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Roman Andriychuk, Hryhoriy Kit

Institute for Applied Problems in Mechanics and Mathematics
hkit@iapmm.lviv.ua, andriychukroman@gmail.com

GREEN’S FUNCTION FOR THE THERMOELASTICITY
PROBLEM OF A BIMATERIAL BODY

The thermoelastic state of two perfectly contacted half-spaces with
point stationary heat source in one of them is investigated in axisym-
metric formulation. In the cylindrical coordinate system with the be-
ginning at the interface of materials, expressions for temperature and
the potential of thermoelastic displacements in both half-spaces are writ-
ten. To satisfy the boundary conditions on the phase contact area Love
biharmonic functions are determined. Explicit expressions for tempera-
ture, displacements and stresses that are relevant Green‘s functions are
obtained. These expressions can be used at the determination of ther-
moselastic state for bimaterial body caused by heating of heat sources
distributed along a line, on the surface or on the domain. The plots
of axial, radial, circular and tangential stresses on the boundary of the
body, depending on the distance of the heat source to this boundary,
heat conductivity factors, thermal expansion and modules of elasticity
are presented.

Formulas for determination of displacements and stresses in the semi-
infinite body are derived by limiting transitions. Boundary of body is
load free or rigidly restrained at zero temperature on it, or boundary is
insulated.

Further, the obtained results will be used in the process of investiga-
tion of the thermoelastic state of the bimaterial body with heat release
on a circular domain parallel or perpendicular to his phase contact area.
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Ruslan Andrusyak

Ivan Franko National University, Lviv
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ON THE INVERSE PROBLEM
FOR A MASS-STRUCTURED POPULATION MODEL

Consider a simple population model (e.g., a model of tumor growth).
We assume that during the maturation process individuals (e.g., malig-
nant cells) can accumulate mass, which is measured by a variable x. We
make the simplifying assumption that all individuals are created with
mass x = 1, and their maximum possible mass is x = 2 at which they
divide into two. At a fixed time t, let u = u(x, t) be the mass density of
the population, given in dimensions of individuals per mass. The density
evolves according to a conservation law for the number of individuals

∂u

∂t
+
∂g(x)u

∂x
= −m(t)u+ f(t), 1 < x < 2, t > 0, (1)

where g = g(x) gives the mass growth rate, or the rate that mass is
accumulated by an individual of mass x, and m = m(t) is the unknown
per capita mortality rate, which, in the case of malignant cells, may vary
with chemotherapeutic drug concentration.

So equation (1), along with the initial and boundary conditions

u(x, 0) = u0(x), 1 ≤ x ≤ 2; u(1, t) = 2u(2, t), t ≥ 0, (2)

can serve as a model for the mass-structured population dynamics. The
inverse problem is to determine the density u = u(x, t) and the mortality
rate m = m(t) subject to (1)-(2) that guarantee the given dynamics
w = w(t) of the total mass of individuals (e.g., tumor mass), that is,∫ 2

1

xu(x, t)dx = w(t), t ≥ 0.

It is proved that this inverse problem has a unique solution. The proof
uses the method of characteristics and the Banach fixed-point theorem.

1. Logan D. An introduction to nonlinear partial differential equations
(Hoboken, New Jersey, 2008)
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NONLOCAL PROBLEM WITH INTEGRAL
CONDITIONS FOR A SYSTEM OF HYPERBOLIC

EQUATIONS IN THE CANONICAL FORM

We consider the nonlocal value problem with integral conditions for
system of hyperbolic equations in the rectangle Ω̄ = [0, T ]× [0, ω]

∂2u

∂t∂x
= A(t, x)

∂u

∂x
+B(t, x)

∂u

∂t
+ C(t, x)u+ f(t, x), (1)∫ a

0

M(t, x)u(t, x)dx = ψ(t), t ∈ [0, T ], (2)∫ b

0

L(t, x)u(t, x)dt = φ(x), x ∈ [0, ω], (3)

where u(t, x) = col(u1(t, x), ..., un(t, x)) is unknown function, the matri-
ces A(t, x), B(t, x), C(t, x) of the size (n×n), the n-vector function f(t, x)
are continuous on Ω̄, the matrices M(t, x), L(t, x) of the size (n× n) are
continuously differentiable with respect to t, x on Ω̄ respectively, the n-
vector functions φ(x), ψ(t) are continuously differentiable on [0, ω] and
[0, T ] respectively, 0 < a ≤ ω, 0 < b ≤ T .

The present communication is devoted to questions of existence and
uniqueness of the classical solution of the problem (1)-(3) and to ap-
proaches to construct the approximate solutions of this problem. The
problem (1)-(3), by method of introduction of additional functional pa-
rameters [1], is reduced to the Goursat problem for the system of hyper-
bolic equations with parameters and integral relations. The conditions
of the existence of unique classical solutions of the studied problem are
obtained in terms of the initial data. An algorithm for construction of
approximate solutions is proposed; its convergence is proved.

1. Asanova A., Dzhumabaev D. Well-posedness of nonlocal boundary
value problems with integral condition for the system of hyperbolic
equations, J. Math. Anal. Appl., 402 (2013), 167–178.
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SPLITTING METHODS FOR EVOLUTION EQUATIONS,
LOCAL ERROR ESTIMATION, AND ADAPTIVITY

For evolution equations (ODEs or PDEs) where the right-hand side
splits up into two parts,

∂t u(t) = A(u(t)) +B(u(t)),

u(0) = u0,

splitting into subproblems often leads to a very efficient approximation
algorithm. The simplest cases are the first-order Lie-Trotter scheme,
where one step starting from an initial v over a time step h reads

v 7→ φB(h, φA(h, v)).

Here, φ(t, ·) and φ(t, ·) are the subflows associated with the operators
A and B. Composition of the Lie-Trotter scheme with its adjoint gives
the well known second-oder Strang–Marchuk scheme, and a large vari-
ety of higher-order multi-composition schemes have been devised in the
literature.

In this talk we address the question of finding coefficients for efficient
and accurate higher-order schemes, and the construction of local error
estimators for the purpose of adaptive step size control. Numerical results
are presented for Schrödinger equations and nonlinear wave equations.
The case of splitting into three operators is also considered.

1. Auzinger W., Hofstätter H., Koch O., Thalhammer M. Defect-
based local error estimators for splitting methods, with application
to Schrödinger equations, Part III: The nonlinear case, J. Comput.
Appl. Math., 273 (2014), 182–204.

2. Auzinger W., Koch O., Thalhammer, M. Defect-based local error
estimators for splitting methods involving three linear operators,
Numer. Algor., published online: 06.11.2014
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EXISTENCE OF THE PERIODIC AND HETEROCLINIC
TRAVELLING WAVES FOR THE DISCRETE
SINE-GORDON EQUATION ON 2D-LATTICE

We study the discrete sine-Gordon equation on the two-dimensional
lattice:

q̈n,m = U ′(qn+1,m − qn,m)− U ′(qn,m − qn−1,m)+

+U ′(qn,m+1 − qn,m)− U ′(qn,m − qn,m−1) +K sin(qn,m), (n,m) ∈ Z2,

where qn,m = qn,m(t) is a coordinate of (n,m)-th particle at time t, U is
the potential of a neighbor interaction, K ̸= 0.

Travelling wave is a solution of the form

qn,m(t) = u(n cosφ+m sinφ− ct),

where the function u(s), s = n cosφ + m sinφ − ct, is called the profile
function, or simply profile, of the wave and the constant c ̸= 0 speed of
the wave. Making use the travelling wave we obtain the equation

c2u(s) = U ′(u(s+ cosφ)− u(s))− U ′(u(s)− u(s− cosφ))+

+U ′(u(s+ sinφ)− u(s))− U ′(u(s)− u(s− sinφ)) +K sin(u(s))

for the profile function u(s). This equation has, actually, a variational
structure.

We obtain, by means of the critical points method and mountain pass
theorem, a result on the existence of nonconstant travelling waves with
the periodic condition:

u(s+ 2k) = u(s), s ∈ R, k > 0.

Moreover, by means of the critical points method and the concentration-
compactness principle, we obtain existence of travelling waves with he-
teroclinic boundary conditions:

u(−∞) = −π, u(+∞) = π

and the quadratic potential U(r) = c20r
2/2 (the linear interaction case).
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SOME TWIN CONVERGENCE REGIONS FOR
BRANCHED CONTINUED FRACTIONS

OF A SPECIAL FORM

The some Thron’s [1] theorems on twin convergence regions for con-
tinued fractions b0+K(1/bn) are generalized for branched continued frac-
tions of special form

b0 +

∞

D
k=1

ik−1∑
ik=1

1

bi(k)
,

where b0, bi(k) are complex numbers, i(k) = i1i2 . . . ik, 1 ≤ is ≤ is−1,

s = 1, k, k ≥ 1, i0 = N , N ∈ N.

1. Thron W. Twin convergence regions for continued fractions b0 +
K(1/bn), American Journal of Mathematics, 66 (1944), 428–438.
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SPECTRAL PROPERTIES OF THE MULTIPOINT
PROBLEM FOR FUNCTIONAL DIFFERENTIAL

EQUATIONS WITH AN INVOLUTION

We investigate the spectral properties of the multipoint problem for
functional differential equations with an involution Iy(x) ≡ y(1− x)

Ly ≡ (−1)ny(2n)(x) +
2n−1∑
j=0

aj(x, I)y
(j)(x) = f(x), x ∈ (0, 1),

ℓsy ≡ y(ms)(0)+bsy
(ms)(1)+

ms∑
q=0

k∑
r=1

bs,q,r(I)y
(q)(xr) = 0, s = 1, 2, . . . , 2n,

where bs ∈ {−1, 1}, xr ∈ [0, 1], m1 ≥ m2 ≥ . . . ≥ m2n ≥ 0, mp+2 > mp,
s = 1, 2, . . . , 2n, p = 1, 2, . . . , 2n− 2, r = 1, 2, . . . , k.

The conditions for operators aj(x, I), bs,q,r(I) : L2(0, 1) −→ L2(0, 1)
x ∈ (0, 1) and numbers bs are established when the system of eigenfunc-
tions and associated functions for problems is completed in space L2(0, 1)
and its own values are matched with the eigenvalues of the boundary value
problem

L0y ≡ (−1)ny(2n)(x) = f(x), x ∈ (0, 1),

ℓ0,sy ≡ yms(0) + bsy
ms(1) = 0, s = 1, 2, . . . , 2n.

The conditions for parameters bs ∈ {−1, 1}, s = 1, 2, . . . , 2n, are
shown, under which this boundary value problem is selfadjoint.
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ON THE NUMBER OF POLYNOMIALS WITH SMALL
DERIVATIVES AT A ROOT

Many problems in Diophantine approximation and theory of tran-
scendental numbers are formulated in terms of real, complex or p-adic
number sets satisfying the following inequalities:

|P (x)| < H(P )−w1 , |P (z)| < H(P )−w2 , |P (ω)| < H(P )−w3 , (1)

where wi > 0, x ∈ R, z ∈ C, ω ∈ Qp, for infinitely many polynomials
from some class P ⊂ Z[x]. Complexity of these sets motivates the search
for their best possible approximations by combinations of simpler sets
(real intervals, complex circles or p-adic cylinders).

Let I = (a, b) be a fixed bounded real interval, and let x ∈ I. Consider
an ordering of the roots α1, α2, ..., αn of P such that |x− α1| ≤ |x− α2| ≤
... ≤ |x− αn|. Let Q > Q0, where Q0 is a sufficiently large number, and
let c1, c2, ... be positive constants which only depend on n. We are going
to consider the polynomials lying in the set Pn(Q) = {P ∈ Z[x] : H(P ) ≤
Q, degP ≤ n}.

Solutions of the first inequality of (1) lie in intervals of the form |x−
α1| < 2n−1|P (x)||P ′(α1)|−1 which can be quite large for small values of
|P ′(α1)|. A natural solution to this problem was proposed by R. Baker
[1]. For v ≥ 0 let us define the set Pn(Q, v) = {P ∈ Pn(Q) : ∃x ∈
I, |P (α1)| < Q1−v}. Baker proved that #Pn(Q, v) < c1Q

n+1−min(v,1)

which allowed him to find the exact Hausdorff dimension of the set of real
numbers satisfying the first inequality of (1) for infinitely many P ∈ Z[x],
deg P = n, w1 > n.

We have extended Baker’s results by proving the following theorems.

Theorem 1. If w1 > 2 and v ≤ 3/2, then #Pn(Q, v) < c2Q
n+1−v.

Theorem 2. If v ≤ (n+ 1)/3, then #Pn(Q, v) > c3Q
n+1−2v.

1. Baker R. Sprindzuk’s theorem and Hausdorff dimension, Mathe-
matika, 2 (1976), 184–197.
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MAGNETOHYDRODYNAMIC SIMULATIONS OF
RADIATIVE SHOCKS

Evolution of the adiabatic supernova remnants (SNRs) is well de-
scribed by the Sedov analytical solutions for the strong point explosion.
Due to expansion of SNR, the speed and the temperature of the shock
wave decreases and the adiabatic conditions are violated because the ra-
diative energy losses increase considerably. After some time, SNRs enters
into the radiative stage. The time of the transition from adiabatic to ra-
diative stage is not small and may last as long as the duration of the
adiabatic stage. The period of time between the end of the adiabatic and
the beginning of the radiative stage is called the post-adiabatic stage.

Our goal is to model the role of magnetic field during this phase.
Mathematically, the problem is described by the system of nonstationary
equations of magnetohydrodynamics (MHD) with radiative losses.

We have used MHD code PLUTO [1] to solve the system of MHD
equations numerically. The numerical integration is performed using the
finite volumes approach where the cell averaged values evolve in time.
This approach allows one to solve the MHD equation in integral form, so
the numerical algorithms can correctly represent MHD flows with strong
gradients and discontinuities that are present in our problem.

The influence of value of the magnetic field strength and different
orientation of magnetic field (perpendicular and parallel to the shock
normal) on the evolution of SNR in post-adiabatic stage is analyzed. We
show that the parallel magnetic field does not effect on distribution of hy-
drodynamic parameters, but the presence of the perpendicular field leads
to the significant decrease of the gas compression factor that becomes
more apparent for the higher magnetic field values.

1. Mignone A., Bodo G., Massaglia S., et al. PLUTO: a numerical
code for computational astrophysics, ApJS, 170 (2007), 228.
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AVERAGING METHOD IN THE PROBLEM OF STRING
OSCILATION UNDER THE INFLUENCE OF
MULTI-FREQUENCY PERTURBATIONS

We consider the system of equations in the form

∂2u

∂τ2
= c2

∂2u

∂x2
+ b(x, τ)u+ f(x, τ, uΛ, aΛ, φΛ, ε), (1)

da

dτ
= A(τ, aΛ, φΛ, ε),

dφ

dτ
=
ω(τ)

ε
+B(τ, aΛ, φΛ, ε), (2)

where τ ∈ [0, L], ε ∈ (0, ε0 is a small parameter, a ∈ D ⊂ Rn, φ ∈
Tm, m ≥ 1, Λ = (λ1, . . . , λr), 0 < λ1 < · · · < λr ≤ 1, aΛ(τ) =
(a(λ1τ), . . . , a(λrτ))).

The solution of the system (1)-(2) satisfies the initial conditions

u(x, 0) = v(x),
∂u(x, 0)

∂t
= w(x), x ∈ R,

a(0, ε) = y ∈ D, ε(0, ε) = ψ ∈ Rm. (3)

The case, when the function f does not depend on u, was analysed in
[1]. The averaging method for the system (2) is proved in [2].

The system of equations averaged by the rapid variables is obtained
according to (1). Existence of a solution of the problem (1)-(3) is proved,
the averaging method is justified and the estimate is received in the form

|u(x, τ, ε)− u(x, τ, ε)| ≤ cεα, α = (mr)−1, x ∈ R, τ ∈ [0, L].

1. Bihun Y. Skutar I. An averaging in a multi-frequency system with
ordinary and partial derivatives and linearly transformed arguments.
Scientific Herald of Chernivtsi National University. Ser. Math.,
2:2-3 (2012), 19–24.

2. Berezovska (Krasnokutska) I. Averaging in multifrequency bound-
ary value problems with linearly transformed arguments. Nonlinear
Oscillations, 16:2 (2013), 147–156.
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THE CONSTRUCT OF DIFFUSION PROCESS IN
HETEROGENEOUS ENVIRONMENT

We consider the problem of construction of a limited in D+
2 = {(t, r) :

t ∈ (0,∞); r ∈ I+2 = (0;R1)∪ (R1;R2)∪ (R2;∞)} solution of the separa-
tive system of differential equations of the parabolic type conductivity:

∂u1
∂t

+ γ21u1 − a21Λ(µ)[u1] = f1(t, r), r ∈ (0, R1),

∂u2
∂t

+ γ21u2 − a22
∂2u2
∂r2

= f2(t, r), r ∈ (R1, R2),

∂u3
∂t

+ γ23u3 − a23Bν,α[u3] = f3(t, r), r ∈ (R2, R3), (1)

with initial conditions

uj(t, x)|t=0 = gj(r), r ∈ (Rj−1;Rj), j = 1, 2, 3, R0 = 0, (2)

and conjugation conditions

(Lkj1[uk(t, r)]− Lkj2[uk+1(t, r)])|r=Rk = ωjk(t), j, k = 1, 2. (3)

There are Legandre differential operators Λ(µ) =
∂2

∂r2
+cth r

∂

∂r
+

1

4
+

1

2

( µ2
1

1− ch r
+

µ2
2

1 + ch r

)
, Bessel Bν,α =

d2

dr2
+(2α+1)r

d

dr
− (ν2−α2)r−2,

Fourier
d2

dr2
and generalized differential operators of conjugations Lkjm =(

αkjm+δkjm
∂

∂t

) ∂
∂r

+βkjm+γkjn
∂

∂t
, j,m, k = 1, 2 are involved in equalities.

We obtain the solution of problem (1)-(3) by the Laplace method
of the integral transformation on t in the assumption that the desired
and specified functions are images on the Laplace method of integral
transformation on t.
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MANY-DIMENSIONAL GENERALIZATION OF
CONTINUED FRACTIONS

At first, a Japanese mathematician Katahiro Takebe (1664 - 1739)
generalized a continued fraction and used this generalization to solve Dio-
phantine inequalities. Lagrange at his time proved that each quadratic
irrationality can be expanded into a regular periodic continued fraction.
The problem of regular many-dimensional continued fraction construc-
tions into which any algebraic irrationality of the higher order (> 2) is
open till now. In this direction one of the most successful and investigated
generalizations of continued fractions is the Jacobi-Perron algorithm (a
first attempt to find a tree-dimensional regular continued fraction ana-
logue). In 1919 a Norwegian mathematician Viggo Brun generalized Eu-
clid’s algorithm, used for the construction of a real number expansion
into a regular continued fraction. He used the interpretation of the Eu-
clid algorithm as the algorithm of ”differences”. Considering Euclid’s
algorithm as the algorithm of ”quotients” E. Podsypanin constructed the
algorithm, generally speaking, equivalent to Brun’s algorithm.

In 1966 V. Skorobohatko proposed the many-dimensional generaliza-
tion of continued fractions for functions of many variables, the branched
continued fraction (BCF). Later the different special types of BCFs were
introduced and investigated, namely two-dimensional continued fractions,
BCFs with independent variables, many-dimensional g-fractions [1 - 3].

1. Bodnar D. Branched continued fractions (Kyiv, 1986) (in Russian)

2. Bodnar D., Kuchminska Kh. Branched continued fractions (to the
30-anniversary of the first publication), Math. Methods and Physi-
comechanical Fields, 39:2 (1996), 9–19. (in Ukrainian)

3. Kuchminska Kh. Two-dimensional continued fractions (Lviv, 2010)
(in Ukrainian)
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JOINT SOLUTION OF THE POISSON AND
SCHRÖDINGER EQUATIONS FOR ELECTRON IN

NANOHETEROSTRUCTURE

Physics of semiconductor heterostructures is one of the most impor-
tant parts of the modern solid state physics. It studies the energy spec-
trum, effective masses, mobilities of quasiparticles, optical and electrical
properties in thin films, quantum wires, quantum dots and other low-
dimensional systems. Various aspect of the effect of the crystal founda-
tion properties on heterostructures electron and hole states are studied
in various investigations. If a semiconductor surface is adjacent to some
medium with a lower or higher dielectric permittivity, the presence of the
image forces results in an appearance of the presurface region, which is
repelling or attracting the charges. Generally the authors of the works
considered the heterosystems in witch a dielectric permittivity changes
atruptly from one value to the other through the separation boundary.
In reality, there always exists a transition layer with the dielectric per-
mittivity changing continuously between the two values corresponding to
adjacent semiconductor or dielectric component of the heterostructure.
We investigate the effect of the separation boundary with adjacent thin
intermediate layer, where dielectric permittivity is a function of a coor-
dinate, on the energy of charged particles in the heterostructure with
spherical semiconductor nanocrystal. The functional dependence of the
charge potential energy upon the distance is obtained using the Green
functions method for solution of the Poisson equation. The electron en-
ergy was obtained as eigenvalue of the Hamilton operator. We obtained
functional dependence energy of the charge particle from the magnitude
intermediate layer, ratio dielectric permittivities of the quantum dot and
matrix.
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METHOD OF AVERAGING IN THE DISCRETE
OPTIMAL CONTROL PROBLEM WITH THE FAST AND

SLOW VARIABLES

The optimal control problem is described by a system of discrete equa-
tions with the fast and slow variables and the terminal quality criterion

xi+1 = xi + ε ·X (i, xi, yi, ui, ε) , x0 = x0,

yi+1 = Y (i, xi, yi, ε) , y0 = y0,

J (u) = Φ (xN ) → min
u∈U

.

Here xi ∈ Dx ⊂ Rn are the slow variables, yi ∈ Dy ⊂ Rm are the fast
variables, i ∈ I = {0, 1, 2, ..., N} is time of the system, N = E

(
Lε−1

)
,

L = const, E (c) is the integer part of c, ε > 0 is a small parameter,
ui ∈ U ⊂ comp (Rr) is a control of the compact subset U .

Suppose that the function

X0 (x, u) = lim
h→∞

1

h

s+h−1∑
i=s

X
(
i, x, y

(
i, x, y0, 0

)
, u, 0

)
exists evenly on the s ≥ 0, x ∈ Dx, u ∈ U , y0 ∈ Dy along the solution of
the degenerate problem.

Then the averaged optimal control problem is described by a system
of discrete equations and terminal quality criterion

zi+1 = zi + ε ·X0 (zi, vi) , z0 = x0,

J0 (v) = Φ (zN ) → min
v∈U

.

It is proved that the optimal control of the averaged problem is the
asymptotically optimal control of the original problem.
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BOUNDARY VALUE PROBLEMS FOR ANISOTROPIC
ELLIPTIC-PARABOLIC EQUATIONS WITH VARIABLE

EXPONENTS OF NONLINEARITY

Let Ω ⊂ Rn be a (bounded or unbounded) domain with the piecewise
smooth boundary ∂Ω = Γ0 ∪ Γ1 (Γ0 ∩ Γ1 = ∅), ν = (ν1, . . . , νn) be a
unit outward pointing normal vector on the ∂Ω, and S be either (0, T ],
or (−∞, 0], or (−∞,+∞). Put Q := Ω×S, Σ0 := Γ0 ×S, Σ1 := Γ1 ×S.

A partial case of considered equations is

(b(x)u)t −
n∑
i=1

(
ai(x, t)|uxi |pi(x)−2uxi

)
xi
+ a0(x, t)|u|p0(x)−2u =f(x, t),

(x, t) ∈ Q, where aj ∈ L∞(Q) (j = 0, n) are positive, b ∈ L∞(Ω) is
nonnegative function, while there exists open set Ω0 ⊂ Ω such that b(x) >
0 for a.e. x ∈ Ω0, and b(x) = 0 for a.e. x ∈ Ω \ Ω0, pj ∈ L∞(Ω),
ess infx∈Ω pj(x) > 1 (j = 0, n), and f is an integrable function. It is
clear, that the equation is parabolic in Ω0×S and elliptic in (Ω\Ω0)×S.

We consider the following problem for this equation: to find a function
u : Q→ R, which satisfies (in some sense) the equation, and the boundary
conditions

u
∣∣∣
Σ0

= 0,
n∑
i=1

|uxi |pi(x)−2uxiνi

∣∣∣
Σ1

= 0,

and, if S = (0, T ], initial condition u(x, 0) = u0(x) in Ω0, where u0 : Ω →
R are given real-valued function.

In the cases S = (−∞, 0] and S = (−∞,+∞) there are no initial
condition, but there may be some additional conditions on behavior of
solution as t→ −∞.

We study the existence and uniqueness of a weak solutions for consid-
ered problems from generalized Sobolev spaces as well as its continuous
dependence on the input data.

19



Mariia Bubniak, Rostyslav Myhalchuk, Olha Kovalchuk

National Economic University, Ternopil
National Technical University, Lutsk

mariabubniak@gmail.com; olhakov@gmail.com

THE ANGLE REGIONS OF CONVERGENCE FOR
1-PERIODIC BRANCHED CONTINUED FRACTION

OF THE SPECIAL FORM

We consider 1-periodic branched continued fractions (BCF) of the
special form (

1 +
∞
D
k=1

ik−1∑
ik=1

cik
1

)−1

, (1)

where i0 = N ; cj ∈ C, j = 1, N .
Theorem. Let elements cj, j = 1, N , of the fraction (1) satisfy next

conditions:
−π/2 ≤ arg c1 ≤ . . . ≤ arg cN ≤ 0

or
0 ≤ arg cN ≤ . . . ≤ arg c1 ≤ π/2.

Then

1. The BCF (1) converges.

2. The truncation error bounds hold:

|Fn+1 − Fn| ≤ C

(
N

N + n− 1

)
ξn,

where n ≥ N + 1; C = max
j=1,N

{|cj |}; ξ =
C

√
1 + C2

; Fn is the n-th

approximant of BCF (1).

1. BodnarD. I. Branched Continued fractions (Kyiv, 1986) (in Rus-
sian)

2. Kuchminska Kh. Two-dimensional continued fractions (Lviv, 2010)
(in Ukrainian)
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NEUMANN PROBLEM IN A DISK FOR
FOURTH-ORDER IMPROPERLY ELLIPTIC EQUATIONS

This paper is devoted to the existence of a solution of the Neumann
problem in a disk K for fourth-order improperly elliptic differential equa-
tions of general form. We propose to carry over the methods of investiga-
tions of Babayan [1] and Buryachenko, which were applied for studying
the Dirichlet problem, to the Neumann problem. We succeeded in per-
forming this and, as a result, have obtained the sufficient conditions of
existence of the classical solution for the Neumann problem in the space
C4(K) ∪ C3,α(K̄), α ∈ (0, 1).

We consider the Neumann problem in a disk for fourth-order improp-
erly elliptic equations with constant complex coefficients:

L(∂x)u = a0
∂4u

∂x41
+a1

∂4u

∂x31∂x2
+a2

∂4u

∂x21∂x
2
2

+a3
∂4u

∂x1∂x32
+a4

∂4u

∂x42
= 0, (1)

u′′νν |∂K= f1(x), u
′′′
ννν |∂K= f2(x). (2)

Here ν⃗ is a unit vector of the outer normal, ∂x = ( ∂
∂x1

, ∂
∂x2

), ak ∈ C, k =

0, 1, ..., 4, defined on the boundary ∂K functions f1(x) ∈ C1,α(∂K), f2(x)
∈ Cα(∂K), 0 < α < 1, can be extended to the analytic functions in K
and out of K.

Let λj , j = 1, ..., 4 be complex roots of the equation L(1, λ) = a0λ
4+

a1λ
3 + a2λ

2 + a3λ+ a4 = 0.
We have received sufficient conditions of existence of classical solution

of the problem (1), (2) for two classes of the improperly elliptic equations
such that

ℑλ1 > 0, Imλ2 > 0, ℑλ3 > 0, ℑλ4 < 0,

ℑλ1 > 0, ℑλ2 > 0, ℑλ3 > 0, ℑλ4 > 0.

1. Babayan A, Dirichlet problem for properly elliptic equation in unit
disk, J. Contemp. Math. Anal., 38 (2003), 39–48.
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NUMERICAL APPROACH TO SIMULATION OF
MECHANICAL BEHAVIOR OF SOLIDS SUBJECTED TO
INTENSE TEMPERATURE AND FORCE LOADINGS

Amathematical model for numerical description of thermo-mechanical
processes in solids subjected to intense force and temperature loadings
was proposed. The model takes into account a temperature dependence
of material properties, a heat radiation and an elastic-plastic deformation.
Temperature evolution in the solid is governed by the non-stationary heat
transfer equation. A non-isothermal theory of thermo-elastic-plastic de-
formation is used to predict a stress-strain state of the solid.

A corresponding numerical model is developed for description the
thermal and elastic-plastic processes in solids subjected to temperature
and force loadings. The model is grounded on the finite elements method.
The key relations for determination of temperature and mechanical fields
in solid are obtained by using weighted residual method. As a result
of the standard procedure of finite-element discretization, the problem
of heat transfer is reduced to a system of ordinary differential equations
for the unknown temperature values at the nodes of the finite element
mesh. This problem is solved by use of a unified set of single step al-
gorithms, what allows to carry out calculations for variable steps and
orders of the method. Dependencies of deformation curves and of other
physical and mechanical material characteristics from temperature are
approximated by interpolation splines constructed by the points of ex-
perimentally known curves describing the behavior of a solid during the
entire temperature loading range.

