUKIIAICHOTO JI0 IITaMIa HAaBaHTA)KEHHS.

Po3rnssHyTO QpUKIIiiiHY KOHTaKTHY OCECHMETPUYHY 3a/1ady, KOJU MiXK IITaMIIOM
1 TpyXHUM MBOPOCTOPOM MAIOTh Micle cwid TepTs. JlochmimkeHo mporec
3HOIITYBAHHS BiJI J1i CHJI TEPTS, 3aJICKHO BiJ (POPMHU IIITaMIIa Ta YACOBOI KOOPIMHATH.
3amady mpo 3HOIIYBaHHS PO3B’SI3aHO KPOKOBUM METOJOM 3a yacoM. Ha koxxHOMY 3
KPOKIB PO3B’S3yBaJii KOHTAKTHY 3a/1a9y 31 3MIHEHOIO (hOPMOIO IITaMIIA.

[TokazaHo, 110 32 paXyHOK 3HOCY KOHTaKTHI HaIllpyXEHHS MOXYTh OyTH iCTOTHO
3MEHILIEHI NPU ONTUMAJIbHOMY BHOOPI MPUKIAIEHOTO J0 IITaMIla HABAHTAKEHHA Ta
4yacy Woro ooepTaHHs.

HaBeneHo METOIWKY BHU3HAYCHHS KOHTAKTHUX HAIPY)KCHb IIiJ IITAMIIOM, SIKUH
BTHCKA€ThCS Y ChepUUHy TOPOKHUHY B IIPOCTOpi. 1i po3B’A3yBaHHS TaKOXK 3BEIEHO
JI0 PO3TJISAY IHTETPAIbHUX PIBHSIHBb-HEepiBHOCTEHW CiHbHOPIHI. 3a/1auy pO3B’I3yBaHHS
IHTErpajgbHUX PIBHSIHB, SIKI MAIOTh CUHTYJISIpHI SApa, 3B€ACHO 1O CHUCTEMHM JIIHIMHUX
anreOpUYHUX PIBHIHB-HEPIBHOCTEHN Ha OCHOBI MOOYAOBaHUX KBAaAPATyPHUX (HOPMYIL
Po3B’s13yBaHHs cuCTEMU PIBHSHB-HEPIBHOCTEH MPOBEACHO HA OCHOBI PO3POOJICHUX B

METO/I1 KBaJIpaTUYHOr0 MporpamMyBaHHs MiaXoAiB. JJocmiKeHHs! KOHTAaKTHOTO TUCKY



OPOBEICHO TaKOX CTOCOBHO c(epoimadpbHUX IMTaMmiB pi3HOI ¢opmu, sKi
BTUCKAIOTBCA y CQEpUUHy MOPOXKHUHY. BCTaHOBIEHO BHMAAKH, KOJIU IUISTHKA
KOHTaKTy € OJIHO- a00 JBO3B’A3HUMH, 00JIACTb KOHTAKTy pO3MIlllEHa B HMKHIN
YaCTHHI TOPOKHUHU ab0 TMOIMIMPIOETHCS 1 Ha 11 BepXHIO YacTuHy. OTpUMaHO HOBI
MexaHIuHI e(eKTH, TOB’sA3aHl 3 BUHMKHECHHSIM KIUJIbIEBOI MUISHKA KOHTAKTy 1
HEMOHOTOHHOTO PO3MOJUTYy KOHTAaKTHOTO THCKY 3a TIEBHUX TE€OMETPUUYHHX
napameTpiB cepoiaabHOTO IITaMIIA.

Y  mpemwvomy  po3auni  moOyJOBAaHO  YKMCJIOBO-aHANITUYHUM  alTOPUTM
pO3B’sI3yBaHHS (PPUKIIIIHOT MPOCTOPOBOI KOHTAKTHOI 3aJayl MPO B3aEMOJIIIO JIBOX
Tin. [IpuitHaro, mo o6yacTh B3aEMOJIl Mae Majl po3MIpU MOPIBHSHO 3 PO3MipaMu
T, Y 3B’SI3Ky 3 UMM LI TUIa PO3TISJaNKCh sk miBopoctopu. KoHTakTHa 3amada 3
HEBIJIOMUMH OOJACTIMU B3a€EMOJIi 3BEICHAa 0 PO3B’SA3YBaHHS IHTETPATHHUX
piBHsIHb-HepiBHOCTeM CiHbilopiHi. JluckpeTusaliisi iHTErpaiiB MpoBeJeHa Ha OCHOBI
noOynoBanux KyOarypHux ¢opmyn. Ilpu 1poMy HEBIIOMI KOHTAaKTHI THUCKH
3aMUCYBAIUCH 3a JIOMTOMOTOIO JIHIWHUX KyCKOBO-HenepBHUX (QyHKIINA. KoedimienTn
KyOaTypHUX (PopMys 3BelIeH] 0 3HAXOJ/KCHHS 1HTErpaliB,, B SKUX IMiJAIHTErpaibHI
¢yHKIiT MatoTh 0cobnuBicTh. [lokazaHo, 1o 11 KoeilieHTH MOXYTh OyTH 3HaWIEH]
3a aHAMTHYHUMH (opMmyiaMu. 3 BUKOPUCTAHHSIM KyOaTypHuUX (opmyl cuctema
JIHIAHUX 1HTErpabHUX PIBHAHb-HEPIBHOCTEW 3BEJEHA 10 PO3B’SI3yBaHHS JIHINHOI
CHCTEMH pIBHSHb-HEPIBHOCTCH, sKa Jaii 3BeJAcHA JIO 3aJadl KBaJPaTHIHOTO
IporpaMyBaHHS.

Po3paxyHku BUKOHaHI AJig napadboaiyHux (Gopm TUT B 00aacTi iX B3aeMoli IpH
PI3HHUX 3HAYEHHSIX B3a€EMHOTO 30JIMKEHHS TUT, PI3HUX 3HAYEHHSAX KOe(DIIIEHTIB TepTs
ta Ilyaccona. [IpoBeneHo TecTyBaHHS OTPHUMAaHHUX YHCIOBO pe3ynbTaTiB. IlokazaHo,
M0 JJIS BWIAJKY TJAAKOrO INTaMmma 3HAlACHI YHCIOBO PO3B’S3KUA J00pe
Y3TOJKYEThCSI 3 HABEJACHUMHU Yy JITEepaTypl AaHAMITHYHUMH pO3B’s3kamu. [l
BUIAJKIB KOHTAKTYBaHHSA TUI 3 TEPTSAM 3 METOI TEepPEeBIPKU JIOCTOBIPHOCTI
BHU3HaYasach popma 3meopMoBaHUX TOBEPXOHB TiJ, sIKa BUHUKAE BiJ il 3HAWICHUX
KOHTaKTHUX THUCKIB. [lokazaHo, 10 po3paxoBaHi TaKUM YMHOM (POPMHU IMOBEPXOHb

3a0BOJIBHAIOTb YMOBAaM KOHTAKTYy, Ha OCHOBI SIKUX p03B,513YBaJ'IaCB 3ajgada.



3 BHUKOPUCTAaHHSIM PO3POOJEHOTO aNrOPUTMYy PO3IIIIHYTO TaKOX (QPHUKIIHHY
KOHTaKTHY 3aj[ady IMpO B3a€EMOJIII0 MIapy 31 MITaMIaMH CKJIagHoi dopmu. 3 Ii€ro
METOI0  MOMEepeAHhO  PO3po0JIeHO  ePEKTUBHUN  aIrTOPUTM  BH3HAYCHHS
GyHIAMEHTAIBHOTO  PO3B’S3Ky JUIS  IHapy, 3a SKAW TPUAHITO HOPMAaJbHI
NMepeMIIIeHHsT MEX1 Imapy Big JAii 30CEpeIKEHOI  CHIIH. Moro samucano 3
BUKOPUCTAaHHSAM JBOX HIAXOAIB. [l TOYOK BiAJaleHUX B CWIH PO3B’ 30K
3aMucaHo 3 BUKOPUCTAHHSIM CHUMBOJIIYHOTO po3B’si3ky Jlyp’e 1 popmynu Bamenko-
3axapueHKO Yepe3 EKCIOHEHIaNbHO 30DKHI psaau. s OMuU3bKHX 10 CHJIM TOYOK
BUKOPUCTAHO  IHTErpajbHe TMepeTBOpeHHs  XaHkens. HesmacHl — iHTerpanmu
anpOKCUMOBAHO 3 BHCOKOIO TOYHICTIO TIOJIHOMaMH 3a JIOMOMOTOK METOdY
HaiiMeHIIMX KBaapariB. KoHTakTHa 3amaya po3B’s3yBajlaCh BUKIAICHUM BUIIE
anropuTMoM st miBmpoctopy. Koedimiertn kyOaTypHOi (GopMynan 300paxkeHo Y
BUTJISIZII CYMU 3HAWJEHUX ISl MIBIPOCTOPY KOE(QIIIEHTIB Ta OOYHUCICHHX YHCIOBO
IHTErpajiB 3 rIaJKUMU MIIIHTErPATbHUMHU (PYHKITISIMU.