Appropriate software was developed. It was used for computer simu-
lation a thermo-mechanical behavior of building structures in fire.

A comparative analysis of the computational results for some struc-
tures during the fire and after that is provided. It is shown that disre-
gard of elastic-plastic deformation of structures and of the temperature
dependence of the material properties at elevated temperatures can lead
to significant deviations parameters from the actual ones.
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ELLIPTIC PROBLEMS WITH ADDITIONAL UNKNOWN
FUNCTIONS IN BOUNDARY CONDITIONS AND

HÖRMANDER SPACES

We discuss applications of isotropic Hörmander inner product spaces
to a class of elliptic problems with additional unknown functions in
boundary conditions. This class was introduced by B. Lawruk in 1963.
It is closed with respect to the transition to a formally adjoint problem,
in contrast to the family of usual elliptic boundary-value problems.

We investigate properties of this class in the Hörmander spaces Hs,φ

parametrized with a number s ∈ R and a function φ : [1,∞) → (0,∞)
varying slowly at ∞ in the sense of J. Karamata. By definition, the
Hilbert space Hs,φ(Rn) consists of all tempered distributions w ∈ S ′(Rn)
such that ⟨ξ⟩sφ(⟨ξ⟩)Fw(ξ) ∈ L2(Rn, dξ). Here ⟨ξ⟩ := (1 + |ξ|2)1/2 and
Fw is the Fourier transform of w. Analogs of this space for Euclidean
domains and smooth manifolds are introduced in the standard way.

We prove that the elliptic problems under consideration are Fred-
holm in appropriate pairs of Hörmander spaces and induce isomorphisms
between some subspaces of finite co-dimension. For the generalized solu-
tions to these problems, we prove a priory estimates and theorems on the
global and local regularity in Hörmander spaces. We also find sufficient
conditions under which the generalized solutions are classical.

These results are obtained together with A. Murach [1-3].

1. Chepurukhina I. On some classes of the elliptic boundary-value
problems in spaces of a generalized smoothness, Zb. Pr. Inst. Mat.
NAN Ukr., 11:2 (2014), 284–304. (in Ukrainian)

2. Chepurukhina I., Murach A. Elliptic problems in the sense of B. Lawruk
on the two-sided refined scales of spaces, Methods Funct. Anal.
Topology, 21:1 (2015). (arXiv:1412.0495)

3. Chepurukhina I., Murach A. Elliptic boundary-value problems in
the sense of Lawruk on Sobolev and Hörmander spaces, Ukrainian
Math. J., 67:5 (2015). (arXiv:1503.05039)
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APPROXIMATION SCHEMES FOR
DIFFERENTIAL-FUNCTIONAL EQUATIONS AND

THEIR APPLICATIONS

An approximation algorithm for differential equations with delay by
a sequence of systems of ordinary differential equations has been con-
sidered in [1]. Further investigation of approximation schemes for sys-
tems of the delayed and neutral types differential equations and quasilin-
ear differential-functional equations in different function spaces has been
implemented in our papers [2, 3, 4]. The accuracy of the approxima-
tion of the solutions of the initial problems for the differential-functional
equations by the solutions of the Cauchy problems for the correspond-
ing approximating system of the ordinary differential equations has been
investigated.

We offer constructive algorithms for computing the non-asymptotic
roots of quasipolynomials and obtain an effective algorithm for the sta-
bility analysis of the linear differential equations with delay. As a result,
the coefficient stability domains of the linear differential equations with
many delays are constructed.

1. Krasovski N. On the approximation of a problem of analytical de-
sign of controllers in systems with delay equations, J.Appl. Math.
Mech., 28 (1964), 716–725.

2. Cherevko I., Piddubna L. Approximations of differential difference
equations and calculation of nonasymptotic roots of quasipolyno-
mials, Revue danalyse numerique et de theorie de lapproximations,
28 (1999), 15–21.

3. Matviy O., Cherevko I. About approximation of system with delay
and them stability, Nonlinear oscilations, 7 (2004), 208–216.

4. Ilika S., Cherevko I. Approximation of nonlinear differential-difference
equations, Math. Meth. end Phys.-Mech. Filds, 55 (2012), 39–48.
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A SEMIRING IN THE SPECTRUM OF THE ALGEBRA
OF ANALYTIC FUNCTIONS OF BOUNDED TYPE ON A

BANACH SPACE

Study of spectra of algebras of analytic functions on Banach spaces is
a new direction which began to actively develop at the end of the twenti-
eth century. In particular, the spectrum of the algebra of all symmetric
analytic functions on Banach spaces that are bounded on bounded sets
was studied in [1,2]. In the talk the problem of the extension of com-
plex homomorphisms of the semiring in the spectrum of the algebra of
symmetric analytic functions to the corresponding ring is considered.

1. Chernega I., Galindo P. and Zagorodnyuk A. Some algebras of sym-
metric analytic functions and their spectra, Proc. Edinburgh Math.
Soc., 55 (2012), 125–142.

2. Chernega I., Galindo P. and Zagorodnyuk A. The convolution op-
eration on the spectra of algebras of symmetric analytic functions
J. Math. Anal. Appl., 395 (2012), 569–577.
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ASYMPTOTIC REPRESENTATIONS OF SOLUTIONS
OF ORDINARY DIFFERENTIAL EQUATIONS WITH

RAPIDLY VARYING NONLINEARITIES

The following differential equation is considered:

y′′ = α0p(t)φ(y), (1)

where α0 ∈ {−1, 1}, p : [a, ω[−→]0,+∞[ is a continuous function, −∞ <
a < ω ≤ +∞, φ : ∆Y0 −→]0,+∞[ is the twice continuously differentiable
function satisfying the conditions

φ′(y) ̸= 0 if y ∈ ∆Y0 , lim
y→Y0
y∈∆Y0

φ(y) =

{
or 0,
or +∞,

lim
y→Y0
y∈∆Y0

[φ′(y)]2

φ′′(y)φ(y)
= 1,

Y0 is either 0 or ±∞, ∆Y0 is the one-sided neighborhood of Y0.
Definition. Solution y of the differential equation (1), that is defined

on [t0, ω[⊂ ∆Y0
, is called the Pω(Y0, λ0)-solution, where −∞ ≤ λ0 ≤ +∞,

if it satisfies the conditions

y(t) ∈ ∆Y0
if t ∈ [t0, ω[, lim

t↑ω
y(t) = Y0,

lim
t↑ω

y′(t) =

{
or 0,
or ±∞,

lim
t↑ω

[y′2(t)]2

y′′(t)y(t)
= λ0.

In this report, the conditions of existence of the Pω(Y0, λ0)-solutions
of the equation (1) and the asymptotic as t ↑ ω representations of these
solutions are established.

1. Marić V. Regular Variation and Differential Equations. Lecture
Notes in Mathematics, 1726 (Berlin Heidelberg, 2000)
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A SYSTEM OF THERMAL CONDUCTIVITY
EQUATIONS FOR A CONICAL SHELL

Let us consider the axisymmetric truncated conical shell with thick-
ness 2h and the angle at the vertex π − α. The heat exchange with the
environment through the facial and the face surfaces is performed by the
Newton law.

Using approach [1,2] based on the linear distribution of temperature
of conical shell in thickness t = T1 (x) +

z
hT2 (x), the system of two

differential equations is obtained:

d2T1
dx2

+
1

2θ
ln
x+ θ

x− θ

∂T1
∂x

+

(
1

θ
− x

2θ2 ln
x+ θ

x− θ

)
∂T2
∂x

−

−µ1 (T1 − t1)− µ2 (T2 − t2) +
1

2
T2 ln

x+ θ

x− θ
= 0;

d2T2
dx2

+ 3

(
1

θ
− x

2θ2
ln
x+ θ

x− θ

)
dT1
dx

+ 3

(
− x

θ2
+
x2

θ3
ln
x+ θ

x− θ

)
dT2
dx

−

−3µ1 (T2 − t2)− 3µ2 (T1 − t1)−
3

2

x

θ
T2 ln

x+ θ

x− θ
= 0.

Here θ = tanα, x = x1h, and x1 changes along the middle surface gen-
erator, µ1 (x) , µ (x)2 , t1 (x) , t2 (x) are defined through the heat exchange
coefficients and the temperature of environment on the face surfaces:

µ1 =
h

2

(
µ+ + µ−) ; µ2 =

h

2

(
µ+ − µ−) ; t1 =

1

2

(
t+ + t−

)
; t2 =

1

2

(
t+ − t−

)
.

1. Kovalenko A. Fundamentals of thermoelasticity (Kyiv, 1970) (in
Ukrainian)

2. Chyzh A. A system of thermal conductivity equations for a cylin-
drical shell IX International Conference on Mathematical Problems
of Mechanics of Nonhomogeneous Structures (Lviv, 2014), 169–171
(in Ukrainian)
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THE MINIMUM MODULUS OF ANALYTIC FUNCTIONS
IN THE UNIT DISK

Let D = {z ∈ C : |z| < 1}. For an analytic function f on D, we define
the minimum modulus µ(r, f) = min{|f(z)| : |z| = r}, 0 < r < 1, and
(f ̸≡ 0) for p ≥ 1 we define

mp(r, f) =

(
1

2π

∫ 2π

0

| log |f(reiθ)||pdθ
) 1
p

, 0 < r < 1.

We write

ρp[f ] = lim sup
r↗1

logmp(r, f)

− log(1− r)
.

We define the order ρ∞[f ] of the function f as

ρ∞[f ] = lim
p→+∞

ρp[f ].

For a measurable set E ⊂ [0, 1), the upper density of E is defined by

D1(E) = lim supr↗1
λ1(E∩[r,1))

1−r where λ1(E∩ [r, 1)) denotes the Lebesgue
measure of E ∩ [r, 1).

Theorem. Let f be analytic in D, ρ∞[f ] = ρ, ρ < +∞. Then for
arbitrary ϵ > 0, there exists C ∈ (0, 1), and a set F ⊂ [0, 1), such that

logµ(r, f) ≥ − 1

(1− r)ρ+ϵ
(1)

r ∈ [0, 1) \ F , D1(F ) ≤ C.
The ε in (1) could not be omitted [2].

1. Linden C. The minimum modulus of function of slow growth in the
unit disk, Math. Essays dedicated to A. J. Macintyre, Ohio Univ.
Press, (1970), 237–246.

2. Chyzhykov I., Kravets M., On the minimum modulus of analytic
functions of moderate growth in the unit disc, Compt. Meth. Funct.
Theory (to appear).
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GENERALIZATION OF THE WIMAN-VALIRON
METHOD FOR FRACTIONAL DERIVATIVES OF

ENTIRE FUNCTIONS

In contrast to the ordinary differential equations, the analytic theory
of the fractional differential equations with variable coefficients was ini-
tiated only recently [1, 2]. Such equations are widely used for modeling
of the diffusion phenomena and anomalous relaxation.

The Wiman-Valiron method has been successfully applied to obtain
an estimate for growth of solutions of the ordinary differential equations
in the complex plane [3]. We generalize this method for fractional deriva-
tives.

Given an entire function f(reiθ) and q > 0, let Dqf(reiθ) be the
Riemann-Liouville fractional derivative of order q of f with respect to
r in the domain C \ R−. For an appropriate choice of the branch zq in
C \R− the function zqDqf(z) has an analytic continuation on the whole
plane.

We prove that, for |z| = r,

zq

νq
Dqf(z) ∼ f(z)

in a neighborhood of the maximum modulus point as r → ∞ outside an
exceptional set of values r, where ν = ν(r, f) is the central index of f .

1. Kilbas A., Rivero M., Rodriguez-Germa L., Trujilo J., α-Analitic
solutions of some linear fractional differential equations with vari-
able coefficients, Appl. Math. Comput. 187 (2007), 239–249.

2. Kochubei A. Fractional differential equations: α-entire solutions,
regular and irregular singularities, Fract. Calc. Appl. Anal. 12:2
(2009), 135–158.

3. Laine I., Nevanlinna Theory and Complex Differential Equations
(Berlin, 1993)
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THE LOCAL NONTANGENTIAL GROWTH OF THE
POISSON-STIELTJES INTEGRAL IN THE POLYDISC

Let |z| = max{|zj | : 1 ≤ j ≤ n} be the polydisc norm, Un = {z ∈
Cn : |z| < 1} be the polydisc and Tn = {z ∈ Cn : |zj | = 1, 1 ≤ j ≤ n} be
the sceleton for z ∈ Cn, n ∈ N. For z ∈ Un, zj = rje

iφj , w ∈ Tn, wj =

eiθj , 1 ≤ j ≤ n, we denote by P(z, w) =
n∏
j=1

P0(zj , wj) the multiple

Poisson kernel, where P0 (zj , wj) = Re
wj+zj
wj−zj is the Poisson kernel for

the unit disc.
The function P : Un → R, P [dµ](z) =

∫
Tn

P(z, w)dµ(w), is called the
Poisson-Stieltjes integral of complex-valued Borel measure µ, |µ|(Tn) <
+∞. We say that µ ∈ H

(β1,...,βn)

φ1,...,φn , βj > 0, 1 ≤ j ≤ n if ∃C > 0

|µ|
({
eiθ ∈ Tn : |θj − φj | ≤ δ

1
βj , 1 ≤ j ≤ n

})
≤ Cδ, 0 < δ < 1.

For θ = (θ1, . . . , θn) ∈ [−π;π]n, γ = (γ1, . . . , γn) ∈ [0;π)n we define the
Stolz angle Sγ(θ) = Sγ1(θ1) × . . . × Sγn(θn), where Sγj (θj) is the Stolz
angle for the unit disc with the vertex eiθj and opening γj , 1 ≤ j ≤ n.

Theorem. Let µ be a complex-valued Borel measure on Tn, n ∈ N,
βj > 0, 1 ≤ j ≤ n. If µ ∈ H

(β1,...,βn)
φ1,...,φn , then∣∣∣∣∣∣

∫
Tn

P (z, w) dµ (w)

∣∣∣∣∣∣ = O

logp2 1

δ

 n∏
j=1

∣∣zj − eiθj
∣∣ βjn 1−

n∑
j=1

max
{

1
βj

;1− 1
βj

} ,

where |zj | = 1− δ
1
βj , δ ↓ 0, z ∈ Sγ (θ), p is the number of those βj that

equal 2. [1]

1. Zolota O. The asymptotic properties of analytic and harmonic func-
tions in the polydisc represented by the Poisson-Stieltjes integrals.
Diss. Cand. of Science (Lviv, 2012)
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INTERPOLATED SCALES OF LORENTZ-TYPE SPACES
OF EXPONENTIAL TYPE VECTORS

In a Banach complex space (X, ∥ · ∥) we consider a closed unbounded
linear operator A with the norm dense domain C1(A). We assume that
0 ∈ ρ(A), where ρ(A) is the resolvent set of A. Denote by Cm := Cm(A)
(m ∈ N) the domain of Am with the norm ∥x∥Cm = ∥Amx∥, x ∈ Cm. We
put C0 = X for the unit operator A0 and C∞(A) =

∩
k∈N Ck(A).

Let 0 < t <∞ and 1 ≤ p, q ≤ ∞. Consider the mapping

C∞(A) ∋ x −→
{
xk := (A/t)

k
x
}∞
k=0

whose image is formed by sequences of elements of the Banach space X.
For the indices t, q, p and m ∈ Z+ we define the spaces

Etq,p(Cm) =
{
x ∈ C∞(A) : ∥x∥Et,mq,p <∞

}
, Etq,q(Cm) = Etq(Cm),

where

∥x∥Et,mq,p =


(∑∞

k=0(k + 1)
p
q−1 ∥x∗k∥

p
Cm

)1/p
, 1 ≤ p <∞,

supk(k + 1)1/q ∥x∗k∥Cm , p = ∞.

The sequence {x∗k}
∞
k=0 consists of elements xk which are ordered so that

∥x∗0∥Cm ≥ ∥x∗1∥Cm ≥ ∥x∗2∥Cm . . ..
We call the space Etq,p(Cm) endowed with the norm ∥x∥Et,mq,p the Lorentz-

type space of exponential type entire vectors of A. We establish the
interpolation properties of such spaces.

Theorem. If 1 < q < ∞, 1 ≤ p ≤ ∞ then the following equality
holds (

Et1(Cm), Et∞(Cm)
)
1−1/q,p

= Etq,p(Cm),

with equivalent norms.

1. Dmytryshyn M. Besov-Lorentz-type spaces and best approxima-
tions by exponential type vectors, Int. Journal of Math. Analysis,
9 (2015), 779–786.
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BRANCHED CONTINUED FRACTION OF SPECIAL
FORM AND THE PARABOLA THEOREM

Research of the parabolic convergence regions for continued fractions
started in the mid-twentieth century. The most complete review of the
results presented in [5]. Multidimensional generalizations of the parabola
theorems for branched continued fractions considered in [1-4].

The following theorem holds.
Theorem. Branched continued fraction of special form

Φ0 +
1

1 + Φ1 +
a02

1 + Φ2 +
a03

1 + Φ3+...

, Φp =
1

1 +
a2p

1 +
a3p

1+...

, p ≥ 0,

converges uniformly for all ars in the domain

PM = {z ∈ C : |z| − Re z ≤ 1/2, |z| < M}

for every constant M > 0.

1. Antonova T.M. Multidimensional generalization of the theorem on
the parabolic convergence regions of continued fractions, Mat. Me-
tody Fiz.-Mekh. Polya, 42:4 (1999), 7–12. (in Ukrainian)

2. Bodnar D.I. Branched continued fraction (Kiev, 1986) (in Russian)

3. Bodnar D.I., Kuchmins’ka Kh.Yo. Parabolic convergence region for
two-dimensional continued fractions, Mat. Stud., 4 (1995), 29–36.
(in Ukrainian)

4. Dmytryshyn R.I. The multidimensional generalization of g-fractions
and their application, J. Comp. and Appl. Math., 164-165 (2004),
265–284.

5. Jones W.B., Thron W.J. Continued fractions: Analytic theory and
applications, Encycl. of Math. & its Appl., 11 (London, Amster-
dam, Don Mills, Ontario, Sydney, Tokyo, 1980).
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DIRECT AND INVERSE PROBLEMs FOR SINGULAR
RANK ONE PERTURBATIONs OF A SELFADJOINT

OPERATOR

Let H be a separable Hilbert space, A a selfadjoint operator with
discrete spectrum acting in H. We denote by Hs, s ∈ R, the Hilbert
space scale generated by A; in particular, H2 is the domain of A, see [1].

In the talk we study the spectral properties of the operator B =
A+ ⟨·, φ⟩ψ, which is a rank one perturbation of the operator A; here φ
and ψ are elements of H−1 and ⟨·, ·⟩ denotes the pairing between H1 and
H−1, cf. [1–3]. In particular, the asymptotics of eigenvalues µn of the
operator B is found and a full description of the spectra for operators
B of such type is given. The possibility of reconstructing the Fourier
coefficients of φ and φ from the spectra of the operators A and B is
studied. The results are applied in the theory of differential equations.

1. Albeverio S., Kurasov P. Singular Perturbation of Differential Op-
erators. Solvable Shrödinger Type Operators (Cambridge, 2000)

2. Koshmanenko V. One-dimensional singular perturbations of self-
adjoint operators, Methods of Functional Analysis in Problems of
Mathematical Physics, (1990), 110–122.

3. Yoshitomi K. Inverse spectral problems for singular rank one per-
turbations of a Hill operator, Journal of the Australian Mathemat-
ical Society 87:03 (2009), 421–428.
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RENEWAL FUNCTION OF THE STREAM FOR
REQUIREMENTS, WHICH WERE SERVICED, AND OF

THE STREAM FOR LOST REQUIREMENTS
A SINGLE-CHANNEL QUEUING SYSTEM

Let the Poisson process requirements come to the operating unit, i.e
it is a recurrent stream, which defines a distribution F (t) = 0, provided
that t 6 0 and F (t) = 1− e−λt, if t > 0 (λ > 0). The requirement comes
to a service, and is served by a random time η and it has the distribution

G(t) =

{
0, t 6 0,

1− e−µt(µ > 0), t > 0.

Let v0(t) be the number of requirements, which were serviced during a
service time t, vl(t) is the number of lost requirements during the service
time t. H0(t) and Hl(t) are the respective renewal functions and H0(t) =
M(v0(t)), Hl(t) =M(vl(t)).

Theorem 1. The renewal function of the stream for requirements,
which were serviced, is given in a form

H0(t) =
λµ

λ+ µ
t+

λ2

(λ+ µ)2
− λ2

(λ+ µ)2
e−(λ+µ)t.

Theorem 2. The renewal function of the stream for lost requirements

Hl(t) =
λ2

λ+ µ
t− λ2

(λ+ µ)2
+

λ2

(λ+ µ)2
e−(λ+µ)t.

1. Borovkov A. Probabilistic methods in queuing theory (Moscow,
1972) (in Russian)

2. Nain P. Basic elements of queuing theory. Application to the Mod-
elling of Computer Systems (Massachusetts, 1998)
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APPROXIMATION OF BOUNDARY VALUE PROBLEM
SOLUTIONS FOR INTEGRO-DIFFERENTIAL

EQUATIONS WITH DELAY

We consider the following boundary value problem

y′′(x) = f(x, [y(x)]) +

b∫
a

g(x, t, [y(x)])dt, x ∈ [a; b] (1)

y(i)(x) = φ(i)(x), i = 0, 1, x ∈ [a∗; a], y(b) = γ, (2)

[y(x)] = (y(x), y(x− τ(x)), y′(x), y′(x− τ(x))), a∗ = min
x∈[a;b]

(x− τ(x)).

The existence and uniqueness of solution of the boundary value prob-
lem with delay were studied in [1-2]. Analytical solution of the problem
(1)-(2) is possible only in the simplest cases. Spline collocation method
usage for solving differential-difference equations was investigated in [3].
In this paper an algorithm for finding the approximate solution of the
boundary value problem (1)-(2) using cubic splines with defect two is
suggested. Sufficient conditions for the iterative process convergence are
obtained and numerical simulations to test cases are conducted.

1. Grim L., Schmitt K. Boundary value problems for delay differential
equations. Bull. Amer. Math. Soc., 74:5, (1968), 997–1000.

2. Kamensky G.A., Myshkis A.D. Boundary value problems for non-
linear differential equation of neutral type. Differential equations,
8:12, (1972), 2171–2179.

3. Nikolova T.S., Bainov D.D. Application of spline-functions for the
construction of an approximate solution of boundary problems for
a class of functional-differential equations. Yokohama Math. J.,
29:1, (1981), 108–122.
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ASYMPTOTIC REPRESENTATIONS OF SOLUTIONS
OF DIFFERENTIAL EQUATIONS WITH REGULARLY

VARYING NONLINEARITIES

We consider the differential equation

y(n) = αp(t)

n−1∏
j=0

φj(y
(j)), (1)

where n ≥ 2, α ∈ {−1, 1}, p : [a, ω[→]0,+∞[ are continuous functions,
φj : ∆Yj →]0;+∞[ is a continuous and regularly varying as y(j) → Yj
function of order σj , j = 0, n− 1, −∞ < a < ω ≤ +∞, Yj is equal to
either zero or ±∞, ∆Yj is some one-sized neighborhood of the point Yj .

In the paper [1], question of existence of the so-called Pω−solutions of
particular case of equation (1) and the asymptotic as t ↑ ω representations
of these solutions were studied by Evtukhov V. and Samoylenko A.

Definition. A solution y of differential equation (1) is called a
Pkω(Y0, . . . , Yn−1, λ0)−solution, where −∞ ≤ λ0 ≤ +∞ and k ∈
{1, . . . , n}, if it is defined on [t0, ω[⊂ [a, ω[ and satisfies the next con-
ditions:

y(j)(t) ∈ ∆Yj for t ∈ [t0, ω[ (j = 0, n− 1),

y(t) = πk−1
ω (t) [c+ o(1)] as t ↑ ω, c ̸= 0, πω(t) =

{
t, if ω = +∞,

t− ω, if ω < +∞,

lim
t↑ω

y(j)(t) = Yj (j = k, n), lim
t↑ω

[y(n−1)]2

y(n−2)(t)y(n)(t)
= λ0.

In our talk, we present the conditions of existence of the
Pkω(Y0, . . . , Yn−1, λ0)− solutions of equation (1) and the asymptotic as
t ↑ ω representations of these solutions and their derivatives of orders up
to n− 1.

1. Evtukhov V., Samoylenko A. Asymptotic representations of solu-
tions of differential equations with regularly varying nonlinearities,
J. Differential Equations, 47:5 (2011), 628–650. (in Russian)
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ON TRANSFORMATION OPERATORS AND
MODIFIED SOBOLEV SPACES IN CONTROLLABILITY

PROBLEMS FOR THE WAVE EQUATIONS WITH
VARIABLE COEFFICIENTS

The control system

wtt =
1

ρ
(kwx) x + γw, w(0, t) = u(t), x > 0, t ∈ (0, T ), (1)

is investigated in special modified spaces of the Sobolev type introduced
and studied in the work. The growth of distributions from these spaces
is associated with the equation data ρ and k. Here ρ, k, and γ are given
functions on [0,+∞); u ∈ L∞(0,∞) is a control; T > 0 is a constant. Us-
ing some transformation operator introduced and studied in the work, we
establish that control system (1) replicates the controllability properties
of the auxiliary system

ztt = zxx − q2z, z(0, t) = v(t), x > 0, t ∈ (0, T ) (2)

and vise versa. Here q ≥ 0 is a constant and v ∈ L∞(0,∞) is a control.
Necessary and sufficient conditions of (approximate) L∞- controllability
for the main system are obtained from the ones for the auxiliary system
(2) [1]. Control problem (1) has been investigated in [2].

1. Fardigola L. Controllability problems for the 1-D wave equation on
a half-axis with the Dirichlet boundary control, ESAIM: Control,
Optim. Calc. Var., 18 (2012), 748–773.

2. Fardigola L. Transformation operators in controllability problems
for the wave equations with variable coefficients on a half-axis con-
trolled by the Dirichlet boundary condition, Mathematical Control
and Related Fields, 5 (2015), 31–53.
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FOURIER QUASICRYSTALS AND LAGARIAS’
CONJECTURE

A Fourier quasicrystal is a pure point complex measure µ in Rp such that
its spectrum (Fourier transform in the sense of distributions) µ̂ is also a
pure point measure. For example, the sum µ of unit masses at the points
of Zp ⊂ Rp is a Fourier quasicrystal, because µ̂ coincides with µ in this
case.

J.Lagarias (2000) conjectured that if µ is a measure with a uniformly
discrete support and its spectrum is also a measure with a uniformly
discrete support, then the support of µ is a subset of a finite union of
shifts of some full-rank lattice. The conjecture was proved by N.Lev and
A.Olevskii (2013) in the case p=1, i.e., for measures on the real axis, and
in the case of an arbitrary p and a positive measure µ (or µ̂).

On the other hand, A.Cordoba (1989) proved that the support of µ
is a finite union of shifts of several full-rank lattices under rather weak
conditions on the spectrum µ̂.

In my talk I prove that Lagarias’ conjecture does not valid in the ge-
neral case and show the special case when the conjecture is true. More-
over, I show a generalization of Cordoba’s result.

1. Lagarias J. Mathematical quasicrystals and the problem of diffrac-
tion, Directions in Mathematical Quasicrustals, CRM Monograph
series, 13 (2000), 61–93.

2. Lev N., Olevskii A. Quasicrystals and Poisson’s summation formula,
Invent. Math., to appear.

3. Cordoba A. Dirac combs, Lett. Math. Phys. 17 (1989), 191–196.
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ON CLASSIFICATION OF THE NON-CONJUGATE
SUBALGEBRAS OF THE LIE ALGEBRA OF THE
POINCARÉ GROUP P (1, 4) AND SYMMETRY

REDUCTION OF SOME DIFFERENTIAL EQUATIONS

The symmetry reduction is a powerful tool for investigation of partial
differential equations. The details can be found, for example, in [1].

The papers [2, 3] are devoted to the symmetry reduction of some
differential equations in the spaces M(1, 3) × R(u) and M(1, 4) × R(u),
which are invariant with respect to the Poincaré group P (1, 4). Here,
R(u) is the real number axis of the dependent variable u.

However, it turned out that the reduced equations, obtained with the
help of nonconjugate subalgebras of the Lie algebra of the group P (1, 4)
of the given rank, were of different types.

To explain some of the differences in the properties of the above men-
tioned reduced equations, we suggest to try to investigate the connections
between structural properties of nonconjugate subalgebras of the same
rank of the Lie algebra of the group P (1, 4) and the properties of the
reduced equations corresponding to them.

Until now, we have established a connection between the classifica-
tion of three-dimensional decomposable nonconjugate subalgebras of the
Lie algebra of the group P (1, 4) and symmetry reduction of the Eikonal
equation.