[IpoBeneHO MOCHIKEHHS AOCTOBIPHOCTI OTPUMAaHHWX YHUCIOBUX PE3yJbTaTiB. 3
METOI0 TECTyBaHHS BUKOHAHO PO3PaxXyHKH KOHTAKTHOTO THICKY JUISl TIIBIPOCTOPY Ta
mapy 3a pi3HHX 3HAYCHb 3MIMICHHS mTamIa. [3 pe3ynbTariB po3paxyHKiB BHIHO, IO
Opy MaluxX 3arJuOeHHsSX [ITamMna KOHTAaKTHI THUCKH B IIapl 1 MBOPOCTOPI
NpakTUYHO 301iratoThes. [Ipu OUIBIIMX 3arauOIeHHSX IITaMIa 3HAYeHHSI KOHTAaKTHUX
TUCKIB y mIapi € OUThbIIMMH HIX y TIBIPOCTOPl, MPU IOMY OOJACTh KOHTAKTY Y
BUIMAJKY Iapy TaKOX 30UIbIIYEThCS TMOPIBHAHO 13 00JIACTIO KOHTAKTy s
miBmpoctopy. KOHTakTHI THCKM [Js BHIAAKy TJIAAKOTO IITamma Jo0pe
y3TOJIKYIOTHCS 13 TaHUMH, OTPUMAHUMHU B JIITEPATYP1 1HIIIUM METOOM.

3 BHUKOPUCTaHHSIM  PO3pOOJCHOTO  aJrOpPUTMy TIPOBEACHO  PO3PAXyHKH
KOHTAaKTHHX THCKIB JJIsi PI3HUX (OPM INTAMITIB 32 PI3HUX 3HAYCHb 3arIMOJICHHS Ta
koedimienta teptsa. I[lokazano, MmO po3poOeHHU anTOpuT™M € ePEeKTUBHUM 1 Ja€
3MOTYy PO3B’SI3yBaTH 3 KOHTPOJIHOBAHOK TOYHICTIO (PPUKIIIITHI KOHTAKTHI 3a/1a4il Mpo
B3a€MOJIII0 TBOX MPYKHHUX TUT (32 Majoi 00JIaCTi KOHTAKTY) Ta YISl TIPY>KHOTO IHapy,

10 B3a€MO/II€ 3 MITaMIIaMHU CKJIQJHOI POpMH.



Y  uemeepmomy po3nunl po3po0dEHO MiAXiJA A0 PO3B’SI3yBaHHS IIOCKOL
GpUKIIIAHOT KOHTAaKTHOI 3afavi Il IIapy 13 3aKkpilUICHO0 OCHOBOO, sIKa
BUIOTOBJIEHA 13 MaTepially 13 3arajbHOI aHI30TPOINi€0. [HTerpanbHe pPIBHAHHS
KOHTAKTHOI 3aJadi JJIs CYIIJIbHOI CMYTH 3alMCaHO Ha OCHOBI ()yHIaMEHTAIBHOTO
pO3B’sA3KY, MOOYJOBAHOTO 3 BUKOpPUCTaHHSM Meroay JlexHinbkoro. IHTerpanbHe
PIBHAHHS JUCKPETU30BAHO 3 BUKOPUCTAaHHSAM KBaJpaTypHHX ¢opmyn AkooOi-
YeOuieBa 1 3BeICHO 10 PO3B’SI3yBaHHA JIIHIMHOI cHCTeMH piBHSAHb. HeBimomi mexi
o0JyacTell KOHTAaKTy BU3HAYAJIMCh 13 CUCTEMHU HEJIHIMHUX PIBHSAHD (JBOX Yy BHUIAJKY
OJIHOTO IITaMIla Ta YOTUPHOX JJIsl CACTEMHU JIBOX IITamIiB) MeToaoM [layenna.

BukoHnaHi po3paxyHKH JUIsl OJTHOTO 1 ABOX Mapa0OiYHUX IITAMITIB Ta IITAMITIB 3
IUIOCKOI0 OCHOBOIO, 3aKpyTJeHHX Ha Kpasx. [Ipw mpomMy po3risHYyTO IITaMIIH, SKi
3MINIYIOTHCS BEPTHKAJIBLHO a00 MOXYTh TMOBEPTATUCHh B TMPOIEC] HABaHTAKCHHS.
JlocniKeHo BIUIMB HAIpPSIMKIB apMyBaJIbHUX €JIEMEHTIB KOMIIO3UTIB Ha KOHTAKTHI
Hampy)XeHHA. BukoHaHi po3paxyHKH [Js OPTOTPOIMHOTO  Marepiamy  AJis
napaboigHoro MmTammna 100pe y3roKyloThCs 13 HABEJACHUMH B JIITEpaTypl JaHUMH.
BceranoBneno, 1mo Ou1s mTaMmna BUHUKAIOTh BHCOKI PO3TITyBajbHI HaIpy>KEHHS,
MaKCHUMaJIbHE 3HAYCHHS SKUX CYMIpHE 13 MaKCHMalbHUM THUCKOM. T00TO, 3a mii
MITaMIIIB 3 TEPTSAM WMOBIpHE BUHUKHEHHS KpallOBUX TPIIIUH y cMY31 Oi1s mtamma. Y
3B’S13Ky 3 UMM B pPOOOTI MOOYJIOBAaHO AaJrOPUTM pO3B’SI3yBaHHSA 3aJadl Teopii
MPYXKHOCTI IS aHI30TPOITHOT CMYTH 13 3aKpIMJICHOI0 OCHOBOIO, SIKa TOciadiieHa
TpimuHamu. Taka 3amada 3BeleHA 1O CHCTEMH IHTErpajbHUX PIBHAHb BiTHOCHO
HEBIJIOMUX TUCKY 1]l IITAMIIOM Ta CTPUOKIB MEPEMIILIEHb Ha TPIIMHI. S1pa piBHSAHb
3amrcaHo Ha po3B’si3kax Tuiy ['piHa ns cMyTH, y 3B’SI3KYy 3 YUM I'paHUYHI YMOBHU Ha
NPSIMOJTIHIMHIX MeXaX BUKOHYIOTHCS TOTOXHO. Po3B’s30k ['piHa 3ammcano B
AHATITHYHOMY BUTJISII Yepe3 MoTeHIianu JIEXHIBKOTo, B KX BUAUICHO OCOOJIHMBI
ckiazoBi (momtocw). JMCKpeTHHU aHamoT IHTETPAIbHUX pPIBHSIHL IMOOYIOBAaHO 3
BUKOPUCTAaHHSAM KBajapaTypHux (Gopmyn fAko0i-UebOuieBa (B 001acTi KOHTAKTy) Ta
["aycca-UeOumiena (Ha TpiIMHax).