1. Ovsiannikov L. Group Analysis of Differential Equations (New York,
1982)

2. Fedorchuk V. Symmetry reduction and exact solutions of the Euler-
Lagrange-Born-Infeld, Multidimensional Monge-Ampere and Eikonal
equations, J. Nonlinear Math. Phys., 2 (1995), 329–333.

3. Fedorchuk V. Symmetry reduction and some exact solutions of
a nonlinear five-dimensional wave equation, Ukr. Mat. Zh., 48
(1996), 636–640
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ON SYMMETRY REDUCTION AND EXACT
SOLUTIONS OF SOME P(1,4)-INVARIANT

D’ALEMBERT EQUATIONS

The linear and nonlinear d’Alembert equations in spaces of different
dimensions are used for the solution of various problems of differential ge-
ometry, theory of nonlinear waves, theoretical and mathematical physics
(see, e.g., [1, 2, 3, 4, 5]).

Let us consider the following differential equations:
1. �5u = 0,
2. �5u = λu, λ ∈ R, λ ̸= 0,
3. �5u = sinu,
4. �5u = eu,
5. �5u = sinhu,

where �5 is the d’Alembert operator in the five-dimensional Minkowski
space M(1, 4).

Equations (1)-(5) are invariant with respect to the Poincaré group
P (1, 4).

Until now, using the subgroup structure of the group P (1, 4), we have
performed the symmetry reduction for the above mentioned equations
and constructed some classes of exact solutions for them.

1. Ablowitz M., Segur H. Solitons and the Inverse Scattering Trans-
form (Philadelphia 1981).

2. Barbashov B., Nesterenko V. Introduction to the Relativistic String
Theory (Singapore 1990).

3. Bhatnagar P. Nonlinear Waves in One-Dimensional Dispersive Sys-
tems (Oxford 1979).

4. Kadyshevskii V. A new approach to the theory of electromagnetic
interactions, Fiz. Element. Chastits Atom. Yadra, 11 (1980), 5–39.

5. Grundland A., Tuszyński J., and Winternitz P. Group theory and
solutions of classical field theories with polynomial nonlinearities,
Found. Phys., 23 (1993), 633–665.
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SOME NEW PROBLEMS OF A THEORY FOR THE
HYPERBOLIC SYSTEMS OF THE FIRST-ORDER

QUASILINEAR EQUATIONS

We consider the one-dimensional hyperbolic system of quasilinear

equations
∂ui
∂t

+ λi(x, t, u)
∂ui
∂x

= fi(x, t, u), i = 1, n with initial and

boundary conditions. The correct solvability of new boundary problems
are formulated and proved, including:

1) conditions of the generalized solvabilities of the mixed problems for
a hyperbolic systems with vertical and horizontal characteristics [1];

2) different statment of problems for regular and singular systems are
studied [2];

3) conditions of solvability of optimal control problems of hyperbolic
systems are obtained [3];

4) and sufficient conditions of existence and uniqueness of the solution
of the boundary problems for a countable hyperbolic equations [4];

5) some issues of the statement of the boundary problem and solv-
ability for these systems are formulated.

1. Kyrylych V., Filimonov A. Generalized continuous solvability of the
problem with unknown boundaries for singular hyperbolic systems
of quasilinear equations, Mat. Studii, 30 (2008) 42–60. (in Russian)

2. Andrusyak R., Kyrylych V., Peliushkevych O.V. The problem for
singular hyperbolic system in angular domain, Appl. Pr. of Mech.
and Math., 9 (2011), 15–22. (in Ukrainian)

3. Derevianko T., Kyrylych V. Optimal control of semilinear hyper-
bolic system of first order equations with an infinite planning hori-
zon, Ukr. Math. J., 67 (2015) 185–201. (in Ukrainian)

4. Firman T., Kyrylych V. Mixed problem for countable hyperbolic
system of linear equations, Azerb. J. of Math., 5 (2015) 123–131.
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PROBLEM WITHOUT INITIAL CONDITIONS FOR
THE COUNTABLE HYPERBOLIC SYSTEM OF

DIFFERENTIAL EQUATIONS

Let us consider the problem without initial conditions [1] for countable
semilinear hyperbolic systems of differential equations

∂ui
∂t

+ λi(x, t)
∂ui
∂x

= fi(x, t, u1, u2, ...), i ∈ N. (1)

Let I0={i|λi(0, t)>0}, Il={i|λi(l, t)<0} and furthermore I0∩Il = ∅,
I0 ∪ Il=N.

We define the boundary conditions for the system (1)

l∫
0

αi(x, t)ui(x, t) = hi(t), i ∈ N, −∞ < t <∞. (2)

We consider problem (1)-(2) in G × C∞, where G={(x, t) :x ∈ (0, l),
t ∈ (−∞,∞)}, C∞ is the space of functions, whose elements are count-
able set of continuous functions bounded by some constant.

Applying the method of characteristics [2] and the Cantor diagonal
method, the conditions of existence and uniqueness of generalized solu-
tion of problem (1)-(2) are obtained. The solution belongs to the space
of continuous and uniformly bounded functions, which have the prop-
erty exponential decay with t → −∞. Also the sufficient conditions of
the classical solvability of a initial-boundary value problem for countable
semilinear hyperbolic system in halfstrips are established.

1. Lavrenyuk S., Zareba L. Nonlocal problem for the nonlinear hyper-
bolic system of the first order without initial conditions. Matem.
Studii. 14:2 (2000), 150–158.

2. Firman T. Solvability of the Cauchy problem for countable hyper-
bolic systems of first order quasilinear equations. Scien. Journal
of Uzhgor. Univ., 24 (2013), 206–213 (in Ukrainian).
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SINGULARLY PERTURBED MIXED BOUNDARY
VALUE PROBLEM FOR THE SEMILINEAR SYSTEM OF

HYPERBOLIC EQUATION OF THE FIRST ORDER

Let us consider the initial-boundary value problems for the degener-
ate equations (lack of some derivatives) which describe many processes
in mathematical physics. That’s why it is interesting to study the sin-
gularly perturbed problems, when small parameters are present with the
higher order derivatives of the system or the equation. This problems are
intermediate for the degenerate equation [1].

On domain Ω = {(x, t) : 0 < x < 1, 0 < t < T}, we consider the
hyperbolic system

ε
∂uε

∂t
+
∂uε

∂x
= F (x, t, uε, vε), (x, t) ∈ Ω,

∂vε

∂t
− ε

∂vε

∂x
= G(x, t, uε, vε), (x, t) ∈ Ω,

under the initial and boundary conditions{
uε(x, 0) = 0, vε(x, 0) = 0, for x ∈ (0, 1),

uε(0, t) = 0, vε(1, t) = 0, for t ∈ (0, T ).

Under the certain smoothness conditions of initial data and their co-
ordination of the zero and the first order in angular points of domain Ω,
the full asymptotic expansion of the solution using the methods from [2]
is constructed. The estimation of the asymptotic expansion is obtained.

1. Maulenov O., Myshkis A. On the solvability of a mixed problem for
degenerate semilinear hyperbolic system on the interval.Math. Of
the Kazakh SSR. Ser. fiz.-mat., 5 (1981), 25–29. (in Russian)

2. Butuzov V., Karashchuk A. Asymptotics of the solution of a system
of equations in partial derivatives of the first order with a small
parameter at some derivatives Fundam. Prikl. Mat., 6:3 (2000),
723–738.
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SINGULAR PERTURBED INITIAL-BOUNDARY
PROBLEMS FOR PARABOLIC EQUATION ON GRAPH

Let Γ be a compact star-like graph in R3 with n edges γ1, . . . ,γn,
and the common vertex a. The rest of vertices forms the boundary ∂Γ of
the graph. The metric graph Γ can be considered as a model of bundle
of n rods of finite length joined in a common point a. We consider
heat conduction or diffusion in the system provided the rods possess
different thermal conductivity or diffusivity respectively. Temperature of
the system is described by a function u : Γ×(0, T ) 7→ R, that is a solution
to the problem for parabolic equation

∂tu− a(x, ε) ∂2xu+ q(x)u = f(x, t), (x, t) ∈ Γ× (0, T ),

u(x, 0) = φ(x), x ∈ Γ,

u(x, t) = µ(t), (x, t) ∈ ∂Γ× (0, T ).

From the physical point of view the solution u should be continuous at
the vertex a, i.e. uγ1(a, t) = uγ2(a, t) = · · · = uγn(a, t), and satisfies the
balance condition of heat currents in roads(

aγ1 · ∂γ1u+ aγ2 · ∂γ2u+ · · ·+ aγn · ∂γnu
)
(a, t) = 0,

where t ∈ (0, T ). Here uγ is the restriction of u to an edge γ, and ∂γu(a, ·)
is the derivative of u with respect to space variable at the vertex a along
the edge γ in the direction from the vertex. The coefficient a(x, ε) is
positive on Γ, but it can be equal zero for ε = 0 either on all edges or
some of them. Besides the rate of the degeneration a(x, ε) as ε → 0 can
differ on the different edges.

Under some smoothness conditions on the data, the complete asymp-
totic expansions of the solution are constructed and justified.
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PROFESSOR S.D.EIDELMAN INVESTIGATION OF
PROPERTIES OF SOLUTIONS FOR PARABOLIC
EQUATIONS ON UNBOUNDED WITH RESPECT
TO TIME VARIABLE INTERVALS AND THEIR

DEVELOPMENT

The problems about the investigation of the solutions for parabolic
systems in unbounded with respect to time variable domains are quite
interesting and a lot of them were engaged by many scientists.

An interesting approach to analyse such problems was suggested by
S.Eidelman. He introduced so-called Λ-conditions for studying of the
properties of solutions for the Petrovskii parabolic systems of the first
order with respect to t variable. These conditions mean that the esti-
mates of the fundamental matrix of solutions of the Cauchy problem are
realized on the unbounded intervals of variation of t variable, and their
evaluation function tends to zero as t → ∞. Investigations in this area
for the Petrovskii parabolic systems of arbitrary order with respect to
time was continued in works of S.Eidelman and L.Ivasyshyn. In works of
S.Eidelman and his followers, an important applications of the estimates
from the conditions for the proof of the theorem of stability and sta-
bilization of solutions of the Cauchy problems, the theorems of Liuville
type and for the construction and studying the fundamental matrix of
solutions for elliptic systems generated by parabolic systems were found.

S.Edelman research methods were continued to the case of arbitrary
order with respect to time variable 2⃗b-parabolic systems in the works of
T.Balabushenko and S.Ivasyshen.

To the recent research results in this area one’s could include the inves-
tigation of some Kolmogorov ultraparabolic equations. Some estimates
of the Λ±

m-conditions for them are found in the paper of S.Ivasyshen,
G.Ivasyuk and T.Fratavchan. These estimates had similar application
for investigation of the properties of solutions of the mentioned above
ultraparabolic equations.
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SIMULTANEOUS PADÉ APPROXIMANTS OF THE
BASIC HYPERGEOMETRIC SERIES

The exact expressions of the simultaneous Padé approximants for
some sets of the basic hypergeometric series are derived.

Theorem. [1] Simultaneous Padé approximants for the set of func-

tions F = {fλ}Λλ=1, where fλ(z) =
∞∑
k=0

zk

1+ελγk
, λ = 1,Λ, ελ ∈ (0,∞),

γ ∈ (0,∞)\{1}, logγ
εµ
ελ

/∈ Z while λ ̸= µ, λ, µ = 1,Λ, of index

R = [M/N ], M = (m1,m2, . . . ,mΛ), N = (n1, n2, . . . nΛ) such that
mλ ≥ |N | − 1, λ = 1,Λ, |N | = n1 + n2 + . . .+ nΛ can be written in the
form

[M/N ]
(λ)
F (z) =

P
(λ)
R (z)

QR(z)
, λ = 1,Λ,

where

QR(z) =

|N |∑
k=0

c
(R)
k z|N |−k,

P
(λ)
R (z) =

|N |∑
k=0

c
(R)
k z|N |−k

mλ+k−|N |∑
p=0

zp

1 + ελγp
, λ = 1,Λ,

and

c
(R)
k = (−1)|N |−k ·

Λ∏
λ=1

(
−ελγmλ−|N |+k+1; γ

)
nλ

(γ; γ)k(γ; γ)|N |−kγ(2|N |−k−1)k/2
,

k = 0, |N |, where (a, γ)k = (1 − a)(1 − aγ) · . . . · (1 − aγk−1), k ≥ 1,
(a; γ)0 = 1.

1. Gavryliuk N., Golub A. Simultaneous Padé approximants of basic
hypergeometric series. Collection of Papers of the Institute of Ma-
thematics of NAS of Ukraine, 11:4 (2015), 67–74. (in Ukrainian)
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ASYMPTOTICS OF THE SPECTRUM OF ELLIPTIC
OPERATOR OF THE FOURTH ORDER WITH
SINGULARLY PERTURBED COEFFICIENTS

In this talk, we consider the Dirichlet spectral problem for an elliptic
operator of the fourth order with singularly perturbed coefficients. The
problem describes eigenmodes of a plate with finite number of stiff and
light-weight inclusions of an arbitrary shape.

Let U be a bounded domain in R2 with smooth boundary and ω is a
strictly internal subset of U consisting of a finite number of domains. Set
Ω = U \ ω̄. We consider the stiffness coefficient kε(x) being εk(x) on Ω
and κ(x) on ω, and mass density rε(x) being r(x) on Ω and εαρ(x) on ω.
All the functions are positive and smooth in Ω and ω respectively, and
α > 0. The main goal is to investigate asymptotic behaviour as ε→ 0 of
eigenvalues λε and eigenfunctions uε of the problem

2(1− σ)
∂2

∂x1∂x2

(
kε

∂2uε
∂x1∂x2

)
+

∂2

∂x21

(
kε

(∂2uε
∂x21

+ σ
∂2uε
∂x22

))
+

+
∂2

∂x22

(
kε

(∂2uε
∂x22

+ σ
∂2uε
∂x21

))
= λεrεuε in U,

uε = ∂nuε = 0 on ∂U, [uε]∂ω = [∂nuε]∂ω = 0,

[kε(∂nnuε + σ∂ττuε)]∂ω = 0,

[∂n(kε(∂nnuε + σ∂ττuε)) + 2(1− σ)(∂τ (kε∂nτuε))]∂ω = 0,

where [f ]S denote the jump of f on the surface S; σ = σ(x) is constant
in Ω and ω respectively, and 0 ≤ σ(x) < 1. We write ∂n and ∂τ for the
normal and tangential derivatives respectively. The number-by-number
convergence of the eigenvalues and the corresponding eigenspaces is es-
tablished.

1. Golovaty Yu., Hut V. Asymptotics of the spectrum of inhomo-
geneous plate with light-weight stiff inclusions, Mat. Stud. 40:1
(2013), 79–94. (in Ukrainian)
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K. WEIERSTRASS AND HIS INFLUENCE ON THE
DEVELOPMENT OF MATHEMATICS IN UKRAINE

On 31st of October, it will be 200 years since the day of birth of K.
Weiersrass, one of the greatest mathematicians of the second half of the
nineteenth century. His scientific and pedagogical activity signifies the
whole epoch in the development of a human thought.

In the mathematical analysis, he succeeded in doing passage to a new
level of strictness about which his famous predecessors Newton, Leibnitz,
Euler, Lagrange, Cauchy dreamed but did not attain it. Having con-
structed an example of a nowhere differentiable function and proved, on
the other hand, that such a function is a polynomial up to an arbitrarily
small number, K. Weierstrass laid the foundation of a new direction in
this branch of mathematics, namely the constructive theory of functions.
Putting a power series into the basis of definition of an analytic function,
he originated the theory of functions analytic in a domain. He founded
also the theory of entire functions, developed in the full measure the
theory of elliptic and Abelian ones , and started constructing analytic
functions of many variables. He obtained significant results in the linear
algebra, calculus of variations, the PDE theory, Geometry, too.

His numerous popular lectures at the Berlin University, which became
the mathematical Mecca of that time, were attracting attention of many
listeners.

We would like to concentrate on the influence of K. Weierstrass on
the development of mathematics in Ukraine and on our results concerning
the direct and inverse theorems in the approximation theory, differential
equations in a Banach space, and partial differential equations, which
were suggested by the Veierstrass’ ideas.

As for the development of mathematics at the I. Franko University of
Lviv in the field of functional analysis, we would like to turn attention
to the Weierstrass’ criticism regarding the existence of an extremal for a
Dirichlet integral, which, probably, above of all gave a rise of functional
analysis in Lviv.
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ON SOLUTIONS OF DIFFERENTIAL EQUATIONS IN A
BANACH SPACE ON (−∞,∞)

We consider an equation of the form(
d

dt
−A

)n(
d

dt
+A

)m
, t ∈ (−∞,∞), (1)

where n,m ∈ N0 = N∪ {0}, n+m ≥ 1, A is the generator of a bounded
analytic C0-semigroup

{
etA
}
t≥0

in a Banach space B with norm ∥ · ∥.
Denote by E(A) the space of entire vectors of the operator A. Let also
ρ(A) and σ(A) be the resolvent set and the spectrum of A. The following
assertion holds true.

Theorem 1. Suppose 0 ∈ ρ(A). A vector-valued function y(t) is a
solution of equation (1) on (−∞,∞) if and only if it admits a represen-
tation

y(t) =
n−1∑
k=0

tk exp(tA)fk +
m−1∑
k=0

tk exp(−tA)gk, fk, gk ∈ E(A).

The vectors fk(k = 0, 1, . . . n− 1) and gk(k = 0, 1, . . .m− 1) are uniquely
determined by y(t).

Here exp(tA) =
∞∑
k=0

tkAk

k! is associated with the semigroup under con-

sideration in the such way: exp(tA)x = etAx as t ≥ 0, and exp(tA)x =
(e−tA)−1x as t < 0 (x ∈ E(A)). The operator function exp(zA) is entire
in E(A). Since the space E(A) is dense in B, the set of all the solutions
of (1) is infinite-dimensional. For its elements, the following analog of
the Phragmen-Lindelöf priciple is fulfilled.

Theorem 2. Let s = s(A) = sup
λ∈σ(A)

Reλ (it is clear that s < 0). If a

solution y(t) of equation (1) on (−∞,∞) satisfies the condition

∃γ ∈ (0,−s),∃cγ > 0,∀t ∈ (−∞,∞) : ∥y(t)∥ ≤ cγe
γ|t|,

then y(t) ≡ 0.
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WELL POSSED SOLVABILITY OF THE NONLOCAL
MULTI-POINT PROBLEM FOR SINGULARLY

EVOLUTION EQUATIONS

Recently the theory of the nonlocal boundary value problems has
received wide development. This is because such problems have many
applications in mechanics, physics, chemistry, biology, ecology and other
natural sciences and arise in the mathematical modeling of various pro-
cesses. We investigate the nonlocal multi-point on time problem for evo-
lution equations with the pseudo-Bessel operators constructed by con-
stant symbols. We construct a fundamental solution for this problem,
study its properties, obtain well-possed solvability of the problem when
the boundary function is a generalized function of the distribution type
[1].

The relevance of research on such problems with boundary condi-
tions in certain spaces of generalized functions is conditioned due to the
fact that the boundary functions may have singularities in one or more
points. Depending on the singularity order (a power or higher than the
power-law) such functions either allow regularization in spaces of the
Sobolev-Schwartz type generalized functions of finite order or are gen-
eralized functions of infinite order (for example, ultradistribution, hy-
perfunction). We have found the class X ′ of the generalized boundary
functions for which the multi-point problem solution is described as a
convolution of the boundary function with the fundamental solution of
this problem (which is an element of the space X of basic functions), and
the solution has the same properties as the fundamental solution.

1. Gorodetskyi V., Martynyuk O., Petryshyn R. Well possed solvabil-
ity of nonlocal multi-point by time problem for a class of evolution
equations, Ukr. math. J., 65 (2013), 339–353.
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DIRECT PROBLEM AT OPTIMIZATION OF
TECHNOLOGICAL HEATING OF THE GLASS

PIECEWISE-HOMOGENEOUS SHELLS

A direct problem of solid mechanics, which describes the thermal
and mechanical processes in piecewise-homogeneous glass shells at op-
timization of heating regimes used in production processes (defined by
heating methods, initial and boundary heat and mechanical conditions)
is formulated. A problem of heat transfer is considered as an appropri-
ate two-dimensional one (for precision adopted in shell theory), using a
third degree polynomial approximation for temperature distribution on
the thickness. This approach is effective in numerical optimization al-
gorithms for the selected criteria (in particular level of stress state) of
technological heating regimes of thin piecewise-homogeneous glass shells,
which require frequent solving of direct problems.

It is found that temperature disturbance in the vicinity of cross-
section coupling can be neglected (for precision adopted in shell the-
ory) and heat transfer problem with homogeneous temperature of en-
vironment can be considered as one-dimensional problem. Adopted as-
sumptions lead to significant simplification of initial direct problems of
mathematical physics that reduces the complexity of procedures for ob-
taining the appropriate solution of relevant problems of thermoelasticity
in algorithms of numerical optimization of targeted heating regimes and
provides time saving of their calculation.

As an example the problem of optimization of heating regimes for
piecewise-homogeneous glass shells at different heat conditions on internal
surface is considered. A minimum of maximum normal stresses is used as
criterion. The temperature of outer surface is used as control function.
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METHODS FOR CALCULATION OF STRESSES IN
STRUCTURALLY INHOMOGENEOUS BODIES OF
REVOLUTION UNDER THE HEAT TREATMENT

The work offers the methods for calculation the stresses in struc-
turally inhomogeneous, layer in particular, bodies of revolution under
heat treatment. The methods of calculation of stresses anticipate: math-
ematical statement of the problem; development of numerical algorithm
of searching the solution; program realization of numerical algorithm.
Mathematical statement of the problem involves such stages: analysis of
present physical-mechanical processes under heat treatment; selection of
parameters of the state; construction of physical-mathematical model of
description the existing physical-mechanical processes.

We assume that for considered thermal loads the stressed state of the
body does not influence its temperature, the problem on determination
the stressed-strained state in the body we formulate in a quasi-static
statement (in displacements). In addition the temperature field we de-
scribe by the known equations of heat conduction the coefficients of which
are described in the approximation of the model of thermoelastic body
taking into account the structural inhomogeneity. We restrict ourselves
to the case of small deformations. In the region occupied by the body
the equations of equilibrium and boundary conditions are to be satisfied.
The algorithm of solution the formulated problems is based on numerical
methods of weighted residues together with method of finite elements.
It allowed us to obtain the efficient approximate solutions to the above
formulated problems.

According to the method of finite elements we divide the region occu-
pied by the body into the finite number of elements. The unknown values
on the partition element we present by the functions of joum. Using the
method of weighted residues the system of initial relations is reduced to
a system of nonlinear algebraic eqations which are to be solved by the
method of simple iteration.
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INVERSE FUNCTION INTERPOLATING CONTINUED
FRACTIONS

Let’s have a functional two-dimensional interpolating continued fraction

Dn∗(x, y) =
Pn∗(x, y)

Qn∗(x, y)
=

(
Φn∗

0 (x, y) +

n

K
k=1

g1(x− xk−1)g2(y − yk−1)

Φn∗
k (x, y)

)−1

,

(1)

where Φn∗
k (x, y) = bkk +

n1

K
i=k+1

g1(x− xi−1)

bik
+

n2

K
i=k+1

g2(y − yi−1)

bki
; bij are

constants, n1 = k1, n2 = k2, g1(x) is the continued function in [αx, βx] ,
g2(y) the continued function in [αy, βy] and g1(0) = 0, g2(0) = 0.

The k-th partial inverse difference can be computed according to the
following scheme

{δkij : i = 0, 1, . . . , n1, j = 0, 1, . . . , n2, k = 0, . . . , N − 1,

N = max{n1, n2}, i, j > k.}

δkij=
g1(xik) · g2(yjk)

δk−1
ij + θkj · δ

k−1
ik + θki · δ

k−1
kj + θki · θkj · δ

k−1
kk

,

δ−1
ij = c−1

ij , θts =

{
−1, if s > t,
0, if s 6 t,

g1(xij) =

{
g1(xi − xj), i > j,

1, i 6 j,
g2(yij) =

{
g2(yi − yj), with i > j,

1, with i 6 j.

Theorem 1 The coefficient of the two-dimensional interpolating contin-
ued fraction (1) will be determined by the correlation

bij = δs−1
ij , where i = 0, 1, . . . , n1, j = 0, 1, . . . , n2, s = max{i, j}. (2)

1. Svyda T. Inverse two-dimensional interpolating continued fractions,
Nauk. visn. Uzhhorod univ. Ser. mat. informat., 10-11 (2005),
121–131. (in Ukrainian)
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A HAMILTONIAN STRUCTURE OF
THE SUPERSYMMETRIC mKP-HIERARCHY

ON THE EXTENDED PHASE SPACE

In the previous reporter papers, the existence problem of Hamilto-
nian representation for the supersymmetric KP-hierarchy, coupled with
the corresponding evolutions of eigenfunctions of the associated spectral
problems, has been considered. This problem has been solved by use
of some Backlund transformation on a suitably extended phase space.
In the present report, the existence of the Hamiltonian representation is
established for the extended supersymmetric mKP-hierarchy in the form

Ltn = [Ln≥1, L],

qi,tn = Ln≥1qi, q∗i,tn = −D−1
θ (Ln≥1)

∗Dθq
∗
i ,

φi,tn = Ln≥1φi, φ∗
i,tn = −D−1

θ (Ln≥1)
∗Dθφ

∗
i ,

where L := f−1
1 lf1 = ∂p +

∑
0<m<2p vmD

m
θ + q1 +D−1

θ q∗1Dθ+

+
∑N
i=2(qiD

−1
θ q∗iDθ + φiD

−1
θ φ∗

iDθ), l := ∂p +
∑

0≤k<2p ukD
k
θ+

+
∑N
i=1(fiD

−1
θ f∗i + ϕiD

−1
θ ϕ∗i ), v2r, u2s, qi, q

∗
i , fi, ϕ

∗
i ∈ C∞(Λ0 × Λ1; Λ0),

v2r+1, u2s+1, φj , φ
∗
j , f

∗
i , ϕi ∈ C∞(S × Λ1; Λ1), r = 1, p− 1, s = 0, p− 1,

i = 1, N , p,N ∈ N, ∂ := ∂/∂x, Dθ := ∂/∂x + θ∂/∂θ, (x, θ) ∈ S × Λ1,
S ≃ R/2πZ, Λ = Λ0 ⊕ Λ1 is the Grassmann algebra over C, Λ0 ⊃ C, the
index ”≥ 1” denotes the pure differential part of the corresponding super-
integro-differential operator, tn ∈ R, n ∈ N, by means of the Backlund
transformation connecting the KP- and mKP-hierarchies on the extended
phase spaces and being generated by the gauge transformation on the
dual space to the Lie algebra of super-integro-differential operators.

The Hamiltonian representations for the additional symmetries of the
extended supersymmetric mKP-hierarchy are obtained as the result of the
composition of two Backlund transformations: one of them is the Back-
lund transformation on the extended phase space of the KP-hierarchy,
another is the Backlund one generated by the gauge transformation.
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ON UPPER-LOWER SPLITTING IN THE
PALEY-WIENER SPACE

We denote by W 1
σ , σ > 0, the Paley-Wiener space of entire functions

f satisfying the condition

sup
φ∈(α;β)

{∫ +∞

0

|f(reiφ)|e−σr| sinφ|dr
}
< +∞.

Each function f ∈W 1
σ is representable as

f(z) =

+∞∑
k=−∞

(−1)kck
π sinσz

σz − πk
, ck ∈ l1. (1)

Problem. Does every function f ∈W 1
σ admit a splitting f = f1+f2,

where functions f1 and f2 are analytic in C+, f1 obeys condition B(0; π2 )
and f2 obeys condition B(−π

2 ; 0)? Here we say that a function f obeys

condition B(α̂; β̂) if

sup
φ∈(α̂;β̂)

{∫ +∞

0

|f(reiφ)|dr
}
< +∞.

In [1] the solution of a narrower problem was obtained.
Theorem. If the function f ∈W 1

σ satisfies the condition∫ +∞

1

∣∣∣∣∣
+∞∑

k=−∞

ck
k(

x+ π
σ

(
i
2 − k

)) (
x+ π

σ

(
i
2 − ik

)) ∣∣∣∣∣ dx < +∞,

where coefficients ck defined by equality (1), then the Problem is positively
solvable.

1. Dilnyi V. Splitting of some spaces of analytic functions, Ufa Math.
Journ., 6:2, (2014), 25–34.
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ON STABILITY TO PERTURBATIONS
OF BRANCHED CONTINUED FRACTIONS

WITH POSITIVE ELEMENTS

We consider the problems of the stability to perturbations of the
branched continued fractions (BCF) with positive elements

a0

(
b0 +

∞
D
k=1

N∑
ik=1

ai(k)

bi(k)

)−1

, (1)

where N ∈ N, i (k) is the multi-index: i (0) = i0 = 0, i (k) = (i1i2 . . . ik) ,
k = 1, 2, . . . Let I0 = {0} , Ik =

{
i (k) : 1 ≤ ip ≤ N, p = 1, k

}
, k =

1, 2, . . .
Theorem. Let the relative errors αi(k), βi(k) of the elements ai(k),

bi(k) of BCF (1) satisfy following conditions:
∣∣αi(k)∣∣ ≤ α,

∣∣βi(k)∣∣ ≤ β, 0 ≤
α < 1, 0 ≤ β < 1, α+ β ̸= 0, i (k) ∈ Ik, k = 0, 1, 2, . . . Then the sequence

of sets Ω0 =
(
0, µ

(2)
0

]
×
[
ν
(1)
0 ,+∞

)
, Ωi(k) =

[
µ
(1)
k , µ

(2)
k

]
×
[
ν
(1)
k , ν

(2)
k

]
,

0 < µ
(1)
k < µ

(2)
k , 0 < ν

(1)
k < ν

(2)
k , i (k) ∈ Ik, k = 1, 2, . . . , is the sequence

of sets of the relative stability to perturbations of the BCF (1), if the

sequence
s∑

n=1

µ
(2)
n

r
(s)
n−1r

(s)
n

n−1∏
k=1

(
1 +

ν
(1)
k−1r

(s)
k

Nµ
(2)
k

)−1

, s = 1, 2, . . . , is bounded,

where r
(s)
k = ν

(1)
k +

Nµ
(1)
k+1

ν
(2)
k+1

+

Nµ
(2)
k+2

ν
(1)
k+2

+ . . .+

Nµ
(p2(s,k))
s

ν
(p1(s,k))
s

, k = 0, s− 1,

r
(s)
s = ν

(1)
s , s = 1, 2, . . ., pj(s, k) = j + (−1)j+1 (s− k − 2 [(s− k)/2]) ,

k = 0, s− 1, s = 1, 2, . . ., j ∈ {1, 2}. For the relative errors of approxi-
mants of the BCF (1), the estimate∣∣∣ε(s)∣∣∣ ≤ α+(1+α)

 β

1− β
+

αN

1− α

s∑
n=1

µ
(2)
n

r
(s)
n−1r

(s)
n

n−1∏
k=1

(
1 +

ν
(1)
k−1r

(s)
k

Nµ
(2)
k

)−1
 ,

s = 0, 1, 2, . . . , is valid.
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PADÉ TYPE APPROXIMANTS FOR SOME SPECIAL
POWER SERIES OF THE TWO VARIABLES

The spread of Dzyadyk’s method of generalized moment represen-
tations to two-dimensional numerical sequences has been carried out
in [1]. In this report the case of two-dimensional numerical sequences
{sk,m}∞k,m=0 is considered having two-dimensional moment representa-
tions of the form

sk,m = ⟨AkBmx0,0, y0,0⟩, k,m ∈ Z+,

where A is integral operator (Aφ) (t) =
∫ t
0
φ(τ)dτ in the space

Xα =
{
x(t) : supt∈[0,1] |x(t) tα| <∞

}
, B = Ap, p ≥ 2, and x0,0(t) = tν ,

y0,0(t) = (1− t)σ, where ν, σ > −α.
By using this representations two-dimensional Padé type approxi-

mants are constructed and studied for functions of the form

f(z, w) =
zp

zp − w
f̃(z)− w1/p

p

p−1∑
r=0

ξ
(p)
r f̃(w1/pξ

(p)
r )

z − w1/pξ
(p)
r

,

where f̃(z) = Γ(ν+1)Γ(σ+1)
Γ(ν+σ+2) 1F1(1; ν + σ + 2; z), a 1F1(a; b; z) – confluent

hypergeometric function and ξ
(p)
r = e2πir/p, r = 0, p− 1, – the p-th roots

of unity.

1. Holub A., Chernetska L. Two-dimensional generalized moment rep-
resentations and rational approximants of functions of two vari-
ables, Ukrain. Mat. Zh., 65:8 (2013), 1035-1058. (in Ukrainian)

2. Dzyadyk V. A Generalization of Moment Problem, Dokl. Akad.
Nauk Ukr. SSR, Ser.A, 6 (1981), 8-12. (in Russian)
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Fourier-Bessel transform of set Ṡm2k,2q

Properties of Fourier transform of S type spaces were proved in [1].
Here, analogous properties of Fourier-Bessel transform are obtained.

Let Ṡm2k,2q
, {k, q} ⊂ Z+, be the set of paired infinitely differentiable

functions φ, for which:

1) ∃C > 0 ∃A > 0 ∃B > 0 ∀x ∈ [0;+∞] ∀{k, q} ⊂ Z+ :

|x2kφ(2q)(x)| ≤ CA2kB2qm2k,2q; (1)

2) the Bessel operator Bp :=
d2

dx2 + 2p+1
x

d
dx , p > − 1

2 , is applicable.

Theorem 1. For functions φ ∈ Ṡm2k,2q
the condition (1) is equivalent

to the condition

1) ∃C=C(p) > 0 ∃A > 0 ∃B=B(p) > 0 ∀x ∈ [0;+∞] ∀{k, q} ⊂ Z+ :

|x2kBqpφ(x)| ≤ CA2kB2qm2k,2q. (2)

Direct and inverse Fourier-Bessel transforms are determined for func-
tions of Ṡm2k,2q

:

ϕ(σ) := FBp [φ](σ) =
+∞∫
0

φ(x)jp(σx)x
2p+1dx,

φ(x) := F−1
Bp

[ϕ](x) = 1
22pΓ2(p+1)

+∞∫
0

ϕ(σ)jp(σx)σ
2p+1dσ,

where jp is the normalized Bessel function.

Theorem 2. FBp [Ṡm2k,2q
] = Ṡm2q,2k

, if numbers m2k,2q are such that

1) ∃γ > 0 ∃θ ≤ 1 ∀{k, q} ⊂ N : 2q · 2km2k−1,2q−1

m2k,2q
≤ γ(2k + 2q)θ;

2) ∀ε > 0 ∃µε > 0 ∀{k, q} ⊂ N :
m2k+2,2q

m2k,2q
≤ µε(1 + ε)(2k+2q).

1. Gelfand I., Shilov H. Spaces of basic and generalized functions
(Moscow, 1953), p.307.
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ON SINGULAR PERTURBED SPECTRAL PROBLEMS
FOR THE LAPLACIAN ON GEOMETRICAL GRAPHS

Netlike structures in physics, engineering, etc. (such as networks
of flexible strings, networks of waveguides, electrical and hydraulic net-
works, complex molecules, neurons and all that) can be often formalized
as the one-dimensional continuum connecting and interacting by nodes.
The processes occurring in such systems can be usually described by
classical mathematical models realized on geometrical graphs.

Focusing on mechanical interpretation, we study the asymptotics of
the spectrum of the eigenvibrations problem for flexible string networks
with singularly perturbed density or stiffness. For problems with local
density perturbations in the vicinity of unfixed nodes, the density func-
tion has the form ε−mq(ε−1(x− a)), m ∈ R, near such a node a. Here ε
is a small parameter, and parameter m specifies the perturbation power.
The effect of m on the behavior of the spectrum has been settled. There
are following typical cases: 1) m < 1; 2) m = 1; 3) 1 < m < 2; 4) m = 2;
5) m > 2. In the cases 1)–3) limiting problems have been stated and con-
vergence theorems have been proved. The case 4) was concidered for the
star-like graph; the limiting spectral problem, which is nonself-adjoint as
distinct from perturbed problem, have been particularly analysed.

For two-component string networks, the stiff problem and the eigenvi-
bration problem of network with contrast density have been considered.
In the first problem, the stiffness coefficients of the components have a
different order of smallness. In the second, the component densities are
very different. In order to study the asymptotics of the spectrum of the
stiff problem, the technique [1] has been used. It is based on a reduction
of the original problem to a spectral problem on the less stiff part of the
system, and on the resolvent convergence of operators.

1. Golovaty Yu., Gut V. Asymptotics of the spectrum of inhomogene-
ous plate with light-weight stiff inclusions, Mat. Stud., 40 (2013),
79–94. (in Ukrainian)
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INVERSE SCATTERING FOR SINGULAR
ENERGY-DEPENDENT SCHRÖDINGER EQUATIONS

We discuss the direct and inverse scattering theory for the one-dimen-
sional energy-dependent Schrödinger equations

−y′′ + q(x)y + 2kp(x)y = k2y (1)

on the half-line under minimal assumptions on the real-valued poten-
tials p and q. Namely, the potential q is a distribution from the space
H−1

2,loc(R+) enjoying certain integrability conditions, while p belongs to
L1(R+)∩L2(R+). The above equation (1), being subject to some bound-
ary conditions, leads to a non-standard spectral problem involving both
the spectral parameter k and its square k2. Due to this, the spectrum of
the problem is no longer real and may contain pairs of complex conjugate
eigenvalues.

In the talk, we introduce the scattering data for (1) and give a com-
plete description of such data for the considered class of problems. Also,
a procedure reconstructing the potentials p and q from the scattering
data is described and continuity of the mapping between the potentials
p and q and the corresponding scattering data is established.
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DETERMINATION OF THE COEFFICIENT AT THE
FIRST DERIVATIVE IN A STRONGLY DEGENERATE

PARABOLIC EQUATION

In the domain QT = {(x, t) : 0 < x < h, 0 < t < T} we consider
an inverse problem of the identification of the time-dependent coefficient
b = b(t) in the one-dimensional parabolic equation

ut = a(t)tβuxx + b(t)ux + c(x, t)u+ f(x, t) (1)

with the initial condition

u(x, 0) = φ(x), 0 ≤ x ≤ h, (2)

boundary conditions

u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ] (3)

and overdetermination condition

h∫
0

u(x, t)dx = µ3(t), t ∈ [0, T ]. (4)

The solution of the problem (1)-(4) is a pair of functions (b, u) ∈
C[0, T ] × C2,1(QT ) ∩ C1,0([0, h] × (0, T ]) which satisfies the conditions
(1)-(4).

We establish the conditions of the existence and uniqueness of the
solution to the named problem in a case of strong degeneration (β ≥ 1).
Note that the case of weak power degeneration (0 < β < 1) to the problem
(1)-(4) has been investigated in [1].

1. Hryntsiv N. Determination of the coefficient of the first derivative
in a degenerate parabolic equation Visnyk of the Lviv Univ. Ser.
Mech. Math., 71 (2009), 78-87.
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NONLOCAL BOUNDARY VALUE PROBLEM
FOR A SYSTEM OF DIFFERENTIAL-OPERATOR
EQUATIONS IN THE REFINED SOBOLEV SCALE

In the cylindrical domain Dp = [0, T ]×Sp, S ⊂ C\{0}, T > 0, p ≥ 2,
the non-local boundary value problem for a system of n order (n ≥ 1)
partial differential equations with operator coefficients∑

s0+|s|≤n

As0,sB
s ∂

s0u

∂ts0
= 0, (1)

µ
∂ju

∂tj

∣∣∣∣
t=0

− ∂ju

∂tj

∣∣∣∣
t=T

= φj , j = 0, 1, . . . ,m− 1, (2)

where s = (s1, . . . , sp) ∈ Zp+, |s| = s1 + . . .+ sp, As0,s (An,0 = I) are the
square matrices of order m ≥ 1, Bs = Bs11 · · ·Bspp , φj = col (φj1(z), . . . ,
φjm(z)) are given vector-functions, u = col (u1(t, z), . . . , um(t, z)) is some
unknown vector-function, µ ̸= 0 the complex parameter, is examined.
The operator B = (B1, B2, . . . , Bp) is composed of the operators of gen-

eralized differentiations, namely Bj ≡ zj
∂

∂zj
, in particular, Bjz

k = kjz
k,

B0
ju ≡ u, Blju = Bj(B

l−1
j u), where j = 1, . . . , p.

The nonlocal problem (1), (2) is considered in the Hörmander spaces
of several complex variables functions which form a refined Sobolev scale.
The smoothness of the functions of this scale is determined by two pa-
rameters: numerical (real number) and functional (positive slowly vary-
ing function at infinity). A refined Sobolev scale allows us to characterize
the smoothness of functions more finely.

The problem (1), (2) is incorrect in the Hadamard sense and its sol-
vability depends on the small denominators arising in the construction
of the solution. By using of metric approach, theorems about lower es-
timations of small denominators was proved. Solvability conditions of
the problem for almost all vectors composed of equations coefficients and
boundary conditions parameter are established.
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INITIAL-BOUNDARY VALUE PROBLEMS FOR THE
PARABOLIC DELAY EQUATIONS WITH VARIABLE

EXPONENTS OF NONLINEARITY

Suppose Ω ⊂ Rn is a bounded domain with the piecewise smooth
boundary ∂Ω = Γ0 ∪ Γ1 (Γ0 ∩ Γ1 = ∅), ν = (ν1, . . . , νn) is a unit out-
ward pointing normal vector on the ∂Ω, T > 0. Put Q := Ω × (0, T ),
Σ0 := Γ0 × (0, T ), Σ1 := Γ1 × (0, T ). For r ∈ L∞(Ω), r(x) ≥ 1
for a.e. x ∈ Ω, Lr(·)(Q) is a generalized Lebesgue space, which con-
sists of the functions v ∈ L1(Q) such that ρr(v) < ∞, where ρr(v) :=∫∫
Q
|v(x, t)|r(x) dxdt. This is a Banach space with respect to the norm

||v||Lr(·)(Q) := inf{λ > 0 | ρr(v/λ) ≤ 1}.
Let p = (p0, . . . , pn) : Ω → Rn+1 be a measurable function such that

pj(x) > 1 for a.e. x ∈ Ω. Denote by W 1,0
p(·)(Q) a space of functions

w ∈ Lp0(·)(Q) such that wx1 ∈ Lp1(·)(Q), . . . , wxn ∈ Lpn(·)(Q), with the

norm ||w||W 1,0
p(·)(Q) := ||w||Lp0(·)(Q)+

∑n
i=1 ||wxi ||Lpi(·)(Q). Define W̃ 1,0

p(·)(Q)

be the subspace of the space W 1,0
p(·)(Q) that is the closure of C̃1,0(Q) :={

w ∈ C(Q)
∣∣ wxi ∈ C(Q) (i = 1, n), w|Σ0 = 0

}
in W 1,0

p(·)(Q).

The modeling case of considered problem is finding function u ∈
W̃ 1,0
p(·)(Q) ∩ C ([−τ0, T ];L2(Ω)) such that

ut−
n∑
i=1

(
|uxi |pi(x)−2uxi

)
xi
+|u|p0(x)−2u+

t∫
t−τ(t)

c(x, t, s)u(x, s)ds =f in Q,

u
∣∣∣
Σ0

= 0,
n∑
i=1

|uxi |pi(x)−2uxiνi(x)
∣∣∣
Σ1

= 0, u = u0 on Ω× [−τ0, 0].

Here τ : [0, T ] → R is continuous function such that τ(t) ≥ 0 for all
t ∈ [0, T ], τ0 :=− inf

t∈[0,T ]
(t−τ(t)), and c : Q×[−τ0, T ]×R → R, f : Q→ R,

u0 : Ω× [−τ0, 0] → R are given real-valued functions.
Under certain additional conditions on the data-in, the existence and

uniqueness of the weak solution of this problem are proved. The estimate
of this solution is obtained.
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AN INVERSE PROBLEM FOR A 2D PARABOLIC
EQUATION

We consider an inverse problem for an anisotropic heat equation

ut = a(y, t)uxx + b(x, t)uyy + f(x, y, t), (x, y, t) ∈ QT (1)

with initial, boundary and overdetermination conditions

u(x, y, 0) = φ(x, y), (x, y) ∈ D, (2)

u(0, y, t) = µ1(y, t), u(h, y, t) = µ2(y, t), (y, t) ∈ [0, l]× [0, T ], (3)

u(x, 0, t) = µ3(x, t), u(x, l, t) = µ4(x, t), (x, t) ∈ [0, h]× [0, T ], (4)

a(y, t)ux(0, y, t) = µ5(y, t), (y, t) ∈ [0, l]× [0, T ], (5)

b(x, t)uy(x, 0, t) = µ6(x, t), (x, t) ∈ [0, h]× [0, T ], (6)

whereD := {(x, y) : 0 < x < h, 0 < y < l}, QT := D×(0, T ), a(y, t), b(x, t)
– unknown coefficients.

Suppose that the following assumptions hold:
(A1) φ ∈ C2+γ(D), µi ∈ C2+γ,1+γ/2([0, l] × [0, T ]), i ∈ {1, 2}, µk ∈

C2+γ,1+γ/2([0, h] × [0, T ]), k ∈ {3, 4}, µ5 ∈ Cγ,γ/2([0, l] × [0, T ]), µ6 ∈
Cγ,γ/2([0, h]× [0, T ]), f ∈ Cγ,γ/2(QT );

(A2) φx(x, y) > 0, φy(x, y) > 0, (x, y) ∈ D,µ5(y, t) > 0, (y, t) ∈
[0, l]× [0, T ], µ6(x, t) > 0, (x, t) ∈ [0, h]× [0, T ];

(A3) consistency conditions of the zero and the first order.
Conditions of existence and uniqueness of solution are given by the

following theorems:
Theorem 1. Suppose that the assumptions (A1)-(A3) hold. Then

for some T0 ∈ (0, T ] there exists a solution of the problem (1)-(6) in the
space ∈ Cγ,γ/2([0, l]× [0, T0])×Cγ,γ/2([0, h]× [0, T0])×C2+γ,1+γ/2(QT0

),
a(y, t) > 0, (y, t) ∈ [0, l]× [0, T0], b(x, t) > 0, (x, t) ∈ [0, h]× [0, T0].

Theorem 2. Suppose thatm5(y, t) ̸= 0, (y, t) ∈ [0, l]×[0, T ],m6(x, t) ̸=
0, (x, t) ∈ [0, h]× [0, T ]. Then a solution of the problem (1)-(6) is unique.

64



Stepan Ivashyshen

National Technical University ”KPI”
ivasyshen sd@mail.ru

LIFE AND WORK OF PROFESSOR S. D. EIDELMAN

On June 8, 2005, the life path of S.D.Eidelman has broken. He was
85 years old, a famous Ukrainian mathematician, Doctor of Science, pro-
fessor, who graduated from Chernivtsi University. He was the head of
the department of differential equations in this university and became a
founder of well known scientific school in partial differential equations.

Life and work of S.D.Eidelman are shortly described in this lecture.
Detailed information about the life, main achievements of S.D.Eidelman

and memories about him may be found in books [1, 2].

1. Ivashyshen S. Samuil Davidovich Eidelman. Life path. Main achieve-
ments (Chernivtsi, 2006) (in Ukrainian)

2. Ivasyshen S. Memories of Samuil Davidovich Eidelman (Chernivtsi,
2008) (in Ukrainian)
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ON PARABOLIC INITIAL PROBLEMS OF
SOLONNIKOV–EIDELMAN

The class of parabolic systems of partial differential equations, which
generalize the known classes of systems, which are parabolic by S. Ei-
delman and V. Solonnikov is considered. The setting of initial problems
is described for this class, namely, the Solonnikov-Eidelman parabolic
initial problems (SEPIP). Their feature is that the initial conditions are
specified with the usage of the matrix differential expression, which must
satisfy the relevant conditions of conjugation.

The main results on SEPIP concerning the correct solvability of these
problems in the Hölder spaces of rapidly growing functions and the analo-
gous results for more narrow class of such problems in the corresponding
Sobolev-Slobodeckij spaces are presented in papers [1] and [2] respec-
tively. The proof of the corresponding theorem is carried out under the
scheme: reducing SEPIP to the problem with zero initial data, which
have the unique solution in a thin layer and appropriate estimates of
their solutions and based on a detailed study of the structure and prop-
erties of regularizer for this problem. The regularizer is constructed using
the operators that solve the corresponding SEPIP with constant coeffi-
cients and which contain only a group of the leader members of both the
system and the initial condition (a model SEPIP). Solutions of the model
SEPIP are expressed through the potentials which generated by the fun-
damental solution of a parabolic by Eidelman equation of an arbitrary
order with constant coefficients.

1. Ivasyshen S., Ivasyuk H. Correct solvability for parabolic initial
problems of Solonnikov-Eidelman, Ukrainian Mat. J., 61:5 (2009),
650–671. (in Ukrainian)

2. Ivasyshen S., Ivasyuk H. On correct solvability for parabolic ini-
tial problems of Solonnikov-Eidelman in generalize Sobolev spaces,
Dop. NANU, 10 (2010), 11–14. (in Ukrainian)
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PROBLEM FOR THE NONHOMOGENEOUS
EVOLUTION EQUATION OF THE SECOND ORDER
WITH HOMOGENEOUS INTEGRAL CONDITIONS

Let H be a linear space and A be a given linear operator acting in it
(A : H → H). Arbitrary powers Aj , j = 2, 3, . . ., are also defined in H.

We consider the following problem:[
d2

dt2
− 2a(A)

d

dt
+ a2(A)

]
U(t) = f(t), (1)

T∫
0

U(t)dt = 0,

T∫
0

tU(t)dt = 0, (2)

where a(A) is a linear operator with entire symbol a(λ), U : [0, T ] → H
is an unknown vector-function, f : [0, T ] → H is a given vector-function
from N , i.e. can be represented in the form of a certain Stieltjes integral
over a certain measure.

We show that in this case the solution of problem (1), (2) is also
expressed in a similar form. We also extend the proposed method to the
case of the problem with homogeneous time integral conditions for PDE
of second order in time and, in general, infinite order in spatial variable
(this representation could also be obtained by means of the differential-
symbol method [1]).

1. Kalenyuk P., Nytrebych Z. Generalized scheme of separation of vali-
ables. Differential-symbol method (Lviv, 2002) (in Ukrainian)

67



Olena Karlova

Yuriy Fedkovych National University, Chernivtsi
maslenizza.ua@gmail.com

ON LOCALLY CONNECTED BAIRE-ONE RETRACTS

A subset E of a topological space X is a retract of X if there exists
a continuous mapping r : X → E such that r(x) = x for all x ∈ E.
Different modifications of this notion in which r is allowed to be discon-
tinuous were considered in [1, 2]. The author introduced in [3] the notion
of B1-retract: a subset E of a topological space X is called a B1-retract
of X if there exists a sequence of continuous mappings rn : X → E such
that rn(x) → r(x) for all x ∈ X and r(x) = x for all x ∈ E; the mapping
r : X → E is called a B1-retraction of X onto E;

The following result was obtained in [3].
Theorem 1. Let X be a completely metrizable space and let E be an

arcwise connected and locally arcwise connected Gδ-subspace of X. Then
E is a B1-retract of X.

It is natural to ask is any arcwise connected Gδ-subspace E of a
completely metrizable space X is a B1-retract of this space?

We will denote by LC(X) the set of all points of local connectedness
of X.

Theorem 2. Let X be a locally connected Baire space and E be a
metrizable B1-retract of X. Then the set E\LC(E) is of the first category
in X. If, moreover, X has a regular Gδ-diagonal and E is dense in X
then LC(E) is a dense Gδ-subset of X.

The following example gives the negative answer to the posed ques-
tion.

Example. Let I be the set of all irrational numbers and X = I∩[0, 1].
Define E = {(xt, t) : x ∈ X, t ∈ [0, 1]}. Then E is not a B1-retract of R2.

1. Pawlak R., On some characterization of Darboux retracts, Top.
Proc. 17 (1992), 197–204.

2. Roush F., Gibson R., Kellum K. Darboux retracts, Proc. Amer.
Math. Soc., 79 (1980), 491–494.

3. Karlova O. Extension of continuous functions to Baire-one func-
tions, Real Anal. Exchange 36:1 (2011), 149–160.
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THE IMLICIT FUNCTION THEOREM FOR
SYSTEM OF INEQUALITIES

Consider strictly differentiable functions fi(x, y), i ∈ [1 : k] on the
space Rn+m, where x ∈ Rn, y ∈ Rm.

Suppose (x0, y0) ∈ Rn+m is a point and fi(x0, y0) ≤ 0, i ∈ [1 : k].
Denote

I(x0, y0) = {i ∈ [1 : k] : fi(x0, y0) = 0}.

Set

K = {(x, y) ∈ Rn+m :

(
∂fi(x0, y0)

∂x
, x

)
+

(
∂fi(x0, y0)

∂y
, y

)
≤ 0, i ∈ [1 : k]},

D(x) = {y ∈ Rm : (x, y) ∈ K}.

Theorem. Assume that the above mentioned conditions hold and
there existes a vector w ∈ Rm such that(

∂fi(x0, y0)

∂y
,w

)
< 0, i ∈ I(x0, y0).

Then for any vector (x̂, ŷ) ∈ K there exists a continous mapping y :
Rn → Rm defined in some neighborhood V of the point x0 such that
a) fi(x, y(x)) ≤ 0, i ∈ [1 : k], x ∈ V, y(x0) = y0,
b) the derivative of the mapping y

′
(x0, x) at x0 exists along with arbitrary

direction x ∈ Rn and y
′
(x0, x̂) = ŷ, y

′
(x0, x) ∈ D(x), x ∈ Rn.

1. Pshenicnii B. Convex analysis and extremal problems, (Moscow,
1982) (in Russian)

2. Oben J., Ekland I. Applicable nonlinear analysis (Moscow, 1988)
(in Russian)

3. Michael E. Continuous selections Ann., of Math., 63 (1956), 281–
361.
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BASIS PROPERTIES OF SYSTEMS OF THE BESSEL
AND MITTAG-LEFFLER-TYPE FUNCTIONS

Let Jν(x) =
∑∞
k=0

(−1)k(x/2)ν+2k

k!Γ(ν+k+1) be Bessel’s function of the first kind

of order ν and Eρ(z;µ) =
∑∞
k=0

zk

Γ(µ+k/ρ) be the Mittag-Leffler-type func-

tion of order ρ. It is well known the following statement: Let ν > −1
and (ρk : k ∈ N) be a sequence of positive zeros of Jν . Then the system
(
√
xρkJν(xρk) : k ∈ N) forms a basis in L2(0; 1).
Let χ ∈ R and Sχ be the class of entire functionsG of exponential type

σ ≤ 1 satisfying the following conditions (see [1]): a) c1(1 + |z|)χe|ℑz| ≤
|G(z)| ≤ c2(1 + |z|)χe|ℑz| if |ℑz| ≥ s0 for some s0 > 0; b) G has an
infinite number of roots {ρk : k ∈ Z \ {0}}, all the roots are simple and
different from zero; c) inf{|ρk − ρn| : k ̸= n} > 0; d) c3(1 + |z|)χe|ℑz| ≤
|G(z)| ≤ c4(1 + |z|)χe|ℑz| if z /∈ ∪{z : |z − ρk| < δ} for some δ > 0; e)
|G′(ρk)| ≥ c5(1 + |ρk|)χ; f)

∑
k∈Z\{0}(1 + |ρk|)−α < +∞ for each α > 1.

Here by cj we denote positive constants. We obtain the following result.
Theorem [2]. Let ν ≥ −1/2, χ = −ν − 1/2 and (ρk : k ∈ N) be a

sequence of complex numbers such that ρ2k ̸= ρ2n for k ̸= n. If the sequence
(ρk : k ∈ Z \ {0}), ρ−k := −ρk, k ∈ N, is a sequence of zeros of some
even function G ∈ Sχ, then the system (

√
xρkJν(xρk) : k ∈ N) forms a

basis in L2(0; 1). Moreover, if ν ∈ [−1/2; 1) and µ = ν + 3/2, then the
system (

√
tρkJν(tρk) : k ∈ N) forms a basis for the space L2(0; 1) if and

only if the system (tν+1/2E1/2(−t2zk;µ) : k ∈ N), zk := ρ2k, is a basis in
this space.

1. Raphaelian S. Interpolation and bases in weighted classes of entire
functions of exponential type, Izv. Nats. Akad. Nauk Armenii.
Mat., 18:3 (1983), 167–186. (in Russian)

2. Vynnyts’kyi B., Khats’ R. Remarks on basis property of systems
of Bessel and Mittag-Leffler-type functions, Izv. Nats. Akad. Nauk
Armenii. Mat. (to appear, in Russian)

3. Vynnyts’kyi B., Khats’ R. Completeness and minimality of systems
of Bessel functions, Ufa Math. J., 5:2 (2013), 132–141.
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MULTIPOINT PROBLEM FOR STRONG LOADED
HYPERBOLIC EQUATIONS

Let n ∈ N, Ωp = (R/2πZ)p, x = (x1, . . . , xp), k = (k1, . . . , kp) ∈
Zp, |k| = |k1| + . . . + |kp|, D = (−i∂x1 , . . . ,−i∂xp), L(∂t, D) ≡ ∂nt +∑n−1
j=0

∑
|s|=n−j a(j,s)D

s∂jt be a strongly hyperbolic differential expres-

sion, a(j,s) ∈ R, Ds = ∂|s|/(∂xs1 . . . ∂xsp), Hα (α ∈ R) be a space
of the trigonometric series φ =

∑
φk exp(ik, x) for which the norm

∥φ(x);Hα∥ =
√ ∑
k∈Zp

|φk|2(1 + |k|)2α is a finite.