[IpoBenene TecTyBaHHA MOOYJOBAaHOTO aNTOPUTMY 3 BHKOPHUCTAHHSIM IAKETY

nporpam ANSYS miaTBepIkye TOCTOBIPHICTb OTPUMAHUX pe3yJbTaTiB. BukoHaHo



JOCTIKEHHSI HAaMpY>KeHb Oi7sl BHYTPIIIHBOI Ta KPaioBOI TPIIIMHU Yy aHI30TPOIHIN
CMy3l MpU BUOpaHHX croco0ax HaBaHTaxeHHs. [lpu nii mramna npuitmanu, 1o
TpillMHA € KpahoBOK 1 3HAXOJIUTbCA B 00JACTI, J€ [II0Th PO3TATYBAJIbHI
Hampy>keHHs. BusHauanu koedirienTy iHTeHCHUBHOCTI Hampykenb (KIH), obmacts
KOHTaKTy Ta KOHTAaKTHI HANpyXEHHS 3aJieKHO BiJ PO3MIIICHHS TPINUHU Ta ii
JOBXXUHHU. BCTaHOBIIEHO ICTOTHMI BIUIMB oOpieHTauii ocedl oprorponii Ha KIH Tta
KOHTAKTHI HAMPYy>KeHHS M1 I TaMIIOM.

YV sucnoskax chopMylTbOBaHO OCHOBHI pe3yJbTaTH BHKOHAHUX JOCIiTKECHb,
Kl BKa3ylTb, 110 PO3pOOJIEHHI Yy poOOTI Mmiaxiy, SKUi Oa3yeTbcsi Ha METO.l
IHTETpalbHUX PIBHSHL-HEPIBHOCTEW Ta 3BEJACHHI JI0 3aJadl KBaJAPaTHYHOTO
nporpaMyBaHHs € €QEeKTHUBHUM 1 Ja€ 3MOry JOCHIIKYBaTH IIUPOKUH Kiac
KOHTAaKTHHUX 3a7a4 3 HEBIIOMHMHM O00JacTsIMHM B3acMomil 3a mii IITaMIIB CKJIQIHUX
¢dbopM, B TOMY YHUCII1 3 ypaxyBaHHSIM CUJI TEPTS Ta 3HOITYBaHHS.

OcHoBHI pe3yjbTaTH omyOnikoBaHi y 20 HayKoOBUX Ipansx, y ToMy yucm 1
po3AiT y KOJNEKTHBHINM MoHOrpadii; 1 cTaTTs y MIDKHApPOJHOMY pPEICH30BAHOMY
HAyKOBOMY XypHaJi, akuii mae Impact Factor (3.2) Ta iHIeKCyeTbcs y MI>KHAPO/IHIM
HayKOMeTpuuHii 0a3i Scopus (kBaptuib Q2); 4 cTaTTi y BUAAHHSX, SKI IHACKCYIOThCS
y MDKHApOJHIA HayKoBO-MeTpuuHid 0a3i Scopus (kBaptuns Q3), 3 crarti y
BUJaHHAX Kateropii «by»; 11 Te3 momoBiaeil, MpencTaBIeHUX HAa MIXKHAPOJHHX Ta
BITUYM3HSIHUX HayKOBHUX KOH(pepeHIisax. J[Bl cTarTi omy06aiKOBaHO CAMOCTIHHO.

Kuarouosi cioBa: ppukiiiiiHa KOHTaKTHA B3a€EMO/I1s, He3aJdaH1 00JacTi KOHTAKTY,
METOJ] IHTETpPaJIbHUX PIBHSIHb, METOJl CKIHUEHHHX ejieMeHTiB, meToa CiHbHOpiHI,
KBaJIpaTUYHE MPOTPaMyBaHHS, aHI30TPOIIisl, KOMIIO3UTH, MMOBEPXHI CKJIAIHOT (HOpMH,
BUIMKHM, 3HOIIYBAaHHS, CMYra, KOHTaKTHI Halpy>KeHHs, TpPIIIKMHA, KOe(Iilll€eHTH

IHTEHCUBHOCTI HaNpPy>KEHb.

ANNOTATION
Soliar O.1. “Frictional Contact Problems with Unknown Interaction Regions”. —

Qualifying scientific work presented as a manuscript.



Dissertation submitted for the degree of Doctor of Philosophy (PhD) in the field
of knowledge 11 — Mathematics and Statistics, speciality 113 — Applied
Mathematics. — Ya. S. Pidstryhach Institute for Applied Problems of Mechanics and
Mathematics of the National Academy of Sciences of Ukraine, Lviv, 2026.

The dissertation addresses an important scientific and applied problem: the
development of numerical-analytical methods and approaches for determining and
analysing the stress-strain state in the contact interaction zone for two- and three-
dimensional frictional contact problems with unknown contact regions.

The object of the research is three-dimensional and plane frictional contact
problems with unknown interaction regions.

The subject of the research is the development of approaches based on
mathematical, numerical, and computer modelling for studying the stress-strain state
in the contact interaction zone.

The scientific novelty of the obtained results is as follows:

1. An approach is developed for solving spatial frictional contact problems with
unknown interaction regions. The approach is based on the method of Signorini
integral equations—inequalities and their subsequent reduction to a quadratic
programming problem. The influence of friction on the distribution of contact
pressures beneath punches of complex shape and on the stresses arising in their
vicinity is investigated.

2. This approach is used to develop a method for analysing axisymmetric contact
problems with unknown interaction regions in a half-space and in a body containing a
spherical cavity.

3. The wear process beneath a rough rotating punch is investigated, with wear
driven by frictional forces. The problem is solved using a stepwise time-integration
method.

4. A numerical-analytical algorithm is developed for solving frictional contact
problems for a half-space and a layer. Contact pressures in a half-space and a layer

are analysed for different punch shapes, mechanical characteristics, and friction. It is



established that tensile stresses arise near the punch and may be comparable in
magnitude to the maximum contact pressures.

5. A method is developed for analysing frictional contact problems for a
continuous anisotropic strip and for an anisotropic strip containing cracks located in
the regions of tensile stresses arising near the punch.

The practical and theoretical significance of the obtained results lies in the
development of a comprehensive approach to determining and analysing the stress-
strain state under contact loading, since the contact interaction zone is often the
region in which strength loss occurs or structural failure is initiated in structural
elements and machine components.

The paper considers an axisymmetric contact problem for a half-space, taking
into account punch rotation and wear in the interaction region. The influence of the
wear process on the evolution of the contact pressure and on changes in its
distribution within the contact region is investigated. In particular, it is established
that, as a result of wear, elevated contact pressures near local surface irregularities
gradually decrease and, for sufficiently large values of the time coordinate, acquire a
distribution characteristic of a punch with a smoothed surface.

In all the considered cases for which calculations were carried out, the shape of
the punch base in its central part after wear, at sufficiently large times, became cone-
shaped. As a result, high pressures arise in this region, which corresponds to Galin’s
effect.

The obtained results can be used in cases where high contact pressures arise
beneath wavy punches. One possible way of optimising the punch shape is to perform
preliminary rotation of the punch about its axis. As shown in the dissertation, wear
can substantially reduce contact stresses when the load applied to the punch and the
duration of its rotation are chosen optimally.

Using the developed numerical-analytical algorithm, contact pressures and
tangential stresses in a half-space and a layer are analysed with respect to punch
shape, mechanical characteristics, and friction. It is established that tensile stresses

arise near the punch and may be comparable in magnitude to the maximum contact



pressures. Such stresses may lead to the formation of surface cracks, which may
subsequently grow under repeated loading, as occurs, for example, during the motion
of trains along rails. In this context, the developed method for investigating stresses
near cracks located in the vicinity of punches in composites is of considerable
practical interest, since it makes it possible to predict the initiation of failure
processes.

The dissertation consists of an introduction, four chapters, conclusions, a list of
references, and appendices. The introduction provides the rationale for the choice of
the research topic; formulates the aim, object, subject, and tasks of the dissertation;
presents the scientific novelty and practical significance of the obtained results; and
describes the connection of the work with scientific programmes, plans, and research
topics. It also presents the applicant’s personal contribution, information on the
approbation of the research results, a list of the applicant’s publications, and the
structure and scope of the dissertation.

The first chapter analyses current research in contact mechanics and methods for
solving spatial and plane contact problems with unknown interaction regions. The
relevance of the research is substantiated by the wide range of important practical
problems that arise in various branches of industry. The main relations required for
formulating the integral equations of contact problems for a half-space and a layer in
the spatial formulation, as well as for a strip in the plane formulation, are presented.
The main relations of Lekhnitskii’s method, used in the dissertation to solve contact
problems for an anisotropic strip and for an anisotropic strip weakened by a crack, are
also outlined.