We consider the problem

L (∂t, D)u(t, x) = F (t, x) +N(D)[u(t, x)], t ∈ (0;T ), x ∈ Ωp,

u(tj , x) = φj(x), j = 1, n, x ∈ Ωp,
(1)

whereN(D)[u(t, x)] =
m∑
j=1

n−1∑
r=0

∑
|s|≤M

bsjrD
s∂rt u(t, x)|t=τr,j ,M < n, τr,j , j =

1,m, q = 1,m and tj , j = 1,m, are different points from (0;T ).
Let λq(k), q = 1, n, be the λ-roots of equation L(λ, k) = 0, k ∈ Zp,

yqk(t) = tq−1, q = 1, n, if k = 0⃗, yqk(t) = exp (iλq(k)t), q = 1, n, if

k ̸= 0⃗, ∆(k) = det ∥yqk(tj)∥nj,q=1, k ∈ Zp, Γ(k) = 1−N(k)[
∫ T
0
Gk(t, τ)dτ ],

k ∈ Zp, where Gk(t, τ) is the Green function of the multipoint problem
L(d/dt, k)y(t) = f(t), y(tj) = 0, j = 1, n.

Theorem. Suppose that the inequalities |∆(k)| ̸= 0, |Υ(k)| ̸= 0
are satisfied for all k ∈ Zp and suppose that constants ω1, ω2 and γ
exist such that for all (except a finite number) vectors k ∈ Zp the fol-
lowing inequalities |∆(k)| ≥ (1 + |k|)−ω1 , |Γ(k)| ≥ (1 + |k|)−ω2 and
|
∑

|s|=n a(0,s)k
s1
1 · . . . · kspp | ≥ (1+|k|)−γ are hold. If F ∈ C([0;T ],Hη−2),

φj ∈ Hη−1, j = 1, n, η = α+2ω1+ω2+γ+2n+M , then the unique solu-
tion of the problem (1) exists in the space C([0;T ],Hα) and continuously
depends on F (t, x) and φj(x), j = 1, n.
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ASYMPTOTICALLY OPTIMAL CONTROL IN
DISCRETE PROBLEM WITH VARIABLE DELAY

The optimal control problem is described by a system of discrete
equations with variable delay and the terminal quality criterion

xi+1 = xi + ε ·
[
f
(
i, xi, xs(i)

)
+A

(
xi, xs(i)

)
· φ
(
i, ui, uss(i)

)]
, x0 = x0,

J (u) = Φ (xN ) → min
u⊂U

.

Here xi ∈ D ⊂ Rn is a state of the system, i ∈ I = {0, 1, 2, ..., N}
is time of the system, N = E

(
Lε−1

)
, L = const, E (c) is the integer

part of c, ε > 0 is a small parameter, ui ∈ U ⊂ comp (Rr) is a control
of the compact subset U . The functions s (i) ∈ Is = {0, 1, 2, ..., i} and
ss (i) ∈ Is = {0, 1, 2, ..., i} describe the state delay and control delay.

Let the limits

f0
(
w1, w2

)
= lim
h→∞

1

h

q+h−1∑
j=q

f
(
j, w1, w2

)
, V = lim

h→∞

1

h

q+h−1∑
j=q

φ ( j, U, U).

exist evenly on the q ≥ 0, w1, w2 ∈ D.
Then the averaged optimal control problem may be described by a

system of the discrete equations and the terminal quality criterion in
slow time

ξk+1 = ξk + εh ·
[
f0
(
ξk, ξm(k)

)
+A

(
ξk, ξm(k)

)
· vk
]
, ξ0 = x0,

J0 (v) = Φ (ξNk) → min
v⊂V

,

k ∈ Ik = {0, 1, 2, ..., Nk} , Nk = E

(
L

εh

)
, m (k) = E

(
s (kh)

h

)
.

The asymptotically optimal control of the original problem is con-
structed on the optimal control of the averaged problem.
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INVERSE PROBLEM FOR A PARABOLIC EQUATION
WITH A NONLOCAL OVERDETERMINATING

CONDITION

The inverse problem of finding a solution pair (a(t), u(x, t)) of the
parabolic equation:

ut = a(t)uxx + b(x, t)ux + c(x, t)u+ f(x, t), (x, t) ∈ QT (1)

u(x, 0) = φ(x), x ∈ [0, h], (2)

u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ] (3)

ν1(t)ux(0, t) + ν2(t)ux(h, t) = µ3(t), t ∈ [0, T ], (4)

is investigated in the domain QT := {(x, t) : 0 < x < h, 0 < t < T}.
The following theorems are proved.
Theorem 1. Under the conditions

(A1) b, c, f ∈ C1,0(QT ), φ ∈ C2([0, h]), µ1, µ2, µ3, ν1, ν2 ∈ C1([0, T ]);
(A2) φ′′(x) > 0, x ∈ [0, h], ν1(t) < 0, ν2(t) > 0, ν1(t) + ν2(t) > 0,

µ3(t)− ν1(t)+ν2(t)
h (µ2(t)−µ1(t)) > 0, b(0, t) > 0, µ′

1(t)−c(0, t)µ1(t)−
−f(0, t) − b(0,t)µ3(t)

ν2(t)+ν1(t)
> 0, b(h, t) > 0, µ′

2(t) − c(h, t)µ2(t) − f(h, t) −
− b(h,t)µ3(t)
ν2(t)+ν1(t)

> 0, t ∈ [0, T ];

(A3) φ(0) = µ1(0), φ(h) = µ2(0), ν1(0)φ
′(0)+ν2(0)φ

′(h) = µ3(0)
the problem (1)-(4) has at least one solution (a, u) ∈ C([0, t∗])×C2,1(Qt∗),
where t∗ ∈ (0, T ] is determined from the initial data.

Theorem 2. If b, c ∈ Cα,0(Qt∗) and the condition (A2) holds, the
solution of the problem (1)-(4) is unique in C([0, t∗])× C2+α,1(Qt∗).

In the proof of Theorem 1, the theory of Green’s functions is utilized to
reformulate problem (1)-(4) as an equivalent system of integral equations.
The Schauder fixed point theorem is used to prove the existence of its
solution.

In Theorem 2, the problem (1)-(4) is again reduced to a system of
integral equations and the uniqueness of the solution is obtained due to
properties of Volterra integral equations of the second kind with inte-
grable kernels.
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BIFURCATION ANALYSIS OF BOUNDARY VALUE
HYPERBOLIC PROBLEMS

In the talk, we will concentrate on boundary value problems for gen-
eral one-dimensional semilinear first-order hyperbolic systems. We state
conditions for Hopf bifurcation [1], i.e., for existence, local uniqueness
(up to phase shifts), smoothness and smooth dependence on control pa-
rameters of time-periodic solutions bifurcating from the zero stationary
solution. The proof is done by means of a Lyapunov-Schmidt reduction
procedure, where the Fredholm property of the linearization [2] and a gen-
eralized implicit function theorem [3] are essentially used. The problem of
small denominators arising here is prevented by a certain non-resonance
condition formulated in terms of some coefficients of PDEs and bound-
ary conditions. It should be noted that, among others, the question if a
non-degenerate time-periodic solution depends smoothly on the system
parameters is much more delicate for hyperbolic PDEs than in the case
of parabolic PDEs or ODEs.

This is a joint work with Lutz Recke.

1. Kmit I., Recke L. Hopf bifurcation for semilinear dissipative hyper-
bolic systems, J. Differ. Equations 257 (2014), 264–309.

2. Kmit I., Recke L. Periodic solutions to dissipative hyperbolic sys-
tems. I: Fredholm solvability of linear problems, Preprint 999
(2013) DFG Research Center Matheon.

3. Kmit I., Recke L. Solution regularity and smooth dependence for
abstract equations and applications to hyperbolic PDEs (2014).
http://arxiv.org/abs/1411.5562
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FREDHOLMNESS OF DISSIPATIVE BOUNDARY VALUE
PROBLEMS FOR FIRST-ORDER HYPERBOLIC

SYSTEMS

We investigate a large class of linear boundary value problems for
the general first-order one-dimensional hyperbolic systems in the strip,
namely

∂tuj+aj(x, t)∂xuj+
n∑
k=1

bjk(x, t)uk = fj(x, t), (x, t) ∈ (0, 1)×R, j ≤ n,

(1)
uj(0, t) = (Ru)j(t), 1 ≤ j ≤ m, t ∈ R,

uj(1, t) = (Ru)j(t), m+ 1 ≤ j ≤ n, t ∈ R,
(2)

where R = (R1, ..., Rn) is a linear bounded operator in the space of
bounded and continuous functions.

We state natural conditions on the data such that the operators of the
problems satisfy the Fredholm alternative theorem in the spaces of con-
tinuous and bounded functions. Crucial for our analysis is a dissipativity
condition formulated in terms of the data responsible for the bijective
part of the Fredholm operator. We state the dissipativity condition in
terms of coefficients of the differential and the diagonal zero-order parts
of the hyperbolic systems as well as the boundary data. We provide sharp
dissipative (non-resonance) conditions in the case of reflection boundary
conditions.
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SOME NEW RESULTS FOR BERNOULLI
POLYNOMIALS AND CAUCHY POLYNOMIALS

The integral values of Bernoulli polynomials are expressed in terms of
r-Stirling numbers of the second kind, and the integral values of Cauchy
polynomials are expressed in terms of r-Stirling numbers of the first kind.
Several relations between the integral values of Bernoulli polynomials and
those of Cauchy polynomials are obtained in terms of r-Stirling numbers
of both kinds. We also define q-multiparameter-Bernoulli polynomials
and q-multiparameter-Cauchy polynomials by Jackson’s integrals, and
investigate their properties connected with usual Stirling numbers and
weighted Stirling numbers. We also give the relations between general-
ized poly-Bernoulli polynomials and two kinds of generalized poly-Cauchy
polynomials.

1. Broder A. Z. The r-Stirling numbers, Discrete Math., 49 (1984),
241–259.

2. Cenkci M. and Komatsu T. Poly-Bernoulli numbers and polynomi-
als with a q parameter, J. Number Theory, 152 (2015), 38–54.

3. Kamano K. and Komatsu T. Poly-Cauchy polynomials, Mosc. J.
Comb. Number Theory, 3 (2013), 183–209.

4. Komatsu T. Poly-Cauchy numbers, Kyushu J. Math., 67 (2013),
143–153.

5. Komatsu T. Poly-Cauchy numbers with a q parameter, Ramanujan
J., 31 (2013), 353–371.

6. Komatsu T. q-poly-Bernoulli numbers and q-poly-Cauchy numbers
with a parameter by Jackson’s integrals, arXiv:1503.08394.

7. Komatsu T. and Shibukawa G. Poly-Cauchy polynomials and mul-
tiple Bernoulli polynomials, Acta Sci. Math. (Szeged), 80 (2014),
373–388.
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ON PASTING OF TWO DIFFUSION PROCESSES ON A
LINE WITH NONLOCAL CONJUGATION CONDITION

OF THE FELLER-WENTZELL TYPE

The problem of pasting of two one-dimensional processes with differ-
ent variants of general conjugation condition of Feller-Wentzell type [1]
that includes integral term, was studied by us in the paper [2]. For the
investigation we have used an analytical approach according to which the
problem of existence of required Feller semigroup that generates sought-
for process is narrowed down to solution of a corresponding conjugation
problem for a linear parabolic equation of second kind with break in past-
ing point. As for the last problem, the parabolic conjugation problem,
it’s classical solvability was ascertained by us using boundary integral
equations method with help of simple-layer potential.

A problem of existence of transition probability density that corre-
sponds to described processes is studied here. It is known that solution
of the problem is directly linked to the possibility of solving mentioned
parabolic conjugation problems using Green’s function method [3].

1. Langer H., Schek W. Knotting of One-Dimensional Feller Processes
Mathematische Nachrichten 113 (1983). 151–161.

2. Kononchuk P., Kopytko B. Operator Semigroups That Describe a
Feller Process On The Line, Which is The Result of Pasting To-
gether Two Diffusion Processes, Theory Stoch. Proces., 84, (2012),
87–97.

3. Ivasyshen S. D., Green Matrices of Parabolic Boundary Problems.
(Kyiv, Vyshcha Skola, 1990) (in Russian)
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ON THE TWO-PARAMETER FELLER SEMIGROUP
THAT CORRESPONDS TO THE MULTIDIMENSIONAL
NONHOMOGENEOUS DIFFUSION PROCESS WITH

THE GENERALIZED DRIFT VECTOR
AND DIFFUSION MATRIX

Diffusion processes with generalized drift vector and diffusion matrix
in particular appear while solving a so called problem of pasting of two
diffusion processes in finite-dimensional euclidian spaces when general
Wentzel conjugation condition is given on a hypersurface of breach of
initial diffusion characteristics of the process [1]. Processes of this kind
can be a mathematical model for a diffusion in a media with a membrane
(see [2]).

One of special cases for pasting of two multidimensional diffusion
processes problem was studied by us earlier in paper [3]. There we had
assumed that the medium where the diffusion process is considered has
homogeneous diffusion characteristics and those characteristics together
with diffusion coefficients from Wentzel boundary conditions depends
only on space variable. An analytical approach with use of classical
potential theory was used to solve the problem. Now the result of paper
[3] is generalized for a case when all the parameters of the problem are
dependent on space and time variables. This means that sought processes
will be nonhomogeneous with respect to time variable.

1. Wentzel A. On Boundary Conditions For Multidimensional Diffu-
sion Processes. Theory Probab. Appl., 4:2, (1959), 172-185.

2. Portenko M. Diffusion Processes in Media With Membranes. Trudy
Inst. Mat. NAN Ukr. 10 (Kyiv, 1995) (in Ukrainian)

3. Kopytko B., Novosyadlo A. Analytical Model for Generalized Diffu-
sion Process with Membrane that is Located on a Curved Surface,
Nauk. Visn. Chernivetskoho Nat. Univ., 1-2:1 (2011), 64–75. (in
Ukrainian)
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ON EXISTENCE AND UNIQUENESS OF SOLUTION OF
THE NONLOCAL CONJUGATION PROBLEM FOR A
PARABOLIC EQUATION WITH DISCONTINUOUS

COEFFICIENTS

In the report we introduce the results concerned with an application
of the method of potential theory to solution of the conjugation problem
for the one-dimensional (with respect to spatial variable) linear parabolic
equation of the second order with discontinuous coefficients assuming that
different variants of the nonlocal Feller-Wentzell conjugation condition [1]
are given on the curve of discontinuity of the equation coefficients. Note
(see, for instance, [2]) that the parabolic conjugation problem with the
Feller-Wentzell conjugation condition arises particularly in the theory of
stochastic processes in investigation og the so-called problem of pasting
together the two diffusion processes on a line using analytical methods.

The classical solvability of the problem described here is established
for the first time by the boundary integral equations method with the
use of the ordinary simple-layer potential under some conditions on its
output data. The application of obtained results in studying the already
mentioned problems of the theory of diffusion processes is also considered.

1. Langer H., Schenk W. Knotting of one-dimensional Feller processes,
Math. Nachr., 113 (1983), 151–161.

2. Kopytko B., Shevchuk R. On pasting together two inhomogeneous
diffusion processes on a line with the general Feller-Wentzell conju-
gation condition, Theory of Stochastic Processes, 17:2 (2011), 55–
70.
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INITIAL BOUNDARY VALUE PROBLEMS FOR THE
SECOND ORDER PARABOLIC EQUATION WITH

THE WENTZELL TYPE BOUNDARY AND
CONJUGATION CONDITIONS

We investigate the conjugation problems for the second order lin-
ear parabolic equation in non-cylindrical bounded domains of the finite-
dimensional Euclidean space under the assumption that on the common
part of domains boundaries Wentzell type conjugation condition [1,2] is
given. Besides the first order derivatives with respect to spatial vari-
ables, this condition contains the derivative with respect to time vari-
able and the second order derivatives with respect to tangent directions.
Concerning the boundary conditions given on the external part of the
boundary of one of the domains, we consider here different variants of
general Wentzell type boundary condition. The classical solvability of
these boundary value problems is established in Hölder spaces by the
boundary integral equations method with the use of the ordinary simple-
layer potential. We also study the problem on application of the obtained
results to construction of integral representations of two-parameter oper-
ator semigroups describing the diffusion processes in medium with sticky
membranes placed on a fixed surfaces [3].

1. Wentzell A. On boundary conditions for multidimensional diffusion
processes, Probab. Theory Appl., 15:2, (1959), 172–185 (in Rus-
sian).

2. Dynkin E. Markov Processes (Moscow, 1963) (in Russian).

3. Portenko M. Diffusion processes in media with membranes (Kyiv,
1995) (in Ukrainian).
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ESTIMATES OF EQUIMEASURABLE
REARRANGEMENTS OF FUNCTIONS IN TERMS OF

THE RELATIVE MEAN OSCILLATION

An estimate of the equimeasurable rearrangement of a function in
terms of relative integral mean oscillations is obtained. This estimate
implies the known Gurov-Reshetnyak Lemma and its generalizations on
the case of the Orlicz classes. In addition, it enables us to obtain esti-
mates on the uniform modulus of continuity of a function by its mean
oscillations, and also some other results.
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ON SIMULTENEOUS DIOPHANTINE APPROXIMATION
AND THE PROBLEM OF SMALL DIVISORS

One of the applications of the Diophantine approximation is the solv-
ing of the problem of small divisors in partial differential equations [1].
Recently, mathematicians from Vladimirov’s school have proposed a new
line of research which consists in consideration of the problem in the field
Qp of p-adic numbers. We obtain the result on simultaneous Diophan-
tine approximation in regard to the Archimedean and non-Archimedean
valuations.

Let P = P (t) = ant
n + · · · + a1t + a0 ∈ Z[t], an ̸= 0. Assume

that H = max(|an|, . . . , |a0|) increases. Let pj ≥ 2 be different prime
numbers, Qpj be the field of pj-adic numbers, |·|pj be the pj-adic valuation
(j = 1, 2, 3). Let O = R × C ×

∏3
j=1 Qpj . We define a measure µ in O

as a product of the Lebesque measure µ1 in R, the Lebesque measure
µ2 in C and the Haar measure µj in Qpj (j = 1, 2, 3). Let Ψ : N →
R+ be a monotonic decreasing function, Λ = (λ1;λ2;λ31, λ32, λ33) and
V = (v1; v2; v31, v32, v33) be nonnegative vectors in R5. We consider the
system of inequalities

|P (x)| < H−v1Ψ(H)λ1 , |P (z)| < H−v2Ψ(H)λ2 ,

|P (ωj)|pj < H−v3jΨ(H)λ3j (j = 1, 2, 3) (1)

where (x; z;ω1, ω2, ω3) ∈ O, v1 + 2v2 + v31 + v32 + v33 = n − 4 and
λ1 + 2λ2 + λ31 + λ32 + λ33 = 1.

Let Mn(V,Ψ,Λ) be a set of points in O such that the system (1)
has infinitely many solutions in the polynomials P . Using Sprindẑuk’s
method of the essential and nonessential domains we prove

Theorem. If n ≥ 4 and
∑∞
H=1 Ψ(H) <∞ then

µ(Mn(V,Ψ,Λ)) = 0.

1. Ptashnyk B., Ilkiv V., Kmit I., Polishchuk V. Nonlocal boundary
value problems for partial differential equations (Kyiv, 2002).
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RESIDUAL STRUCTURAL AND STRESS STATE OF
THE STEEL PLATES STIPULATED BY MOVING

DISTRIBUTED HEAT SOURCES

The problems of the mechanics of deformable solid for definition and
optimization of residual stresses and phase distributions in thin low-
carbon low-alloyed steel plates subjected to high-temperature heating
system of moving distributed heat sources are formulated.

Method and parametric optimization problems of moving distributed
heat sources relatively to percentage of martensite content (with mini-
mum criterion of maximum martensite content) with decreasing values
of residual stress to improve the plastic properties of heat affected zone
the is proposed.

On this basis, heating features in the presence of one (main) source
and one additional in various (including optimal) their localization cen-
ters and power parameters is analyzed.

On the analysis of the obtained solutions a number of new laws in
the distribution of residual stresses and phase components in the plate
at different thermal parameters of the heating mode are defined.
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AVERAGING METHOD IN THE MULTIFREQUANCY
NOETHER BOUNDARY PROBLEMS

The averaging method for extensive classes of multifrequency prob-
lems was justified in the works of A.Samoilenko and R.Petryshyn [1]. The
Noether boundary problems were analysed in [2]. Some questions of the
m-frequent Noether boundary problems were studied in [3].

Consider the multifrequancy system with linearly transformed argu-
ments and boundary conditions

da

dτ
= X(τ, aΛ, φΘ),

dφ

dτ
=
ω(τ)

ε
+ Y (τ, aΛ, φΘ),

A0a|τ=0 +A1a|τ=L = d1, B0φ|τ=0 +B1φ|τ=L = d2,

where λi and θj are numbers from semi-interval (0, 1], 0 < λ1 < · · · <
λr1 ≤ 1, 0 < θ1 < · · · < θr2 ≤ 1, aλi(τ) = a(λiτ), φθj (τ) = φ(θjτ),
aΛ = (aλ1 , . . . , aλr1 ), φΘ = (φθ1 , . . . , φθr2 ); a ∈ D, φ ∈ Rm, τ ∈ [0, L],
vector-functions X and Y are 2π-periodic with components φΘ; A0, A1

are constant (q1 × n)-matrixes q1 ≥ n; B0, B1 are constant (q2 × m)-
matrixes, q2 ≥ m; d1, d2 are the preset n- and m-vectors.

Together with the original problem, we consider the boundary-value
problem averaged over all angular variables. The solution of the averaged
problem is much simpler than the solution of the original problem.

In this report, we show that the averaging method can be efficiently
applied to analysis of the Noether boundary-value problem.

1. Samoilenko A. Petryshyn R. Multifrequency Oscillations of Non-
linear Systems (Springer, 2004)

2. Boichuk A., Samoilenko A. Generalized Inverse Operators and Fred-
holm Boundary Value Problems (Boston, 2004)

3. Berezovska I., Bihun Ya. Averaging in Multifrequancy Differen-
tial Equation System with Linearly Transformed Arguments and
Noether Boundary Conditions, Math. and Comp. Model., 5 (2011),
10–19. (in Ukrainian)
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ON LINEAR EXTENDERS AND LINEAR
HOMEOMORPHISMS OF FUNCTION SPACES

For a Tychonoff space X we denote by Cp(X) the space of the continuous
real valued functions on X in the topology of the pointwise convergence.
We say that a subspace Y of X is l-embedded in X if there exists a
continuous linear mapping φ : Cp(Y ) → Cp(X) such that φ(g)|Y = g for
all g ∈ Cp(Y ). Topological spaces X and Y are called l-equivalent if
linear topological spaces Cp(X) and Cp(Y ) are linearly homeomorphic.

Theorem 1. Let X and Y be closed subspaces of topological space
X ∪ Y such that X ∩ Y is l-embedded in X ∪ Y . Then

X ⊕ Y
l∼ (X ∪ Y )⊕ (X ∩ Y ).

Let Y be a subspace of a space X and ∼Y be an equivalence relation
defined on Y . We can extend this relation to the relation ∼X on X
putting x ∼X y if and only if x = y or x, y ∈ Y and x ∼Y y. Sometimes
we shall write ∼X instead of ∼Y .

Theorem 2. Let X be a space, K1, K2 its l-embedded subspaces such

that X/K1
l∼ X/K2. Let ∼1 and ∼2 be equivalence relations on K1 and

K2 respectively such that (K1/ ∼1)
l∼ (K2/ ∼2). Then (X1/ ∼1)

l∼
(X2/ ∼2).

We can modify theorems 1 and 2 for the spaces C∗
p (X) of continuous

real valued bounded functions by introducing the notions of l∗-equivalent
spaces and l∗-embedded subspaces.

1. Baars J., De Groot J., On Topological and Linear Equivalence of
Certain Function Spaces, CWI Tract, 86 (Amsterdam, 1992)
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ASYMPTOTIC STABILITY ANALYSIS OF THE
EULER–BERNOULLI BEAM MODEL

This talk is devoted to the study of a spectral problem

Aξ = λξ, (1)

where A is the infinitesimal generator of a C0-semigroup on the Hilbert

space X =
◦
H2(0, l) × L2(0, l) × R2. The problem (1) is obtained by

applying LaSalle’s invariance principle to the stability problem for the
Euler–Bernoulli beam model.

The asymptotic distribution of eigenvalues of A is described by the
following transcendent equation:

−m
8

(√
2 cos

(π
4
− µl

)
− cos(µ(l − 2l0))

) eµl
µ

+ o

(
eµl

µ

)
= 0, (2)

as µ→ +∞. Here µ = λ1/4 is the spectral parameter.
By studying the above equation, we establish the following limit dis-

tribution of eigenvalues:

lim
y→∞

lim
z→∞

n[y, y + z)

z
= 0, (3)

where n[y, y+ z) is the number of eigenvalues λ in the interval [y, y+ z).
We show that the system of eigenfunctions of A is linearly indepen-

dent. By applying the LaSalle invariance principle, we conclude that the
trivial solution of the corresponding Euler-Bernoulli equation is asymp-
totically stable.
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ON THE l-INDEX BOUNDEDNESS OF THE ENTIRE
RIDGE FUNCTONS

An entire function φ ̸≡ const is called the ridge provided if the in-
equality |φ(z)| ≤ |φ(iIm z)| holds for all z ∈ C.

Let Λ be a class of positive continuous functions on [0,+∞). If l ∈
Λ, an entire function f is called [1, p.5] a function of bounded l-index
provided there exists N ∈ Z+ such that

|f (n)(z)|
n!ln(|z|)

≤ max

{
|f (k)(z)|
k!lk(|z|)

: 0 ≤ k ≤ N

}
(1)

for all n ∈ Z+ and z ∈ C. If (1) holds for l(r) ≡ 1 then f is called a
function of bounded index.

Theorem. If an entire ridge function φ of finite order has only real
zeros and its positive zeros ak satisfy the condition a2k − a2k−1 ↗ +∞
as k → ∞ then φ is a function is of bounded l-index with l(r) = r for
r ≥ r0 > 0. The condition a2k − a2k−1 ↗ +∞ as k → ∞ can not be
replaced by the condition a2k − a2k−1 → +∞ as k → ∞.

Consider a function depicted finite transformation Laplace-Stiltyes

f(z) =

σ∫
−σ

ezxdv(x), (2)

when 0 < σ < +∞, and v – function of bounded variation on [−σ, σ].
If v(−σ) ̸= v(−σ + 0) and v(σ) ̸= v(σ − 0), then finite transformation
Laplace-Stiltyes (2) is a function of bounded index.

The class of entire functions of exponential type ≤ σ, bounded on the
real axis is called class S.N. Bernstein and denote Bσ.

1. Sheremeta M. Analytic functions of bounded index (Lviv, 1999)
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SCATTERING OF SH-WAVE BY ELASTIC FIBER OF
NONCANONICAL CROSS-SECTION WITH THIN

INTERFACE INHOMOGENEITY OF LOW RIGIDITY

The problem of interaction of a plane time-harmonic SH-wave with an
elastic fiber, when an interface thin inclusion of arbitrary thickness and
low stiffness is present between the infinite elastic matrix and the fiber,
is considered. The simplified asymptotically exact conditions of dynamic
contact of elastic media through the inclusions of low rigidity are used
[1]. The null field (T-matrix) method is applied for the solution of the
scattering problem. The method was originally developed for acoustic
scattering by Waterman, and has later been extended to the scattering
of waves in elastic solids by elastic fiber with thin interface crack [2, 3].
The square-root behaviour of the solution at the crack edge is explicitly
considered in these papers. In the present paper, the idea is realized for a
thin interface inclusion of low stiffness in a fiber-reinforced composite un-
der antiplane shear conditions, when unknown displacements and stresses
at the interface are expressed as infinite series trigonometric functions.
On this base, the scattering amplitudes in the far field for the different
fiber shapes, inclusion/matrix materials combinations, and directions of
wave incidence are studied.

1. Kunets Y., Matus V. Scattering SH-wave by elastic fiber of non-
canonical cross-section comprising a thin interphase layer, Physico-
Mathematical Modelling and Informational Technologies, 20 (2014),
132–139. (in Ukrainian)

2. Kunets Y. I., Matus V. V., Mykhas’kiv V. V. et al. Scattering of
a SH-wave by an elastic fiber of nonclassical cross section with an
interface crack, Mech. Composite Materials, 44 (2008), 165–172.

3. Matus V., Kunets Y., Mykhas’kiv V. et al. Wave propagation in
2-D elastic composites with partially debonded fibers by the null
field approach, Waves in Random and Complex Media, 19 (2009),
654–669.

88



Dozyslav Kuryliak, Victor Lysechko

Karpenko Physico-Mechanical Institute, Lviv
vtlysechko@gmail.com

FUNCTIONAL SERIES EQUATIONS FOR
THE ACOUSTIC AXIALLY-SYMMETRIC

WAVE DIFFRACTION
BY THE FINITE SOFT AND RIGID CONES

The problem of the acoustic wave diffraction by the finite soft (S)
and rigid (R) cones Q : {r ∈ (0, c1), θ = γ, φ ∈ [0, 2π)} is reduced to the
system of the functional series equations as follows:

∑
(zn)

x̄nPzn−1/2(η) + t(η)

−1≤η≤1

=


∑
(νp)

y
(1)
p Pνp−1/2(η), χ < η ≤ 1;∑

(µk)

y
(2)
k Pµk−1/2(−η), −1 ≤ η < χ;

(1)

∑
(zn)

x̄nPzn−1/2(η)
K ′
zn(ρ1)

Kzn(ρ1)
+ t1(η)

−1≤η≤1

=



∑
(νp)

y
(1)
p Pνp−1/2(η)

I ′νp(ρ1)

Iνp(ρ1)
χ<η≤1

;

∑
(µk)

y
(2)
k Pµk−1/2(−η)

I ′µk(ρ1)

Iµk(ρ1)
−1≤η<χ

.