The second chapter presents a numerical algorithm for solving an axisymmetric
problem of elasticity theory concerning the interaction of an elastic half-space with a
rigid punch whose surface has a complex shape. Under the action of such a punch,
contact occurs over separate regions that are not known in advance. The contact
problem is formulated in terms of Signorini integral equations—inequalities, which,
using quadrature formulae for singular integrals, are transformed into a system of

linear algebraic equations—inequalities. This system is then reduced to the



minimisation of a quadratic form subject to linear constraints imposed on the
unknown contact stresses, which leads to a quadratic programming problem.

Using the developed algorithm, the contact pressure distribution is determined
and analysed for punches of various shapes, including punches with a sinusoidal
surface. Contact problems are also considered for cases in which the half-space or the
punch contains grooves of different shapes. Stresses near a groove are investigated
depending on the load applied to the punch.

An axisymmetric frictional contact problem is considered in the case where
frictional forces act between the punch and the elastic half-space. The wear process
caused by frictional forces is investigated depending on the punch shape and the time
coordinate. The wear problem is solved using a stepwise time-integration method. At
each time step, the contact problem is solved for the modified shape of the punch.

It is shown that wear can substantially reduce contact stresses when the load
applied to the punch and the duration of its rotation are chosen optimally.

The dissertation also considers the determination of contact stresses that arise
when a punch is pressed into a spherical cavity in an elastic space. Its solution is also
reduced to the consideration of Signorini integral equations—inequalities. The
problem of solving integral equations with singular kernels is reduced to a system of
linear algebraic equations—inequalities on the basis of the derived quadrature
formulae. The system of equations—inequalities is solved using approaches developed
within the quadratic programming method. Contact pressure is also investigated for
spheroidal punches of different shapes pressed into a spherical cavity. The analysis
identifies cases in which the contact regions are simply or doubly connected and
either lie in the lower part of the cavity or extend to its upper part. The analysis
reveals new mechanical effects associated with the formation of an annular contact
region and a non-monotonic contact pressure distribution for certain geometric
parameters of the spheroidal punch.

The third chapter develops a numerical-analytical algorithm for solving a spatial
frictional contact problem concerning the interaction of two bodies. It is assumed that

the interaction region is small compared with the dimensions of the bodies; therefore,



the bodies are modelled as half-spaces. The contact problem with unknown
interaction regions is reduced to the solution of Signorini integral equations—
inequalities. The integrals are discretised using cubature formulae developed in the
dissertation. The unknown contact pressures are approximated by piecewise linear
continuous functions. The coefficients of the cubature formulae are reduced to the
evaluation of integrals whose integrands contain singularities. It is shown that these
coefficients can be found using analytical formulae. By applying the cubature
formulae, the system of linear integral equations—inequalities is reduced to a linear
system of equations—inequalities, which is then reduced to a quadratic programming
problem.

Calculations are performed for bodies with parabolic profiles in the interaction
region, for different values of the relative approach of the bodies, friction
coefficients, and Poisson’s ratios. The numerical results are tested. It is shown that, in
the case of a smooth punch, the numerical solutions obtained are in good agreement
with analytical solutions available in the literature. For contact problems with
friction, the reliability of the results is verified by determining the shapes of the
deformed surfaces of the bodies produced by the calculated contact pressures. It is
shown that the surface profiles obtained in this way satisfy the contact conditions
imposed in the problem formulation.

Using the developed algorithm, a frictional contact problem concerning the
interaction of a layer with punches of complex shape is also considered. For this
purpose, an efficient algorithm is first developed for determining the fundamental
solution for a layer, taken as the normal displacements of the layer boundary caused
by a concentrated force. This solution is represented using two approaches. For points
located far from the force, the solution is written using Lurie’s symbolic solution and
the Vashchenko-Zakharchenko formula in terms of exponentially convergent series.
For points close to the force, the Hankel integral transform is used. The improper
integrals are approximated with high accuracy by polynomials using the least-squares
method. The contact problem is solved using the algorithm described above for the

half-space. The coefficients of the cubature formula are represented as the sum of the



coefficients obtained for the half-space and numerically evaluated integrals with
smooth integrands.

The reliability of the obtained numerical results is investigated. For testing
purposes, contact pressure calculations are performed for a half-space and a layer for
different values of punch displacement The results show that, for small indentation
depths, the contact pressures in the layer and the half-space are nearly identical. For
larger punch indentations, the contact pressures in the layer are higher than those in
the half-space, and the contact region in the case of the layer also increases compared
with that for the half-space. Contact pressures for the case of a smooth punch are in
good agreement with data obtained in the literature by another method.

Using the developed algorithm, contact pressures are calculated for punches of
different shapes and for different values of indentation and friction coefficient. It is
shown that the developed algorithm is effective and makes it possible to solve, with
controlled accuracy, frictional contact problems concerning the interaction of two
elastic bodies, when the contact region is small, as well as contact problems for an
elastic layer interacting with punches of complex shape.

The fourth chapter develops an approach for solving a plane frictional contact
problem for a layer with a fixed base made of a generally anisotropic material. The
integral equation of the contact problem for a continuous strip is written on the basis
of a fundamental solution constructed using Lekhnitskii’s method. The integral
equation is discretised using Jacobi—Chebyshev quadrature formulae and reduced to
the solution of a linear system of equations. The unknown boundaries of the contact
regions are determined from a system of nonlinear equations, consisting of two
equations in the case of one punch and four equations for a system of two punches,
using Powell’s method.

Calculations are carried out for one and two parabolic punches and for punches
with a flat base rounded at the edges. Punches that are displaced vertically or may
rotate during loading are considered. The influence of the orientation of the
reinforcing elements of composites on the contact stresses is investigated. The

numerical results obtained for an orthotropic material and a parabolic punch are in



good agreement with data reported in the literature. It is established that high tensile
stresses arise near the punch, with maximum values comparable to the maximum
contact pressure. Therefore, under the action of punches with friction, edge cracks
may occur in the strip near the punch.

To address this issue, the dissertation develops an algorithm for solving the
elasticity problem for an anisotropic strip with a fixed base weakened by cracks. This
problem is reduced to a system of integral equations with respect to the unknown
pressure beneath the punch and the displacement jumps across the crack faces. The
kernels of the equations are written using Green-type solutions for the strip, so that
the boundary conditions on the rectilinear boundaries are satisfied identically. The
Green’s solution is written analytically in terms of Lekhnitskii’s potentials, in which
the singular components, or poles, are separated. A discrete analogue of the integral
equations is constructed using Jacobi—Chebyshev quadrature formulae in the contact
region and Gauss—Chebyshev quadrature formulae on the cracks.

Testing of the developed algorithm using the ANSY'S software package confirms
the reliability of the obtained results. Stresses near internal and edge cracks in an
anisotropic strip are investigated for selected loading conditions. Under the action of
a punch, the crack is assumed to be an edge crack located in the region where tensile
stresses act. Stress intensity factors, the contact region, and contact stresses are
determined depending on the crack location and length. A significant influence of the
orientation of the orthotropy axes on the stress intensity factors and on the contact
stresses beneath the punch is established.

The conclusions summarise the main results of the research. These results show
that the approach developed in the dissertation, based on the method of integral
equations—inequalities and reduction to a quadratic programming problem, is
effective and makes it possible to investigate a broad class of contact problems with
unknown interaction regions under punches of complex shape, including problems
that account for frictional forces and wear.

The main results have been published in 20 scientific works, including one

chapter in a collective monograph; one article in an international peer-reviewed



scientific journal with an Impact Factor of 3.2, indexed in the international
scientometric database Scopus (Q2 quartile); four articles in journals indexed in the
international scientometric database Scopus (Q3 quartile); three articles in Category
B journals; and 11 conference abstracts presented at international and national
scientific conferences. Two articles were published independently.

Keywords: frictional contact interaction, unknown contact regions, integral
equation method, finite element method, Signorini method, quadratic programming,
anisotropy, composites, complex surface profiles, grooves, wear, strip, contact

stresses, crack, stress intensity factors.
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