(2)

Here x̄n, y
(1)
p , y

(2)
k are unknown coefficients; t(η), t1(η) are known func-

tions; ρ1 = sc1 (s = −ik, k is the wave number), c1 is the cone generator;
η = cos θ; χ = cos γ; {zn}∞n=1, {ξq}∞q=1 ∈ {νp}∞p=1

∪
{µk}∞k=1 are the

simple positive zeros and poles of the meromorphic functions

M(ν, γ) =
1

Γ(ν + 1/2)Γ(−ν + 1/2)

{
[Pν−1/2(χ)Pν−1/2(−χ)]−1, for S;

[−P 1
ν−1/2(χ)P

1
ν−1/2(−χ)]

−1, for R.

Theorem. The solution of equations (1), (2) belongs to the class of
sequences b(σ) : {∥xn∥ = sup

n
|xnnσ| = 0, lim

n→∞
xnn

σ = 0}, where xn =

x̄nPzn−1/2(χ), 0 ≤ σ < 3/2 for S and xn = x̄nP
1
zn−1/2(χ), 0 ≤ σ < 1/2

for R cones and satisfies the Meixner condition at the edges.
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ON THE BOREL TYPE RELATION
FOR LAPLACE-STIELTJES INTEGRALS

Let R+ = [0,+∞), ν be a nonnegative measure on R+ with unbounded
support supp ν and f(x) be an arbitrary nonnegative ν-measurable func-
tion on R+. By I(ν) we denote the class of function F : R → R+ of
the form F (x) =

∫
R+
f(u)exuν(du). Denote by L+ the class of non-

negative continuous functions ψ : R+ → R+ such that ψ(t) ↗ +∞ as
t → +∞. By I(ν,Φ) we denote the class of function F ∈ I(ν) such
that (∃c > 0) : lnF (x) ≤ Φ(cx) (x ≥ x0), where Φ ∈ L+. For
F ∈ I(ν) and x ∈ R we denote µ∗(x, F ) = sup{f(u)exu : u ∈ supp ν};
ν0(t) := ν((0, t]) (t ≥ 0).

Theorem ([1]). Let Φ0(x) = xΦ(x), Φ ∈ L+, F ∈ I(ν,Φ0). If con-
ditions (∀η > 0) : ln ν0(ηΦ(t)) = o(Φ0(t)) (t→ +∞) and (∀ η > 0) :

lim
R→+∞

1

R

∫ ηΦ(R)

0

t−1d ln ν0(t) = 0 are satisfied, then the relation lnF (x) ≤

(1 + o(1)) lnµ∗(x, F ) holds as x → +∞ (x ̸∈ E), where E is a some set

of zero lower linear density, i.e. DE := lim
R→+∞

1

R
meas(E ∩ [0, R]) = 0.

The condition (∀ η > 0) : lim
R→+∞

1

R

∫ ηΦ(R)

0

t−1d ln ν0(t) = 0 is a nec-

essary condition ([1], Theorem 4) of Theorem.

Conjecture 1. The assertion of Theorem is true without the condi-
tion (∀η > 0) : ln ν0(ηΦ(t)) = o(Φ0(t)) (t→ +∞).

Conjecture 2. The description of exeptional set E in our Theorem
(DE = 0) is the best possible.

1. Kuryliak A., Skaskiv O., Zikrach D. On Borel’s type relation for
the Laplace-Stieltjes integrals, Mat. Stud, 42:2 (2014), 134–142.
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MODELLING AND METHODS FOR DETERMINATION OF THE
THERMO-STRESSED STATE IN THE HOLLOW MULTI-LAYER

THERMAL SENSITIVE SPHERES

The thermo-stressed state in the multi-layer construction elements,
exploited at high or low temperatures will be determined using mathe-
matical models which take into account the temperature dependencies of
the layer materials on temperature [1].

The extension of the original method [2,3] to solve mentioned prob-
lems for the multi-layer spherical bodies under the centrally-symmetric
temperature field and constant loading is proposed. The method is pre-
sented on an example of determination of the thermo-stressed state of a
n-layer hollow sphere with the given classic condition of heat exchange
and the constant force loading on the external surfaces and known heat
generation in the layers and on the contact surfaces between the layers.

The method of solving the non-linear heat exchange problem makes
it possible to take into account the heat exchange conditions on external
surfaces in order to obtain the exact analytical solution of the problem
or to reduce the problem to solving the one algebraic equation relative
to one constant. The other constants were expressed through this one.

The thermo-elasticity problem is reduced to the 2n-integral equations
of the second kind relative to the constitutive stress components. The
other components of the thermo-stressed state are expressed with ana-
lytical solutions of the integral equations.

1. Kushnir R., Popovych V. Thermo-elasticity of Thermal Sensitive
Bodies. Vol. 3. (Lviv, 2009) (in Ukrainian)

2. Kushnir R., Popovych V. About Definition of Thermo-Stressed
State in Multi-Layer Structures at High Temperature Heating, Vis-
nyk of Kyiv Nat. Univ. Ser.: Phys. Math. Sci., 3 (2013) 42–47.

3. Popovych V., Kalynyak B. Mathematical Modelling and Method
for Determining the Steady Thermoelastic State in Multi-Layered
Thermal Sensitive Cylinders, Mat. metody ta phiz.-mech. polya,
57:2 (2014), 169–186. (in Ukrainian)
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ASYMPTOTIC REPRESENTATIONS OF ONE CLASS OF
SINGULAR SOLUTIONS OF THE SECOND-ORDER

DIFFERENTIAL EQUATIONS

Consider the differential equation

y′′ = f(t, y, y′), (1)

where f : [a, ω[×∆Y0 × ∆Y1 −→ R is a continuous function, −∞ <
a < ω ≤ +∞, ∆Yi (i ∈ {0, 1}) is the one-side neighborhood of Yi and
Yi (i ∈ {0, 1}) is either 0 or ±∞.

We study Eq.(1) on the singular class Pω(Y0, Y1,±∞)-solutions de-
fined as follows.

Definition 1. A non-continuable to the right solution y of Eq. (1)
on the interval [t0, t∗[⊂ [a, ω[ (t∗ < ω) is called Pt∗(Y0, Y1,±∞)-solution,
if it satisfies the conditions

y(i)(t) ∈ ∆Yi for t ∈ [t0, t∗[ , lim
t↑t∗

y(i)(t) = Yi (i = 0, 1),

lim
t↑t∗

[y′(t)]2

y(t)y′′(t)
= ±∞.

Assuming that the function f satisfies condition (RN)∗∞ (see [1], def.
3, where πω(t) = t∗−t, limt↑ω p(t) = A∗ > 0), the function φ0 satisfies the
condition S (see [1], def. 2), using results from [1], we give necessary and
sufficient conditions for existence of Pt∗(Y0, Y1,±∞)-solutions of Eq.(1).
Moreover, the asymptotic behavior of these solutions and their derivatives
of the first order as t ↑ t∗ are established.

1. Kusik L. Existence criterion for one class of essentially nonlinear
second-order differential equations, Vis. Odes. Univ.: Mat. i
Mech., 17 (2012), 80–97. (in Russian)
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NUMERICAL ALGORITHMS AND CODES FOR
RADIATIVE MAGNETOHYDRODYNAMICS

Radative magnetohydrodynamic (MHD) flow is described by the sys-
tem of hyperbolic equations of form:

∂

∂t


ρ
m
E
B

+∇ ·


ρv

mv + Iptot
(E + ptot)v −B(v ·B)

vB−Bv


T

=


0
0
L
0

 (1)

where ρ is the density,m = ρv the momentum density, v the flow velocity,
ptot the total (thermal p and magnetic pB) pressure, I the unit vector, B
the magnetic field strength, L describes the radiative losses, E the total
energy density. The system is closed by the ideal gas equation

E =
p

γ − 1
+
m2

2ρ
+
B2

2
. (2)

Numerical algorithm should keeps the divergence-free condition∇·B = 0.
MHD equations describe majority of astrophysical problems. In most

cases system (1) cannot be solved analytically and various numerical
techniques should be applied. The most common and well developed
approach is the finite-voulme formalism. It is used to solve (1) in integral
form where the averaged values in discrete cells are evolved in time. The
choice of a particular computational scheme in most cases depends on a
problem.

We tested performance of the computational schemes available in
PLUTO [1] and AMRVAC [2] MHD codes and applied them to simu-
late the radiative blast wave problem.

1. Mignone, A. et al. PLUTO: a numerical code for computational
astrophysics, ApJS, 202 (2007), 228–242.

2. Keppens, R. et al. Parallel, grid-adaptive approaches for relativistic
hydro and magnetohydrodynamics, J. Computational Phys., 231:3
(2011), 718–744.
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ANALOGUES OF THE ADJUGATE MATRIX FOR THE
WEIGHTED MOORE-PENROSE INVERSE

Let the Hermitian positive definite matrices M and N of order m and
n, respectively, be given. For any matrix A ∈ Cm×n, the weighted
Moore-Penrose inverse of A is the unique solution X = A+

M,N of the
following matrix equations in X:

(1) AXA = A; (2) XAX = X;

(3M) (MAX)∗ = MAX; (4N) (NXA)∗ = NXA.

Theorem [1]. If A ∈ Cm×n
r and r < min{m,n}, then the weighted

Moore-Penrose inverse A+
M,N =

(
ã+ij
)
∈ Cn×m possess the following de-

terminantal representation:

ã+ij =

∑
β∈Jr, n{i}

∣∣∣((A♯A
)
. i

(
a♯.j

))
β
β

∣∣∣
∑

β∈Jr, n

∣∣∣(A♯A) ββ

∣∣∣ , (1)

or

ã+ij =

∑
α∈Ir,m{j}

∣∣∣((AA♯)j . (a
♯
i. )
)
α
α

∣∣∣∑
α∈Ir,m

|(AA♯) αα|
, (2)

where A♯ = N−1A∗M for all i = 1, n, j = 1,m.

1. Kyrchei I. Cramer’s Rule for Generalized Inverse Solutions. In:
Advances in Linear Algebra Research / Ed. Kyrchei I. (New York,
2015), 79–132.
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ON DISTRIBUTION OF COMPLEX ALGEBRAIC
NUMBERS IN SMALL CIRCLES

It is well known that complex algebraic numbers of degree n ≥ 2
constitute a countable dense set on the complex plane. We are going to
find an explicit relation between the quantity of algebraic numbers in a
small complex circle and their height. This relation was first analyzed
in 1970 by A. Baker and W. Schmidt [1], where the notion of a regular
system was introduced.

Definition 1. Let Γ be a countable set of real numbers and N : Γ 7→ R
be a positive function. The pair (N,Γ) is called a regular system iff ∃c1 =
c1(N,Γ) > 0 such that for any interval I ⊂ R and for all T > T0, where
T0 = T0(N,Γ, I) is sufficiently large, there exists a sequence γ1, ..., γt ∈
I
∩

Γ satisfying the following properties: N(γi) ≤ T , |γi − γj | > T−1,
t > c1 |I|T .

We are going to construct a regular system of complex algebraic num-
bers with nonzero imaginary parts in circles of small radius and find
an explicit expression for T0. Let us introduce the following notation:
T (0, 1) ⊂ C is the unit circle; K(z0, r) ⊂ T (0, 1) is a complex circle cen-
tered at z0 of radius r; c1, c2, ... are certain constants that depend only
on n; Pn(Q) = {P (z) ∈ Z [z] : degP ≤ n,H (P ) ≤ Q}.

Theorem 1. Let B1(Q, δ0,K) be a set of complex numbers z ∈
K(z0, r) such that conditions |P (z)| < c1Q

−(n−1)/2 and |P ′(z)| < δ0Q
are satisfied for some P (x) ∈ Pn(Q). Then for a sufficiently small δ0
and a sufficiently large c2 we can write µB1(Q, δ0,K) < 1/4µK for any
circle K(z0, r) with r > c2Q

−µ, 0 ≤ µ ≤ 1.
Theorem 2. Assume that Γ is a set of complex algebraic numbers α

of degree not exceeding n and N (α) = c3H (α)
(n+1)/2

. Then (N,Γ) is a
regular system in the complex plane.

1. Baker A., Schmidt W. Diophantine approximation and Hausdorff
dimension. Proc. Lond. Math. Soc., 21 (1970), 1–11.
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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF SOME
DIFFERENTIAL EQUATIONS SYSTEMS IN A

NEIGHBORHOOD OF THE POLE

Let us consider the Cauchy problem of the form{
A (z)Y

′
= B (z)Y + f (z, Y, Y ′) , (1)

Y (z) → 0 as z −→ 0, z ∈ D0, (2)

where matrices A, B : D1 →Cp×p, D = {z : |z| < R1, R1 > 0} ⊂ C, p ∈
N; matrix A(z) is analytic in the domain D and rangA = p in D, matrix
B(z) is analytic in the domain D0, D0 = D \{0}, and has a pole of order
d at the point z = 0; the function f : D × G1 × G2 → Cp, Gk ⊂ Cp,
0 ∈ Gk, k = 1, 2, is analytic in the domainD0×G10×G20, Gk0 = Gk \{0},
k = 1, 2 and has removable singularity at the point (0, 0, 0).

We study solutions of the Cauchy problem (1)-(2) that satisfy the
additional condition

Y
′
(z) → 0 as z −→ 0, z ∈ D0. (3)

Some theorems were proved and the sufficient conditions, when the
Cauchy problem (1)-(2) has at least one analytical solution or infinitely
many analytical solutions in some subdomains of the domain D, were
found.

1. Limanska D., Samkova G. Behavior of the solutions of some systems
of differential equations, which partially resolved relatively to the
derivatives, Bulletin of ONU. Appl., 19 (2014), 16–28.

2. Samkova G., Sharay N. About the investigation of a semi-explicit
system of differential equations in the case of a variable matrix
pencil, Nonlinear Oscillations. Appl., 5 (2002), 224–236.

3. Sharay N. The asymptotic behavior of solutions of semiexplicit
differential equations’ systems, Nonlinear Oscillations. Appl., 8
(2005), 132–144.
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ABOUT SYMMETRY OF ESTIMATE FOR
DERIVATIVES OF THE FUNDAMENTAL MATRIX OF
THE DEGENERATE PARABOLIC SYSTEMS OF THE

KOLMOGOROV TYPE

For arbitrary fixed T > 0, m ∈ N and for a vector
−→
2b = (2b1; . . . ; 2bn1)

with the even natural coordinates, we consider the system of equations∂t − n2∑
j=1

x1j∂x2j −
n3∑
j=1

x2j∂x3j

u(t;x) = A(t; ∂x1)u(t;x), (1)

(t;x) ∈ (0;T ]× Rn,
where u := col(u1; . . . ;um), n := n1 + n2 + n3 ∈ N, n1 ≥ n2 ≥ n3, x =
(x1;x2;x3) ∈ Rn, xj = (xj1; . . . ;xjnj ) ∈ Rnj , and A(t; ∂x1) is a matrix
differential expression, whose coefficients are continuous complex-valued
functions on [0;T ], such that the corresponding differential expression

∂t − A(t; ∂x1)

is
−→
2b-parabolic on the set (0;T ]×Rn1 . The fundamental solution matrix

of the Cauchy problem (FSMCP) for the system (1) was constructed,
and its main properties were studied. In particular, it was shown that
the FSCMP with respect to each space variable and with fixed time vari-
ables belongs to the vector space of the type S [1]. Also, the strong
differentiability of the FSMCP with respect to the time variable t and
its infinite differentiability with respect to the variable x (as the abstract
function of the mentioned variables) were proved in this space. We ob-
tain estimates for its derivatives with respect to the space variables and
prove the symmetry of these estimates with respect to the space and time
variables.

1. Gelfand I., Shilov G. Spaces of basic and generalized functions
(Moscov, 1958) (in Russian)
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INVERSE COEFFICIENT PROBLEMS TO EQUATIONS
WITH FRACTIONAL DERIVATIVES

We establish the unique solvability of some inverse problems for lin-
ear inhomogeneous fractional diffusion equations. We prove existence
and uniqueness of a solution (u, b) ∈ C2,β(Q̄0) × C[0, T ] of the inverse
boundary value problem

Dβ
t u−∆u− b(t)u = F0(x, t), (x, t) ∈ Ω0 × (0, T ],

u(x, t) = 0, (x, t) ∈ Ω1 × [0, T ],
u(x, 0) = F1(x), ut(x, 0) = F2(x), x ∈ Ω̄0,∫
Ω0

u(x, t)φ0(x)dx = F (t), t ∈ [0, T ]

where Ω0 is a boundary domain in RN , N ≥ 3, with the boundary Ω1 of
class C1+s, s ∈ (0, 1), F0, F1, F2, F , φ0 are given functions, Dβ

t u is the
regularized fractional derivative of the order β ∈ (0, 2), C2,β(Q0) = {v ∈
C(Q0) |∆v,Dβ

t v ∈ C(Q0)}, C2,β(Q̄0) = C2,β(Q0) ∩ C(Q̄0) in the case
β ∈ (0, 1], C2,β(Q̄0) = {v ∈ C2,β(Q0) | v, vt ∈ C(Q̄0)} if β ∈ (1, 2).
The second initial condition is absent in the case β ∈ (0, 1].

We consider the similar problem to equation
Dα
t u+ b(t)Dβ

t u−∆u = F0(x, t), (x, t) ∈ Ω0 × (0, T ]

with regularized fractional derivatives Dα
t u,D

β
t u of the orders α ∈ (1, 2)

and β ∈ (0, 1).
The uniqueness solvability of the inverse Cauchy problem consisting

in finding the classical, with respect to time and with values in Bessel
potential spaces, solution and unknown, depending on time, continuous
young coefficient is established also under some over-determination con-
dition < u(·, t), φ(·) >= F (t), t ∈ [0, T ] with given functions φ, F .

For such equations, but with Riemann-Liouville fractional derivatives
in the case of generalized functions in right-hand sides of the equations
and initial conditions, we find a pair of functions (u, b) ∈ D′

C(Q̄0) ×
C[0, T ], where

D′
C(Q̄0) = {v ∈ D′(Q̄0) : (v(·, t), φ(·)) ∈ C[0, T ] ∀φ ∈ D(Ω̄0)}.
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ON APPLICATIONS OF HÖRMANDER SPACES
TO PARABOLIC PROBLEMS

We discuss applications of Hörmander inner product spaces to 2b-
parabolic partial differential equations. These spaces are parametrized
with a pair of real numbers s, s/(2b) and a Borel measurable function
φ : [1,∞) → (0,∞) which varies slowly at infinity in the sense of Kara-
mata. The Hörmander space Hs,s/(2b),φ(Rn+1) consists of all tempered
distributions w on Rn+1 such that∫

Rn+1

(
1 + |ξ|2 + |η|1/b

)s
φ2
(
(1 + |ξ|2 + |η|1/b)1/2

)
|ŵ(ξ, η)|2 dξdη <∞.

Here ŵ is the Fourier transform of w, whereas ξ ∈ Rn and η ∈ R are the
frequency variables dual to the spacial and time variables, respectively. If
φ(·) ≡ 1, then Hs,s/(2b),φ(Rn+1) becomes the anisotropic Sobolev space
Hs,s/(2b)(Rn+1), which is used generally in parabolic theory.

We consider parabolic initial-boundary value problems for 2b-para-
bolic linear partial differential equations given in a bounded cylinder in
Rn+1. We prove that the operators corresponding to these problems
establish isomorphisms between appropriate Hörmander inner product
spaces built on the base of the space Hs,s/(2b),φ(Rn+1). We also discuss
regularity properties of the generalized solutions to these problems.

1. Los V., Murach A. Parabolic problems and interpolation with a
function parameter, Methods Funct. Anal. Topology, 19:2 (2013),
146–160.

2. Los V., Murach A. Parabolic mixed problems in the spaces of gen-
eralized smothness, Dopovidi NAS of Ukraine 6 (2014), 23–31 (in
Ukrainian).

3. Los V. Mixed problems for two-dimensional heat equation in anisotropic
Hörmander spaces, Ukrainian Math. J., 67:5 (2015) (in Ukrainian).
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FOURIER TRANSFORMATION IN THE ALGEBRA OF
POLYNOMIAL ω–ULTRADISTRIBUTIONS OF

BEURLING TYPE

We consider the multiplicative algebra P (E ′
(ω)) of continuous scalar

polynomials on the space E ′
(ω) ω–ultradistributions of Beurling type [1]

as well as its strong dual P ′(E ′
(ω)). We give a description of properties

of the differentiation on the algebras P (E ′
(ω)) and P ′(E ′

(ω)) by means of
their tensor representations. A connection between the differentiation
of polynomials and the polynomially extended Fourier transformation in
the form of operator calculus is described.

1. Braun R., Meise R., Taylor B. Ultradifferentiable functions and
Fourier analysis, Results in Mathematics, 17 (1990), 206–237.
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ON THE FUNDAMENTAL SOLUTION OF A
PARABOLIC EQUATION WITH FRACTIONAL

DERIVATIVES

In the space Π = (0,∞)× Rn we considered the Cauchy problem for
higher order equations with fractional derivative

Dα
t − u(0, x)

Γ(1− α)tα
=
∑

|k|≤2b

Ak(x)Dk
xu+ f(t, x), (1)

lim
t→0

u(t, x) = φ(x), α ∈ (0, 1). (2)

For equation (1) with parametric coefficients Ak(y), y ∈ Rn we have
constructed the Green function {G1(t, x, y), G2(t, x, y)}, through which
the solution of the problem (1), (2) is sought in the form

u(t, x) =

∫
Rn

G1(t, x−ξ, ξ)φ(ξ)dξ+
t∫

0

dτ

∫
Rn

G2(t−τ, x−ξ, ξ)µ(τ, ξ)dξ. (3)

Satisfying equation (1), to find the function µ(t, x) we obtain the integral
equation of Fredholm-Voltaire with the quasiregular core. This allows
us to find the solution of the Cauchy problem (1), (2) and identify core
of inverse operator, i.e. construct Green’s function for the problem with
variable coefficients and evaluate the classical solution u(t, x), if Ak, f ,
φ ∈ C(α) (Holder functions).

1. Matiychuk M. Parabolic and elliptic problems in the Dini spaces
(Chernivtsi, 2010) (in Ukrainian)

2. Eidelman S., Ivasyshen S., Kochubei A. Analytic methods the the-
ory of differential and pseudo-differential equations of parabolic
type (Basel-Boston-Berlin, 2004)
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A CONTRIBUTION TO NO-INTERACTION THEOREM
IN RELATIVISM

In addition to well-known no-interaction theorem in relativity asserting
there no-existence of a relativistic direct interaction, I propose two new
assertions, stating that there does not exist a relativistic third-order equa-
tion of motion even for a single particle and also that there does not exist
an invariant Lagrange function.

Let equations of motion be written in the following guise of a differ-
ential one-form:

ϵ = {ϵ i} = {Aijdv′j + kidt} ≡ A . dv′ + kdt ,

with k = (v′. ∂v)A . v′ + B . v′ + c ,

where the symmetric matrix M, the skew-symmetric matrix A, and the
row b all depend on the variables t, xj , vj , v′j , and satisfy some additional
system of PDEs

Let X(ϵ ) denote the component-wise action of an infinitesimal gen-
erator X of a transformation group on a vector differential form ϵ . That
the exterior differential system, generated by the form ϵ , possesses the
symmetry of X means that there exist some matrices Φ, Ξ, and Π, de-
pending on v and v′, such that

X(ϵ ) = Φ . ϵ +Ξ . (x− vdt) +Π . (dv − v′dt).

Proposition. In the (pseudo)Euclidian space of dimension 4 there
are no invariant variational equations of the third order.

To produce a variational equation of the third order, the Lagrange
function should be of affine type in second derivatives

Proposition. In the space-time of dimension greater than two there
does not exist a Poincaré-invariant Lagrange function which might pro-
duce a third order equation of motion by means of the variational proce-
dure.
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WEAKLY PERTURBED BOUNDARY VALUE
PROBLEMS FOR SYSTEMS OF DIFFERENTIAL

EQUATIONS WITH MEASURES

We consider solvability conditions of the weakly perturbed linear non-
homogenous boundary value problem (BVP) Pε for the system of differ-
ential equations with measures

y′ − C ′
0(x)y = f ′(x) + εC ′

1(x)y, x ∈ [a, b], (1)

l0y = η + εl1y, lky ≡
∫ b

a

dMk(x)y(x), k = 0, 1, (2)

where y, f are vectors in n-dimensional euclidean space En, the ele-
ments of matrices C0, C1 and the components of vector f belong to the
space BV +[a, b] that consists of the right-continuous functions with the
bounded variation on [a, b] (i.e. we understand the differentiation and
the equality in (1) in the generalized sense), ε> 0 is a small parame-
ter, lk is the integral operator BV [a, b]→Em, η ∈Em, the elements of
(m×n)-matrix Mk(x) belong to BV [a, b]. We assume that conditions A:

[△Ck(x)]2 =△C0(x)△C1(x)+△C1(x)△C0(x)= 0,△Ck(x)△f(x)= 0 and
conditions B: △Mk(x)△Ck(x)=△M0(x)△C1(x)+△M1(x)△C0(x)= 0,
△Mk(x)△f(x)= 0 hold for all x∈ [a, b] and k=0, 1. These conditions
ensure existence of product of distributions in (1) and existence of an
integral in (2) in the sense of Riemann-Stieltjes. We look for a solution
yε(x) of (1) in the space BV +[a, b].

We treat the critical case when unperturbed BVP P0 doesn’t admit so-
lutions for any f ∈BV +[a, b] and η ∈Em [1]. In this case, using the theory
of pseudoinverse by Moore-Penrose matrices, we establish conditions for
the perturbing terms C ′

1(x) and l1y under which the BVP Pε admits
solutions and suggest an algorithm for construction of such solutions.

1. Tatsiy R., Mazurenko V. Solvability conditions of a multi-point
problem for a generalized differential system, Doklady NAS Belarus,
55:3 (2011), 12–16. (in Russian)
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ON INVESTIGATIONS OF S.D.EIDELMAN IN THE
THEORY OF THE DEGENERATE PARABOLIC

EQUATIONS OF KOLMOGOROV TYPE AND THEIR
DEVELOPMENT

We suppose that the spatial variable x ∈ Rn consists of the three
groups of variables xl := (xl1, . . . , xlnl) ∈ Rnl , l ∈ {1, 2, 3}, such that
x := (x1, x2, x3). Here n1, n2 and n3 are given natural numbers such
that n3 ≥ n2 ≥ n1 and n1+n2+n3 = n. Let b be a given positive integer
number or the least common multiple of numbers {b1, . . . , bn1},mj :=
b/bj , j ∈ {1, . . . , n1}. We shall write corresponding multiindices k ∈ Zn+
in the form k := (k1, k2, k3), where kl := (kl1, . . . , klnl) ∈ Znl+ , |kl| :=
kl1 + . . .+ klnl , l ∈ {1, 2, 3}, ∥k1∥ := m1k11 + . . .+mn1k1n1 .

Consider the equations

(S −
n1∑
j,l=1

ajl(t, x)∂x1j
∂x1l

−
n1∑
j=1

aj(t, x)∂x1j
− a0(t, x))u(t, x) = 0,

(S −
∑

∥k1∥≤1

ak1(t, x)∂
k1
x1
)u(t, x) = 0, (S −

∑
∥k1∥≤2b

ak1(t, x)∂
k1
x1
)u(t, x) = 0.

Here S := ∂t −
n2∑
j=1

x1j∂x2j −
n3∑
j=1

x2j∂x3j , (t, x) ∈ (0, T ]× Rn.

These equations are a natural generalization of the classical equation
of diffusion with inertia. This equation appears in the study by A.Kol-
mogorov of models for Brownian motion.

We present main results for such classes of the degenerate parabolic
equations and their generalizations which are obtained by S.Eidelman
and his disciples. Some new results for ultra-parabolic equations can be
found in the paper [1].

1. Ivasyshen S., Medynsky I. The classical fundamental solution of a
degenerate Kolmogorov equation with coefficients independent of
variables of degeneration, Bukovynskyi mat. jurn., 2:2-3 (2014),
94–106. (in Ukrainian)
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TRAVELLING AUTO-WAVES IN A NONLINEAR
SYSTEM WITH THE FRACTIONAL SPACE

DERIVATIVE

In this report, we study properties of auto-waves in a nonlinear system
with the fractional space derivative. Namely, the generalized FitzHugh-
Nagumo model with the fractional space derivative is considered:

τu
∂u

∂t
= l2

∂αu

∂xα
+ u− u3/3− v, τv

∂v

∂t
= Bu− v +A,

where u = u(x, t) is the fast activator variable and v = v(x, t) is a slow
inhibitor one [1,2], τu, τv and l are the characteristic times and diffusion
length of the system, 0 ≤ x ≤ Lx, Lx is the system length, A,B are exter-
nal parameters. ∂αu/∂xα represents the fractional space Riesz derivative
of a real order 1 < α < 2, ∂

αu
∂xα = − 1

2 cos(πα/2)

(
Dα

+u+Dα
−u
)
, where

Dα
+u =

1

Γ (2− α)

d2

dx2

∫ x

−∞

u

(x− ξ)
α−1 dξ,

Dα
−u =

1

Γ (2− α)

d2

dx2

∫ ∞

x

u (ξ, t)

(ξ − x)
α−1 dξ

are the left and right fractional Riemann-Liouville derivatives [3].
It is shown, by the linear stability analysis and computer simulation,

that order of the space fractional derivative can change the speed of the
travelling auto-wave and domain of their existence, but does not change
the main properties – the shape, length and amplitude – of the wave.

1. Gafiychuk V., Datsko B., Podlubny I. Solitary travelling auto-waves
in fractional reaction-diffusion systems, Communications in Nonlin-
ear Science and Numerical Simulation, 23 (2015), 378-387.

2. Kerner B., Osipov V. Autosolitons (Dordrecht, 1994)

3. Podlubny I. Fractional differential equations (San Diego, 1999)
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REFLECTIONLESS SCHRÖDINGER OPERATORS

In this talk, we will consider Schrödinger operators H = −d2/dx2 +
q(x) on L2(R) with real-valued potentials q from L1,loc(R) under the
assumption that the limit point case holds at ±∞. For such operators,
the Weyl–Titchmarsh m-functions m± can be defined. The operator H
and its potential q will be called reflectionless if

m+(λ) +m−(λ) = 0

for almost all λ ∈ R+.
Let Q stand for the set of all reflectionless potentials q ∈ L1,loc(R).

It is known that Q can be parameterized by the set of positive Borel
measures which depend on m±. However, this parametrization is ob-
scure since the relation between the spectral properties of Schrödinger
operators and the corresponding Borel measures remains unclear.

In this our talk, we will consider another parametrization of reflection-
less Schrödinger operators. Namely, let Q̃ ⊂ Q be the set of all summable
reflectionless potentials. We will show how every q ∈ Q̃ can be described
in terms of the spectral properties of H, i.e. in terms of the eigenvalues
of H and the corresponding norming constants.
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HÖRMANDER SPACES AND
DIFFERENTIAL EQUATIONS

The talk is a survey of our recent results [1–3] concerning the appli-
cations of Hörmander inner product spaces to the theory of interpolation
between function spaces and to the theory of differential equations.

The first part of the talk is devoted to the interpolation. In terms of
Hörmander spaces, we describe all Hilbert spaces that are interpolation
spaces between Sobolev inner product spaces given over Rn or a bounded
domain with Lipschitz boundary, or a smooth closed manifold. These
Hörmander spaces form the extended Sobolev scale, which is obtained
via the interpolation with a function parameter between Sobolev spaces
and is closed with respect to this interpolation. We give examples of
Hörmander spaces that are intermediate for given couples of Sobolev
spaces but differ considerably on their interpolation properties. We also
discuss equivalent definitions of isotropic Hörmander spaces on a closed
infinitely smooth manifold.

The second part of the talk is devoted to various applications of the
extended Sobolev scale to elliptic partial differential equations. For ellip-
tic operators and elliptic boundary-value problems, we discuss the theo-
rems on the Fredholm property and regularity of solutions in Hörmander
spaces. In terms of these spaces, we give sufficient conditions under which
the solutions belong to the space Cr with integer-valued r ≥ 0. We also
discuss some applications of Hörmander spaces to spectral problems.

1. Mikhailets V., Murach A. Hörmander spaces, interpolation, and
elliptic problems (Berlin, Boston, 2014).

2. Mikhailets V., Murach A. The refined Sobolev scale, interpolation,
and elliptic problems, Banach J. Math. Anal., 6 (2012), 211–281.

3. Mikhailets V., Murach A. Interpolation Hilbert spaces between
Sobolev spaces, Results Math., 67 (2015), 135–152.
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SPECTRAL PROPERTIES OF SINGULAR
PERTURBATIONS OF OPERATORS ON THE CIRCLE

We discuss spectral properties of operators with complex-valued dis-
tributional coefficients defined on the Hilbert space L2(T), T = R/2Z:

S(V )u = D2su+ V (x)u, s ∈ (1/2,∞), u ∈ Dom(S(V )),

D2s = (D2)s, D2 = − d2

dx2
,

V (x) =
∑
k∈Z

V̂ (k)ei kπx ∈ H−s(T),

Dom(S(V )) = {u ∈ Hs(T)|D2su+ V (x)u ∈ L2(T)},

where by Ht(T), t ∈ R, it is denoted the Sobolev spaces of periodic
functions/distributions on the circle.

The operators S(V ) are well defined on the Hilbert space L2(T) as
form sums, alternatively they can be well defined as a limit of the sequence
of operators with smooth potentials in the norm resolvent sense. The
operators S(V ) are m-sectorial, they are self-adjoint iff V (x) are real-
valued. Their spectra are purely discrete. Their systems of root vectors
are complete in the Hilbert space L2(T). For more details see [1].

For the case s ∈ (1,∞) we prove many-terms, uniform on the bounded
sets of distributions V ∈ Hsα(T), α ∈ [−1, 0], asymptotic formulae for
the eigenvalues of operators S(V ) [1].

We establish that the systems of root vectors of operators S(V ) form
the Bari–Markus bases in the Hilbert space L2(T). The case s = 1 was
treated in [2].

1. Mikhailets V., Molyboga V. On the spectrum of singular perturba-
tions of operators on the circle, Mathematical Notes, 91:4 (2012),
588-591.

2. Djakov P., Mityagin B. Bari–Markus property for Riesz projections
of Hill operators with singular potentials, Contemporary Mathemat-
ics, 481 (2009), 59–80.
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ASYMPTOTIC BEHAVIOR OF A LOGARITHMIC
DERIVATIVE AND AN ANGULAR DENSITY OF ZEROS

OF AN ENTIRE FUNCTION

Let L be a class of slowly increasing in [1,+∞) functions, Γm=
m∪
j=1

lθj

a finite system of rays lθj = {z : arg z = θj}, −π ≤ θ1 < . . . < θm < π,
H0(υ,Γm), υ ∈ L, a class of entire functions f of zero order with zeros
in Γm such that lim

r→+∞
n(r, 0, f)/υ(r)<+∞.

Let us denote hj(θ)= (θ−π−θj), θj <θ<θj+2π, ĥj(θ) the periodic
continuation of hj(θ) from (θj , θj + 2π) on R, j = 1,m. For υ̃ ∈ L, we

set υ(r) =
r∫
0

υ̃(t)

t
dt, n(r, θj ; f) = n(r, θj) the counting function of zeros

of a function f ∈ H0(υ,Γm) on the ray lθj . It is evident that υ ∈ L and
υ̃(r) = o(υ(r)), r → +∞.

Theorem 1. Let υ̃ ∈ L, f ∈ H0(υ,Γm) and for each j = 1,m
n(r, θj) = ∆jυ(r) + o(υ̃(r)), r → +∞. Then, for θ ̸= θj, we get

F (reiθ) = reiθ
f ′(reiθ)

f(reiθ)
= ∆υ(r) + iHf (θ)υ̃(r) + o(υ̃(r)), r → +∞,

where ∆ =
m∑
j=1

∆j , Hf (θ) =
m∑
j=1

∆j ĥj(θ).

Theorem 2. Let G ∈ L1[0, 2π], υ̃ ∈ L, f ∈ H0(υ,Γm) and F (reiθ) =
∆υ(r) + iG(θ)υ̃(r) + o(υ̃(r)), r → +∞. Then the sequence of zeros of f
has an angular υ-density.
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One inverse problem for fractional diffusion equation

We prove well-posedness of the inverse problem

Dα
t u− uxx = F0(x, t), (x, t) ∈ (0, l)× (0, t0] := Q0, (1)

u(0, t) = u(l, t) = 0, t ∈ [0, t0], (2)

u(x, 0) = F1(x), x ∈ [0, l], (3)

u(x, t0) = F (x), x ∈ [0, l], (4)

where Dα
t u is the regularized fractional derivative of u of order α ∈

(0, 1) with respect to time, F0, F are given functions, t0 a given positive
number, u, F1 are unknown functions.

Let C2,α(Q0) = {v ∈ C(Q0) | vxx, Dα
t v ∈ C(Q0)},

C2,α(Q̄0) = C2,α(Q0) ∩ C(Q̄0),

C̃2s+j(0, l) – a class of functions F ∈ C[0, l] with bounded derivative
of order 2s + j on (0, l) and F (0) = F (l) = F

′′
(0) = F

′′
(l) = · · · =

F (2s)(0) = F (2s)(l) = 0,
C̃2s+j(Q0) = {v ∈ C(Q0) | v(·, t) ∈ C̃2s+j(0, l) ∀t ∈ (0, t0]}, j = 1, 2.
We prove that under the assumptions

F0 ∈ C̃2(Q0), F ∈ C̃4(0, l)

for all given t0 > 0 there exists a unique solution

(u, F1) ∈ C2,α(Q̄0)× C̃1(0, l)

of the problem (1)-(4). The estimates

||u||C(Q0) + ||F1||C(0,l) ≤ b1||F0||C1(Q0) + b2||F3||C3(0,l),

||uxx||C(Q0) + ||Dα
t u||C(Q0) + ||F1||C1(0,l) ≤ b̂1||F0||C2(Q0) + b̂2||F3||C4(0,l)

hold with some positive constants b1, b2, b̂1, b̂2. The solution depends
continuously on the data.

Note that in the case α = 1 such inverse problem is not well posed.
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ON SOLVABILITY OF THE BOUNDARY-VALUE
PROBLEM FOR A DIFFERENTIAL EQUATION OF THE

FRACTIONAL ORDER

Let J = [0, a], γ > 0 and n = [γ] + 1, where [γ] is the integer part
of γ. For a function f : J → R, the following expressions fγ = Iγ0 f and
Dα

0 f are called, respectively, the Riemann-Liouville left-sided integral
and left-sided derivative of the order γ.

The following boundary-value problem

D1+α
0 y(x) = F (x, y(x), Dα

0 y(x)), (1)

y(0) = y′(a) = 0, (2)

is considered, where 0 < α ≤ 1. We say that a function f : J → R belongs
to the class AC2(J) if f, f ′ ∈ AC(J). The function y ∈ C(J)

∩
C1((0, a])

is called a solution of boundary-value problem (1), (2), if y1−α ∈ AC2(J),
y satisfies the boundary-value condition (2) and differential equation (1)
for a.a. x ∈ J .

Assume that a function F : J × R2 → R fulfils the conditions

(i) F (·, y, z) : J → R is measurable function for every y and z;

(ii) F (x, ·, ·) : R2 → R is continuous function for every fixed x ∈ J ;

(iii) ∥F (x, y, z)∥ ≤M .

Theorem 1. Suppose that a function F : J × R2 → R satisfies (i), (ii),
(iii). A function y ∈ C(J)

∩
C1((0, a]) is a solution of (1), (2), if and

only if y is a solution of the integral equation

y(x) =

∫ a

0

G(x, t)F (t, y(t), Dα
0 y(t)) dt,

where

G(x, t) =


−x

α(a− t)α − aα(x− t)α

aαΓ(1 + α)
, 0 ≤ t ≤ x,

− (x(a− t))α

aαΓ(1 + α)
, x ≤ t ≤ a.
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SOLUTION OF INTEGRAL EQUATIONS IN THE
THEORY OF THIN SPATIAL INCLUSIONS BY THE

SMALL PARAMETER METHOD

The properties of composite materials with various inclusions are de-
termined by the elastic characteristics of all constituents as well as by the
shape and distribution of strengthening particles [1]. Three-dimensional
shallow spheroidal crack opening caused by the diffraction on the crack of
a plane harmonic wave with using of the small parameter method was in-
vestigated in [2]. In the present work, the problem of dynamic behaviour
of a thin spherical inclusion in an infinite elastic solid by falling harmonic
wave is considered. Using the boundary integral equations method, the
diffraction problem has been reduced to a system of two-dimensional
integral equations for the functions of the displacement jumps on the
inclusion. Obtained equations with the Helmholtz potential kernels are
presented in hypersingular form. The analytical solution of these equa-
tions in the case of a shallow inclusion and low-frequency excitation is
obtained by a small parameter method. In this case kernels, traction com-
ponents, and unknown functions are given as converging double series in
the frequency and a geometric content small parameter. Investigations of
the dynamic stress intensity factors as function of the wave number for a
spheroidal inclusion with different radius of the circle contour are done.
The direction vector of wave propagation is determined by taking into ac-
count the effect of maximum of mode I and mode II stress concentration
in the crack vicinity.

1. Butrak I., Kilnytska T., Khay O. Dynamic contact of a spheical
inclusion with matrix at incidence of elastic wave, J. Math. Science,
53 (2010), 99–104. (in Ukrainian)

2. Mykhas’kiv V., Butrak I. Stress concentration around a spheroidal
crack caused by a harmonic wave incident at an arbitrary angle,
Int. Appl. Mech., 42 (2006), 61–66. (in Russian)
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MODELING THE THERMOMECHANICAL PROCESSES
IN SOLIDS WITH THE SHAPE MEMORY AT ELECTRIC

FIELD ACTION

The shape memory alloys, in which the solid-phase structural trans-
formation in a certain temperature interval under the action of thermal
and mechanical load occurs, are used in science and technology at present.
In particular, they are successfully used in medicine, namely in fixators
at the treatment of fractures. As an effective method of obtaining the
required deformation caused by heating, is convenient to use the electric
field. A number of new effects appear in elements of shape memory alloys
developing the magnetic properties. So the actual question is modeling
of phase and stress state of shape memory solids at martensitic transfor-
mation in the electric field availability.

In this work the model for quantitative description of the thermome-
chanical behavior of solids made of shape memory alloys in martensitic
transformation area under force and temperature loading subject to elec-
tric field action is proposed. This model is built using the solid mechanics
and nonequilibrium thermodynamics methods subject to electric state of
relevant thermodynamic system.

The generic Gibbs equation for solid areas, where the phase transfor-
mation occurs, is written and the set of equations of state is obtained. On
this base the system of differential equations of model is received. This
system after adding the appropriate initial and boundary conditions is a
source in the analysis of stressed-strained state of solids made at shape
memory alloys under thermal and power loading at electric field action.
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ON THE SOLUTION OF THE CAUCHY PROBLEM FOR
ONE CLASS OF PSEUDO-DIFFERENTIAL EQUATIONS

The fundamental solution for some class of pseudo-differential equa-
tions is constructed by the method based on the theory of perturbations.
We consider a symmetric α-stable process in multidimensional Euclidean
space Rd. Its generator A is a pseudo-differential operator whose symbol
is given by (−c|λ|α)λ∈Rd , where the constants α ∈ (1, 2) and c > 0 are
fixed. The vector-valued operator B has the symbol (i|λ|α−2λ)λ∈Rd .

We construct the fundamental solution of the equation

∂u(t, x)

∂t
= (A+ (a(x),B))xu(t, x), t > 0, x ∈ Rd

with a continuous bounded vector-valued function (a(x))x∈Rd .
All details of the proofs of the results, which will be discussed in the

report, can be found in [2]. We use the results of [1].

1. Kochubei A. Parabolic pseudodifferential equations, hypersingu-
lar integrals, and Markov processes, Math. USSR, Izvestiya, 52:5
(1988), 909–934.

2. Osypchuk M. On some perturbations of a stable process and solu-
tions to the Cauchy problem for a class of pseudo-differential equa-
tions, Carpathian Math. Publ., 7:1 (2015).
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APPROXIMATION OF FUNCTIONS OF COMPLEX
VARIABLES BY CONTINUED FRACTIONS

Let a function f(z) of one complex variable be defined on compact
C ⊂ C. An interpolation problem for functions by some types of contin-
ued fractions is considered. The estimation of a remainder term of the
interpolate continued fraction is obtained. Numerical examples are also
considered.
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STABILITY OF GENERALIZED DIFFERENTIAL
EQUATIONS

We discuss the stability problems for solutions of the quasi-differential
equations

n∑
i=0

m∑
j=0

(−1)m−j (Aij(t)Xn−i(t)
)m−j

= F (t). (1)

The detailed conditions for matrix function Aij(t), F (t) are considered.
With the use of results [1], we have obtained the stability conditions,
asymptotic stability and stability of solutions of the equation ((1)) due
to permanent perturbation.

1. Tacij R., Pakholok B. On the structure of fundamental matrix of
quasidifferential equation, Reports Akad. Sci. USSR, 4 (1989),
27–30.
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ON THE BEST POSSIBLE DESCRIPTION
OF SOME EXCEPTIONAL SET

Let λ = (λn)n∈Zp+ be a sequence such that λn = (λ
(1)
n1 , . . . λ

(p)
np ) (n =

(n1, . . . , np) ∈ Zp+), 0 ≤ λ
(j)
k ↑ +∞ (0 ≤ k ↑ +∞), 1 ≤ j ≤ p.

Let Hp
a be a class of entire functions defined by the absolutely con-

vergent multiple Dirichlet series in the whole complex space Cp of the
form F (z) =

∑+∞
||n||=0 ane

<z,λn>, z ∈ Cp, p ≥ 2, where a = (|an|)n∈Zp+ ,

||n|| = n1 + . . .+ np, < z, λn >= z1λ
(1)
n1 + . . .+ zpλ

(p)
np . For F ∈ Hp

a and
x = (x1, . . . , xp) ∈ Rp we denote M(x, F ) = sup{|F (x + iy)| : y ∈ Rp},
µ(x, F ) = max{|an|e<x,λn> : n ∈ Zp+}, and by KF = {x ∈ Rp :
lim

t→+∞
1
t lnµ(tx, F ) = +∞} we denote the cone of the growth of lnµ(x, F ).

Theorem 1 [1]. Let F ∈ Hp
a and (µk)k≥0 be a sequence (ln 1

|an| )n∈Zp+
arranged in ascending order. If the condition

∑+∞
k=0 (µk+1 − µk)

−1 < +∞
holds then the asymptotic relations M(x, F ) ∼ µ(x, F ) ∼ inf{|F (x +
iy)| : y ∈ Rp} holds as |x| → +∞ (x ∈ K \ E) for arbitrary cone K with
vertex at the origin O such that K \ {O} ⊂ KF , and E is a set such that∫
E
|x|−pdx1 · · · dxp < +∞.
The following theorem shows that the description of exceptional set

E in Theorem 1 is the best possible.

Theorem 2. For every function h : R+ → R+ such that h(t) ↑ +∞
(t ↑ +∞) and for any sequence (µk) such that the condition

∑+∞
k=0(µk+1−

µk)
−1 < +∞ holds there exist an entire Dirichlet series F ∈ Hp

a , a set
E ⊂ KF and a constant β > 0 such that F (x) ≥ (1 + β)µ(x, F ) for all
x ∈ E and

∫
E

|x|−ph(|x|)dx1 · · · dxp = +∞.

1. Lutsyshyn M., Skaskiv O. On the minimum modulus of a multiple
Dirichlet series with monotone coefficients Mat. Met. Fiz.-Mekh.
Polya, 40:4 (1997), 21–25. (in Ukrainian)
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INVARIANT TORI OF A FAST-SLOW SYSTEM
EXHIBITING A DYNAMICAL BIFURCATION OF THE

MULTI-FREQUENCY OSCILLATIONS

We consider a fast-slow differential system

ẋ = f(x, u, ε), u̇ = εg(x, u, ε), (1)

where x ∈ R2n and u ∈ Rm are vectors of fast and slow variables respec-
tively, ε ∈ [0, ε0] is a small static parameter, and the functions f , g are
smooth and bounded. The system is assumed to have a slow invariant
manifold defined by the equation x = 0. Besides, we suppose that in a
ball BmR∗ = {u ∈ Rm : ∥u∥ ≤ R∗}, the operator f ′x(0, u, 0) has eigenvalues
±iωj(u), (j = 1, n) satisfying some non-resonance conditions, the system
u̇ = g(0, u, 0) is convergent in BmR∗ , i. e. ⟨g(0, u, 0), u⟩ ≤ −κ||u||2 for
some κ > 0, whereas the parameters space Rm of the linear system

ẋ = [f ′x(0, u, 0) + εf ′′x,ε(0, u, 0)]x

contains both a zone of asymptotic stability Ds and a zone of complete
instabilty Du, separated by a transition zone.

It was shown in [1] that an O(
√
ε)-neighborhood Uε of the origin in

R2n contains a set Bε such that limε→+0 mes(Uε \ Bε) = 0 and the set
Bε×BmR∗ belongs to the basin of a stable n-dimensional invariant torus T n

ε

of system (1). For this reason the passage of slow variables from the zone
Ds to the zone Du results in a dynamical bifurcation of multifrequency
oscillations observed in the subsystem of fast variables.

Here we managed to show that apart from the torus T n
ε system (1)

also has hyperbolic invariant tori of lower dimensions with nontrivial
stable and unstable manifolds. These tori attract all forward trajectories
not approaching T n

ε . Thus, the set Bε contains all points of Uε except
those lying on submanifolds of nonzero co-dimensions.

1. Samoilenko A., Parasyuk I., Repeta B. Dynamical bifurcation of
multi-frequency oscillations in a fast-slow system, arXiv: 1503.02000
[math.CA] (2015).
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KOLMOGOROV TYPE INEQUALITIES FOR NORMS OF
THE HYPERSINGULAR INTEGRALS WITH

HOMOGENEOUS CHARACTERISTIC

Let L∇
∞,s(Rm), 1 ≤ s ≤ ∞, be the spaces of functions f ∈ L∞(Rm),

such that |∇f | ∈ Ls(Rm).
New exact inequalities of Kolmogorov type that estimate uniform

norm of hypersingular integrals with gomogeneous characteristic of a
function f ∈ L∇

∞,s(Rm) with the help of uiform norm of f and Ls– norm
of |∇f | are obtained.

The Stechkin problem on the best approximation of unbounded hy-
persingular integral operator by bounded ones on the class of functions
f ∈ L∇

∞,s(Rm) such that ∥|∇f |∥s ≤ 1 and the problem about the best
recovery of unbounded hypersingular integral operator on the elements
of this class, given with the error δ are solved.
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ON REALIZATION OF APPROACH
BY EIDELMAN-IVASYSHEN TO

CHARACTERIZE SOME CLASSES OF SOLUTIONS
FOR PARABOLIC EQUATIONS

In the middle of the last century, in the papers on the theory of
parabolic by Petrovsky systems of equations, S.D. Eidelman [1] proposed
to characterize the evolution in t of solutions for the Cauchy problem
by their affiliation to a family of Banach spaces (to a certain space for
every t ). This approach was developed and has repeatedly realized by
S.D. Ivasyshen and his disciples (such approach is after referred to as
“the approach of Eidelman-Ivasyshen” [2, 3]).

A brief survey of results on a correct solvability of the Cauchy prob-
lem and on an integral representation of such solutions through their
limit values on the hyperplane {t = 0} for parabolic equations of vari-
ous structures are presented in the report. These solutions are defined
in domains (0, T ] × Rn and (0, T ] × Ω, T > 0, Ω is unbounded domain
in Rn. They are functions of spatial variable x, increasing exponentially
as |x| → ∞ with the greatest possible order of growth and the type of
growth dependent on t.

1. Eidelman S. Parabolic systems (Moscow, 1964) (in Russian, English
edition: North-Holland, Amsterdam, 1969).

2. Eidelman S., Ivasyshen S., Kochubei A. Analytic methods in the
theory of differential and pseudo-differential equations of parabolic
type, Operator Theory: Adv. and Appl., 152 (2004), 390 p.

3. Ivasyshen S. Solutions of parabolic equations from families of Ba-
nach spaces depending on time, Matematychni Studii, 40:2 (2013)
172-181 (in Ukrainian)
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APPROXIMATE METHOD FOR SOLVING THE SYSTEM
OF HYPERBOLIC AND PARABOLIC EQUATIONS FOR

THE MANY-LAYERS STRESSED
NANOHETEROSYSTEMS

The mathematical model of linked mechanical and diffusion processes
in the many-layers stressed nanoheterosystems is constructed. The base
of this model is the self-assembled system of two equations: for the pa-
rameter of deformation Ui (z, t) (hyperbolic equation)

1

c2i

∂2Ui
∂t2

=
∂2Ui
∂z2

−
Θ

(i)
d

ρic2i

∂2N
(i)
dl

∂z2
− ∂2εi (z)

∂z2
, i = 1, n (1)

where εi (z) is function which describes the mechanical deformation that
appears due to non-assembling of parameters of lattice of contacting lay-

ers of heterosystem, and for the concentration of impurities N
(i)
dl (z, t)

(parabolic equation)

∂N
(i)
dl

∂t
= Di

∂2N
(i)
dl

∂z2
−DiN

(i)
do

Θ
(i)
d

kBT

∂2Ui
∂z2

+G
′(i)
d −

N
(i)
dl

τ
(i)
d

, (2)

with the boundary conditions

∂N
(1)
dl (z, t)/∂z

∣∣∣
z→−∞

= 0, ∂N
(3)
dl (z, t)/∂z

∣∣∣
z→∞

= 0,

N
(1)
dl (−a, t) = N

(2)
dl (−a, t) N

(2)
dl (a, t) = N

(3)
dl (a, t)

(3)

and primary condition
N i
dl (z, 0) = 0. (4)

The solutions of the system (1), (2) are derived in the case if the
parameter of deformation Ui (z, t) satisfies condition

(
L
(i)
d

)2
2Di


2

∂2Ui (z, t)

∂t2
≪ εi (0) .
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CLASSICAL SOLVABILITY OF MIXED PROBLEM FOR
A DEGENERATE HYPERBOLIC SYSTEM

In the domain Π = {(x, t) : 0 < t < T, 0 < x < l}, we consider a
hyperbolic system

∂u

∂t
+ Λ(x, t)

∂u

∂x
= f(x, t, u, v, w),

∂v

∂x
= g(x, t, u, v, w),

∂w

∂t
= h(x, t, u, v, w)

with the initial and boudary conditions:

ui(x, 0) = qi(x), ws(x, 0) = rs(x), 0 ≤ x ≤ l,

ui(0, t) = γ0i

(
t,
(
uj(0, t)

)
j∈Il

, w(x, t)
)
, i ∈ I0,

ui(l, t) = γ2l

(
t,
(
uj(l, t)

)
j∈ I0

, w(x, t)
)
, i ∈ Il,

vj(0, t) = ψj

(
t,
(
uj(0, t)

)
j∈Il

, w(x, t)
)
, j ∈ {1, . . . ,m},

where I0 = { i ∈ {1, . . . , l} : λi(0, t) > 0}, Il = {i ∈ {1, . . . , l} :
λi(i, t) < 0} are sets of indices.

Using the method of characteristics and the Banach fixed point the-
orem, we established the existence and uniqueness of a global classical
solution to the initial-boundary problem for the hyperbolic system of
the first-order equations. Moreover, globality of the solution was found
thanks to a specially selected metric with weight functions.

1. Maulenov O., Myshkys A. About solvability of mixed problem for
degenerated semilinear hyperbolic system on the interval, Izv. AN
Kaz. SSR, Ser. Fiz.-mat., 5 (1981), 25–29. (in Russian)

2. Andrusyak R., Kyrylych V., Peliushkevych O. Global lassical solv-
ability of a problem with nonlocal conditions for degenerate hyper-
bolic system of the first order equations, Mat. Stud., 38 (2012),
80–92.
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GENERAL ANALYTICAL ONE-WAY NULL SOLUTION
FOR MAXWELL FIELD IN KERR SPACE-TIME

We consider propagation of electromagnetic waves in gravitational
field, which is described by Kerr metric. This metric is provided by
rotating mass M with an angular momentum per unit mass a. Electro-
magnetic field is assumed to be the test field.

Let us consider the homogeneous Maxwell equation in spinor repre-
sentation

∇AA′
φAB = 0, (1)

and assume that Maxwell spinor φAB has the form [1]

φAB = φ2oAoB , (2)

which means that repeated principal spinor of Maxwell field is propor-
tional to oA, where oA is repeated principal spinor of Weyl spinor. Phys-
ical meaning of this choice implies consideration of the only retarded
electromagnetic wave or consideration of the wave that has ”t−r” depen-
dence. We also can choose orientation of Maxwell spinor along another
repeated principal spinor of Weyl spinor ιA, which allows us to consider
the only advanced (”t+ r”) electromagnetic wave.

Representation (2) allows us to decouple the system (1) and to con-
sider the first order system of partial differential equations in Boyer-
Lindquist coordinates

r2 + a2

r2 − 2Mr + a2

∂φ2

∂t
+

∂φ2

∂r
+

a

r2 − 2Mr + a2

∂φ2

∂ϕ
+

1

r − ia cos θ
φ2 = 0,

ia sin θ
∂φ2

∂t
+

∂φ2

∂θ
+

i

sin θ

∂φ2

∂ϕ
+

(
ctgθ +

ia sin θ

r − ia cos θ

)
φ2 = 0.

(3)

We have obtained solution of the system (3) and calculated the Maxwell
tensor and energy-momentum tensor in Boyer-Lindquist coordinates and
locally non-rotating frame.

1. Stewart J. Advanced general relativity (Cambridge, 1991)
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ON SOLUTIONS OF STOCHASTIC BOUNDARY VALUE
PROBLEMS

Let a downward flow of σ-algebras {Ft, t ≥ 0, Ft ⊂ Ft2 at t1 < t2}
exist on the probability space.

I. The random function u(t, x, ω) with probability 1 is a solution of
the Dirichlet problem for axis

dtu(t, x, ω) = [a2uxx(t, x, ω)]dt+ bu(t, x, ω)dw(t, ω), (1)

u(t0, x, ω) = φ(x), x ≥ 0, u(t, 0, ω) = µ(t), t0 ≤ t ≤ T. (2)

Here, w(t, ω) is the standard scalar Wiener process, φ(0) = µ(0) = 0.
Continuing the initial function φ(x) by the odd manner on the whole
axis, we find the Green function G(t, x, ω) of the Cauchy problem for
equation (1).

Then the solution of the problem (1)-(2) with probability 1 is repre-
sented by the sum of two terms and there is the correct follow assessment
(with the operation of mathematical expectation M):

|M{u(t, x, ω)}| ≤ const(|φ(x)|C(R+) + |µ(t)|KC[t0,T ]). (3)

II. The random function u(t, x, y, ω) with probability 1 satisfies the
singular heat equation

ut = a20uxx + a1

(
uyy +

2ν + 1

y
dy
)
, (4)

and conditions

u(0, x, y, ω) = φ(x, y), uy(t, x, 0, ω) = 0,

u(t, 0, y, ω) = ψ1(t) + s1w1(t, ω), u(t, l, y, ω) = ψ2(t) + s2w2(t, ω). (5)

Combining the method of solving of mixed problems and elements of the
theory of random processes, we have obtained the estimate on the norm
of the solution of the problem (4)-(5).
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INDIVIDUAL PARTICLE APPROACH TO THE
NONLINEAR SHOCK ACCELERATION

Diffusive shock acceleration of charged particles on the strong shock
results in the power-law spectrum of accelerated particles, in the test-
particle approximation, when particles do not modify the hydrodynamic
structure of the flow. In contrast, if acceleration is effective and particles
take out considerable fraction of the shock energy, then they affect the
flow velocity distribution in the precursor and their spectrum f(p) has the
concave shape. The analytic solution of the kinetic equation which ac-
counts for this nonlinear effect was obtained in 2002 [1]. We demonstrate
that the same result may be derived in the individual-particle approach
of Bell developed originally for the test-particle regime [2].

The probability for particle with momentum p and velocity v to return
to the shock, being advected with the flow speed u downstream, and, thus,
to continue with the ith cycle of acceleration, is P = exp [−

∑
i 4u/vi],

to the leading order in u/v. The increase in momentum in one cycle is
∆p/p = 4(up − u)/(3v) where up is the flow velocity upstream in the
farthest point which may be reached by the particles with momentum
p. In other words, particles ‘see’ the effective shock compression σ(p) =
up/u, different for different p. Substitution of P with 4/v from ∆p/p

and use of the definition f(p) = −n
(
4πp2

)−1
∂P/∂p yield the particle

spectrum for the modified flow velocity distribution up:

f(p) =
3n

4πp3o [σ(p)− 1]
exp

(
−
∫ p

po

3σ(p′)

σ(p′)− 1

dp′

p′

)
(1)

where po is the injection momentum, n the number density of accelerated
particles. The known test-particle result follows from (2) by substitution
of the uniform distribution up, i.e. with σ independent of p.

1. Blasi P. A semi-analytical approach to non-linear shock accelera-
tion, Astropart. Phys. 16, (2002) 429-439.

2. Bell A. The acceleration of cosmic rays in shock fronts, MNRAS
182 (1978), 147–156.
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A REMARK TO ESTIMATES FROM BELOW FOR AN
ANALYTIC CHARACTERISTIC FUNCTIONS

A non-decreasing function F continuous on the left on (−∞,+∞)
is said to be a probability law if lim

x→+∞
F (x) = 1 and lim

x→−∞
F (x) = 0,

and the function φ(z) =
∫ +∞
−∞ eizxdF (x) defined for real z is called a

characteristic function of this law. If φ has an analytic continuation on
the disk DR = {z : |z| < R}, 0 < R ≤ +∞, then we call φ an analytic in
DR characteristic function of the law F .

We denote by Lsi a class of positive continuous functions α on (−∞,
+∞) such that α(x) = α(x0) for x ≤ x0, 0 < α(x) ↑ +∞ and α(cx) =
(1 + o(1))α(x) as x0 ≤ x ↑ +∞ for each c ∈ (0,+∞).

Theorem. Let α ∈ Lsi be a continuously differentiable function and
φ be an analytic in DR characteristic function of a probability law F .
Suppose that is executed one of conditions:

1) ϱ > 1, lim
x→+∞

d lnα−1(x)
d lnα−1(ϱx) = q(ϱ) < 1, α

(
x

α(x)

)
= (1 + o(1))α(x) as

x→ +∞ and

α

(
xk

ln (WF (xk)eRxk)

)
≤ α(xk)

ϱ
(1)

for some increasing to +∞ sequence (xk) of positive numbers such that
α−1(α(xk+1)/ϱ) = O(α−1(α(xk)/ϱ)) as k → ∞;

2) ϱ < 1, lim
x→+∞

d lnα−1(ϱx)
d lnα−1(x) = q(ϱ) < 1, dα−1(ϱα(x))

dx = 1
f(x) ↓ 0,

α−1(ϱα(f(x))) = O(α−1(ϱα(x)) as x→ +∞ and

α
(
ln
(
WF (xk)e

Rxk
))

≥ ϱα(xk) (2)

for some increasing to +∞ sequence (xk) of positive numbers such that

lim
k→∞

f(xk+1)
f(xk)

< 2.

Then

α(lnµ(r, f)) ≥ (1 + o(1))ρα

(
1

R− r

)
, r ↑ R. (3)
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SOLUTIONS OF MATHISSON-PAPAPETROU
EQUATIONS FOR FAST PARTICLES

The Mathisson-Papapetrou (MP) equations [1] are some generaliza-
tion of the geodesic equations. It is important that the MP equations
can be used for the investigation of spinning particle motions with any
velocity relative to the source of the gravitational field (for example,
Schwarzschild’s or Kerr’s black hole), up to the speed of light, similarly
as the geodesic equations are used for a fast moving spinless particle.

The priority of the Mathisson-Pirani supplementary condition for the
MP equations is argued. At this condition a new representation of the
MP equations by using constants of the particle’s motions, energy, and
angular momentum is elaborated [2]. A procedure of separation of the
MP equations solutions which describe motions of the particle proper
center of mass in Schwarzschild’s metric is considered. Different solutions
of the MP equations in the Schwarzschild and Kerr metric both in the
linear and nonlinear spin approximation are investigated, computed and
illustrated by the typical figures.

Some connections between the MP equations and the general relativis-
tic Dirac equation are discussed. It is stressed that for correct description
of a highly relativistic fermion in the gravitational field it is necessary to
take into account the nonlinear spin terms.

1. Mathisson M. Neue mechanik materieller systeme, Acta Phys. Pol.,
6 (1937), 163–200.

2. Plyatsko R., Fenyk M., Stefanyshyn O. Solutions of Mathisson-
Papapetrou equations for highly relativistic spinning particles, in
the book Equations of motion in relativistic gravity (Springer, 2015)
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THE PROBLEM WITH MOVABLE BOUNDARIES FOR
THE SINGULAR HYPERBOLIC SYSTEM OF

QUASI-LINEAR EQUATIONS

On the curvilinear domainRT = {(x, t) ∈ R2|s1(t) < x < s2(t), s1(0) =
s2(0) = 0 , 0 < t < T}, where functions s1, s2 : [0, T ] → R, s1, s2 ∈
C1[0, T ], we consider the following singular hyperbolic system of quasi-
linear equations

n∑
j=1

gij(x, t,w)

(
∂uj
∂t

+ λi(x, t,w)
∂uj
∂x

)
= Fi(x, t,w) , i ∈ {1, ..., n}, (1)

∂υj
∂t

= Gj(x, t,w),
∂ωk
∂t

= Rk(x, t,w), j ∈ {1, ...,m}, k ∈ {1, ..., r}, (2)

where w = (u, υ, ω) is unknown function.
The initial and boundary conditions for the system (1)–(2) are

w(0, 0) = w0, (3)

ui(s1(t), t) = ki(t, u1(s2(t), t), u2(s1(t), t)), (4)

up(s2(t), t) = kp(t, u1(s2(t), t), u2(s1(t), t)), (5)

υj(s1(t), t) = k1j (t, u1(s2(t), t), u2(s1(t), t)), (6)

υj(s2(t), t) = k2j (t, u1(s2(t), t), u2(s1(t), t)), (7)

ωk(s1(t), t) = kk(t, u1(s2(t), t), u2(s1(t), t)). (8)

Applying the method of characteristics and the Banach fixed point
theorem for system (1)–(8), the conditions of existence and uniqueness
of a local solution in a curvilinear sector are established.

1. Kyrylych V. Sufficient conditions for the global solvability prob-
lem with continuous unknown outside for degenerate quasi-linear
hyperbolic systems, Mat. visn. Shevchenko Sci. Soc. 6 (2009),
123–139. (in Ukrainian).
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ON COMMON EIGENVECTORS OF TWO MATRICES
OVER A PRINCIPAL IDEAL DOMAIN

Let R be a principal ideal domain with an identity element e ̸= 0 and
letMm,n(R) denote the set of m×n matrices over R. The symbol

[
A,B

]
is the standard notation for the commutator AB − BA of the matrices
A,B ∈Mn,n(R).

It is said that the matrices A,B ∈ Mn,n(R) have a common left
eigenvector, if there exists a nonzero vector ū ∈M1,n(R) such that

ūA = ūα and ūB = ūβ, where α, β ∈ R.

Matrices A,B ∈ Mn,n(R) are said to be simultaneously triangularizable
if there exists a matrix U ∈ GL(n,R), such that

UAU−1 and UBU−1

are lower triangular matrices (see [1]).
Theorem. Let A,B ∈ Mn,n(R) be the matrices with minimal poly-

nomials mA(λ) = (λ − α1)(λ − α2) and mB(λ) = (λ − β1)(λ − β2) re-
spectively, where αi, βi ∈ R, α1 ̸= α2 and β1 ̸= β2. The pair of matrices
A,B ∈Mn,n(R) have a common left eigenvector over R if and only if the
commutator

[
A,B

]
is a singular matrix.

Let A ∈ Mn,n(R) be an involutory matrix, that is A2 = In. If
A ̸= ±In, then m(λ) = (λ − e)(λ + e) is the minimal polynomial of
an involutory matrix A. The most important application of the Theorem
are the following corollaries.

Corollary 1. The involutory matrices A,B ∈ Mn,n(R) have a com-
mon eigenvector if and only if the commutator

[
A,B

]
is a singular ma-

trix.
Corollary 2. The involutory matrices A,B ∈ Mn,n(R) are simulta-

neously triangularizable if and only if the commutator
[
A,B

]
is a nilpo-

tent matrix.

1. Radjavi H., Rosenthal P. Simultaneous Triangularization (Springer,
2000).
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PERTURBATION OF A SINGULAR BOUNDARY VALUE
PROBLEM FOR A SECOND ORDER DIFFERENTIAL

EQUATION

Consider the following BVP on the half-line

x2y′′ + xp(x)y′ + q(x)y = εf(x, y), y(+0) = y(+∞) = 0. (1)

Here p(·) ∈ C1 (R+;R), q(·) ∈ C2 (R+;R), f(·, ·) ∈ C2 (R+ × R;R), and
ε is a small parameter. We study a complicated critical case when the
unperturbed equation (ε = 0) is dichotomic on [1,∞) and has a fun-
damental system of solutions y0(·), y∗(·) such that y0(·) is a solution
of the unperturbed BVP while y∗(·) is non-differentiable at x = 0 and
unbounded on [1,∞).

Under certain additional conditions (in particular, q(0) ̸= 0, p(0) +
q(0) ̸= 0, f(0, y) ≡ 0, limx→+∞ x−2f(x, y) = 0), applying the results
[1,2], we prove that the problem (1) is soluble for all sufficiently small
ε > 0 once the determining equation

Φ(c) :=

∞∫
0

exp

 x∫
1

p(s)

s
ds

 y0(x)f
(
x, cy0(x)

)
x

dx = 0

has a simple solution.

1. Protsak L. Singular boundary valued problem on the half-line for
second order differential equation with regular singular point, Mat.
Visn. Nauk. Tov. im. Shevchenka, 7 (2010), 205–214. (in Ukrainian)

2. Luchko A., Protsak L. Weakly nonlinear singular boundary problem
on the half-line with singular point of the first kind, The G. M. Po-
lozhij Centenary Internat. Math. Conf. (April 23-24, 2014, Kyiv),
84. (in Ukrainian)
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ON THE INVERSE PROBLEM FOR THE SEMILINEAR
SECOND-ORDER ULTRAPARABOLIC EQUATION
WITH THREE UNKNOWN FUNCTIONS IN THE

RIGHT-HAND SIDE

Let Ω ⊂ Rn and D ⊂ Rl be bounded domains with the boundaries
∂Ω ∈ C1 and ∂D ∈ C1; x ∈ Ω, y ∈ D, t ∈ (0, T ), where T > 0 is a fixed
number.

Denote: G = Ω × D, QT = G × (0, T ), ΣT = ∂Ω × D × (0, T ),
ST = Ω× ∂D × (0, T ), Π1 = D × (0, T ), Π2 = Ω× (0, T ).

The conditions of the existence and uniqueness of a set (u(x, y, t),
q1(x), q2(t), q3(y)) from Sobolev spaces that is a weak solution for the
inverse problem

ut +
l∑
i=1

λi(y)uyi −
n∑

i,j=1

(aij(x)uxi)xj + c(x, y, t)u+ g(x, y, t, u) =

= f1(x, y, t)q1(x) + f2(x, y, t)q2(t) + f3(x, y, t)q3(y) + f0(x, y, t) (1)

u(x, y, 0) = u0(x, y), (x, y) ∈ G, u|ΣT = 0, u|S1
T
= 0, (2)∫

Π1

K1(y, t)u(x, y, t) dydt = E1(x), x ∈ Ω, (3)

∫
G

K2(x, y)u(x, y, t) dxdy = E2(t), t ∈ [0, T ], (4)

∫
Π2

K3(x, t)u(x, y, t) dxdt = E3(y), y ∈ D (5)

are obtained in the domain QT . Here S1
T = {(x, y, t)∈ST :

l∑
i=1

λi(x, y, t)×

× cos(ν, yi)< 0}, ν is an outward unit normal vector to the surface ST ,
function g(x, y, t, u) satisfies a Lipschitz condition on the variable u.
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PROBLEM WITH MULTIPLE NODES FOR A LINEAR
PARTIAL DIFFERENTIAL EQUATION

We considered the problem

L

(
∂

∂t
,Dx

)
u(t, x) ≡ ∂nu

∂tn
+

n∑
j=1

Aj(t,Dx)
∂n−ju

∂tn−j
= 0, (t, x) ∈ QpT , (1)


∂qj−1u(t, x)

∂tqj−1

∣∣∣
t=tj

= φj,rj (x), qj = 1, rj , j = 1, l, x ∈ Ωp,

2 ≤ l ≤ n, r1 + . . .+ rl = n, 0 ≤ t1 < . . . < tl ≤ T,

(2)

where Dx = (−i∂/∂x1, . . . ,−i∂/∂xp), QpT = (0;T )×Ωp, Ωp = (R/2πZ)p,
T > 0 and Aj(t,Dx), j = 1, n, are differential expressions of the form

Aj(t,Dx) =
∑

|s|≤Nj

Asj(t)(−i∂/∂x1)s1 . . . (−i∂/∂xp)sp , Asj ∈ C, Nj ∈ N,

and Asj(t), s = (s1, . . . , sp) ∈ Zp+, j = 1, n, are smooth functions on [0;T ].
We have obtained the conditions of existence and uniqueness of solu-

tion of the problem (1), (2). We have used the metric approach [1, 2] to
solve the problem of small denominators arising in the solution construc-
tion of this problem.

1. Ptashnyk B., Il’kiv V., Kmit’ I., Polishchuk V. Nonlocal boundary
value problems for partial differential equations (Kyiv, 2002) (in
Ukrainian)

2. Bernik V., Dodson M. Metric Diophantine approximation on man-
ifolds (Cambridge 1999)
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INVESTIGATION OF SOME MATHEMATICAL MODEL
OF DYNAMICS OF THE NONLINEAR FLEXURAL

VIBRATIONS OF A DRILL COLUMN

As a mathematical model of the flexural vibrations of the well drilling
column, rotating with an angular velocity Ω and with incompressible fluid
moving along it with relative velocity V , we consider the equation

(ρ1 + ρ2)
∂2u(x, t)

∂t2
+ ρ2V

∂2u(x, t)

∂t∂x
−
(
S(x)− ρ2V

2
) ∂2u(x, t)

∂x2
−

−∂S(x)
∂x

∂u(x, t)

∂x
+ EI

∂4u(x, t)

∂t4
− (ρ1 + ρ2)Ω

2u(x, t) =

= k1EI
∂2

∂x2

(
∂2u(x, t)

∂x2

)3

− k2
∂u(x, t)

∂x
,

where u(x, t) is a transverse deviation of the column section with x co-
ordinate at arbitrary instant of time t, ρ1, ρ2 are respectively masses of
length unit of the column and the fluid, moving inside, S(x) is an ax-
ial thrust in any column section made by special loads for the pressure
on the drill, and the force of column weight, EI is a flexural rigidity of
the column, k1 and k2 are the coefficients that define deviation of elas-
tic properties of the drilling column material from a linear law and the
resistance force respectively.

We investigate the influence of the motion of fluid flushing the cutter
of a well drilling column, and the angular rotational velocity upon dy-
namic characteristics of its flexural vibrations. We take into account the
nonlinear elastic features of column material. As a base of the research
we took the Galerkin method and the Van der Pol method. Combin-
ing those two methods made possible to obtain the relations describing
the main parameters of the dynamical process in both nonresonance and
resonance case.
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SOLUTION OF THE BOUNDARY VALUE PROBLEM
FOR A CYLINDRICAL ORTHOTROPIC SHELL WITH A

BIG RECTANGULAR HOLE BY THE METHOD OF
FINITE BODIES

The scientific report concerns the stress state of the orthotropic cylin-
drical shell with a considerable rectangular hole with sides 2a, 2b (ab >
R2). We use a system of equations that exactly satisfies all the equations
of the equilibrium shell:

V1Φ = εE1
∂2w

∂z2
, V2w = −(1− ν1ν2)

12ε

h4E2

∂2Φ

∂z2
− ε2

h2R2

∂2w

∂φ2
, (1)

where Φ(z, φ) is the stress function; w(z, φ) is the function of displace-
ment of the middle surface; V1, V2 are differential operators of the fourth
order.

The system of equations (1) differs from known equations of the theory
of shells constructed using Kirchhoff-Love hypotheses with only the term
ε2

h2
∂2w
∂γ2 . Forces and moments are to be defined.
An analytical-numerical method of finite bodies for solving the bound-

ary value problem in a triply connected domain is proposed. The shell
is divided into circumferences z = ±a on three simply-connected parts.
Countable number of resolving functions that accurately satisfy the equa-
tions of the shell was found.

The algorithm of analytical and numerical solution of boundary value
problems is based on an approximation of the stress state of separate
parts the shell by finite sums of resolving functions. All the boundary
conditions and the conditions of the contact of separate parts shell are
satisfied. The method is based also on minimization of the square-law
form which characterizes integral of a square-law deviation of the found
solution from the set boundary conditions. The criteria under which
the construction of approximate solutions coincides with the exact ones
was established. The distribution of stresses in a cylindrical shell was
determined.
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ON THE DIVISIBILITY OF THE SECOND-ORDER
MATRICES

Let R be a commutative domain elementary divisor [1] with 1 ̸= 0
and A be a 2× 2 matrix over R. For the matrix A there exist invertible
matrices PA , QA , such that

PAAQA = E = diag(ε1, ε2), where ε1 |ε2 .

The matrix E called the canonical diagonal form for the matrix A.
If A = BC, then the matrix B is a left divisor of the matrix A and

the matrix A is a right multiples of the matrix B.
Let’s denote the greatest common divisor of the elements a and b by

(a, b).
The conditions under which the matrix B is a left divisor of the ma-

trix A over commutative domain elementary divisor was proposed by
V.Shchedryk in 2009 [2].

Theorem. Let

A ∼ E = diag(ε1, ε2), ε1 | ε2, B ∼ ∆ = diag(δ1, δ2), δ1 | δ2

be matrices over R and

D ∼ Φ = diag(φ1, φ2), φ1 | φ2, T ∼ Γ = diag(γ1, γ2), γ1 | γ2,

moreover A = DA1, B = DB1 and A = TA2, B = TB2. If

γ1|φ1 = (ε1, δ1) and γ2|φ2, then D = TN.

1. Kaplansky I. Elementary divisors and modules, Trans. Amer. Maht.
Soc., 66 (1949), 464–491.

2. Shchedryk V. Factorization of matrices over elementary divisor
rings, Algebra and Discrete Mathematics, 2 (2009), 79–99.
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BIRKHOFF SPLINE INTERPOLATION IN AN INITIAL
VALUE PROBLEM FOR AN ORDINARY

DIFFERENTIAL EQUATION

Consider the initial value problem on [−1, 1]:{
y′ = f(x, y)
y(−1) = y0.

(1)

In [1] and [2], a new method was proposed for the function interpola-
tion using 3-th and 4-th order polynomial splines on a regular mesh with
the following conditions: function and its first derivative can be inter-
polated in integer points and the interpolation points for the subsequent
higher order derivatives are placed twice as frequent as for the previous
order. Such interpolation is usually called a Birkhoff interpolation. The
basis splines with a compact support based on perfect splines σ3(x) and
σ4(x) were used for the interpolation.

We propose to seek a solution y(x) of (1) in a form of its cubic spline
interpolant, which needs its values and the values of its first and second
derivatives at the points -1, 0, 1, and besides, the values of y′′ at -1/2
and 1/2. After interpolating f(x, y(x)) using the identity

y(a)− y(b) =

∫ b

a

f(x, y(x))dx

and knowing the values of integrals of the basis splines, we obtain the
iterative formulae to find y(0) and y(1), and then to find y(−1/2) and
y(1/2).

1. Rvachova T., Tomilova Ye. Birkhoff interpolation with cubic splines,
Issues of design and manufacture of flying vehicles, 5 (2008), 146–
149. (in Russian)

2. Rvachov V., Rvachova T., Tomilova Ye. Birkhoff interpolation with
polynomial splines of fourth degree, Radioelectronic and computer
systems, 1 (2015), 33–38. (in Russian)
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ON h−MEASURE AND ENTIRE DIRICHLET SERIES

Let D(Λ) be the class of entire Dirichlet series of the form F (z) =
+∞∑
n=0

ane
zλn , where Λ = (λn), 0 = λ0 < λn ↑ +∞ (1 ≤ n → +∞).

For F ∈ D(Λ) and x ∈ R we denote µ(x, F ) = max{|an|exλn : n ≥ 0},
ν(x, F ) = max{n : |an|exλn = µ(x, F )}. It is known [1] that for every
entire function F ∈ D(Λ) the relation

F (x+ iy) = (1 + o(1))aν(x,F )e
(x+iy)λν(x,F ) (1)

holds as x → +∞ outside some exceptional set E of finite Lebesgue

measure uniformly in y ∈ R, if and only if
+∞∑
n=0

1

λn+1 − λn
< +∞. In [2]

it is proved that the finiteness of Lebesgue measure of an exceptional set
E is the sharp estimate in the class D(Λ).

Let h,Φ be positive continuous functions increasing to +∞ on [0;+∞)
and φ the inverse function to function Φ.
Denote D(Λ,Φ) = {F ∈ D(Λ) : lnµ(x, F ) ≥ xΦ(x) (x > x0)}.

Theorem. If a differentiable function h such that h′(x) is non-de-
creasing to +∞ on [0;+∞) and

(∀b > 0) :
+∞∑
k=0

1

λk+1 − λk
h′
(
φ(λk) +

b

λk+1 − λk

)
< +∞,

then for every function F ∈ D(Λ,Φ) relation (1) holds as x → +∞
outside some set E of finite h-measure (

∫
E
dh(x) < +∞) uniformly in

y ∈ R.

1. Skaskiv O. Maximum of the absolute value and maximum term of
the integer Dirichlet series, Dop. AN Ukr SSR, Ser.A, 11 (1984),
22–24. (in Ukrainian)

2. Salo T., Skaskiv O., Trakalo O. On the best possible description of
exceptional set in Wiman-Valiron theory for entire functions, Mat.
Stud., 16:2 (2001), 131–140.
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BRINGING THE SYSTEM OF EQUATIONS, THAT ARE
NOT SOLVED IN RESPECT TO DERIVATIVES, TO THE

SYSTEM OF EQUATIONS, THAT ARE PARTIALLY
SOLVED IN RESPECT TO DERIVATIVES

Let’s consider the Cauchy problem of the form{
F (z,W,W ′) = 0,
W (z) → 0 as z −→ 0

(1)

where the function F : D × G × G̃ → Cn, D = {z : |z| < r, r > 0} ⊂ C,
G, G̃ ⊂ Cm, n,m ∈ N, (0, 0, 0) ∈ ∂(D×G× G̃) is analytic in the domain

D ×G× G̃.
We study the solutions of the Cauchy problem (1) that satisfy the

additional condition
W

′
(z) → 0 as z −→ 0 (2)

It is proved that, if the conditions of the theorem about the implicit holo-
morphic function are met, the system (1) with some change of variables
may be written in the form

S (z, Y )Y
′
= K (z, Y, Y ′) , (3)

where S : U → Cm×n, K : J → Cm, U ⊂ D ×G, J ⊂ D ×G× G̃.
In particular, we consider the transformation of the Cauchy problem

(1) to the Cauchy problem of the form{
A (z)Y

′
= B (z)Y + f (z, Y, Y ′) ,

Y (z) → 0 as z −→ 0,
(4)

where matrices A, B : D1 →Cm×n, D1 = {z : |z| < R1, 0 < R1 < r} ⊂ C,
the function f : D1 ×G1 ×G2 → Cm, Gk ⊂ Cn, 0 ∈ Gk, k = 1, 2.

1. Samkova G., Sharay N. About the investigation of a semi-explicit
system of differential equations in the case of a variable matrix
pencil, Nonlinear Oscillations. Appl., 5 (2002), 224–236.
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BOUNDEDNESS OF FABER OPERATORS

Let Ω ⊂ C be a compact set, not a single point, and suppose that
Ĉ \ Ω is a simply connected domain in the extended complex plane Ĉ.
Than Riemann mapping Ψ : Ĉ \ D → Ĉ \ Ω exists such that Ψ(∞) = ∞
and Ψ′(∞) > 0.

We denote by A(Ω) the Banach algebra of functions f , analytic in the
interior of Ω and continuous on Ω with the supremum norm.

Let Pn denote the set of all polynomials of degree at most n and
set P = ∪∞

n=1Pn. When we consider P as a subspace of A(Ω) or A(D),
D := {w : |w| ≤ 1}, we denote it by P(Ω) or P(D) respectively.

We define the Faber operator T : P(D) → P(Ω) by

T (f)(z) =
1

2πi

∫
|w|=1

f(w)Ψ′(w)

Ψ(w)− z
dw.

Ω is called a Faber set if T : P(D) → P(Ω) is bounded. In this case T
admits a unique extension to a continuous operator from A(D) to A(Ω),
also denoted by T .

In this talk, we describe the set of all compacts Ω for which ∥T∥ :=
sup{∥T (f)∥A(Ω) : ∥f∥A(D) ≤ 1} = 1.

Theorem. Let Ω and T be as above. Then Ω is s Faber set and
∥T∥ = 1 if and only if

inf
w:|w|>1

Re
Ψ′(w)w

Ψ(w)− z
≥ 1

2
∀ z ∈ Ω.
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METRIC ESTIMATES OF SMALL DENOMINATORS
FOR ONE NONLOCAL CONJUGATION PROBLEM

Let λ1, . . . , λn, µ1, . . . , µn, n ∈ N, be different sets of pairs of real
numbers, {λ1, . . . , λn} ∩ {µ1, . . . , µn} = ∅. Let Λ = ∥λq−1

j ∥nj,q=1, M =

∥µq−1
j ∥nj,q=1 be the Vandermonde matrices. We denote

A(k) = ∥λq−1
j exp(−αλjP (k))∥nj,q=1, B(k) = ∥µq−1

j exp(βµjP (k))∥nj,q=1,

∆(k) = det

∥∥∥∥ Λ M
A(k) νB(k)

∥∥∥∥ , k = (k1, . . . , kp) ∈ Zp,

where α, β > 0, ν ∈ C, and P (Dx), Dx = (−i∂/∂x1, . . . ,−i∂/∂xp), is a
differential expression of the degree N such that

inf
k∈Zp

|P (k)|(1 + |k|)−N > 0, |k| = |k1|+ . . .+ |kp|. (1)

A set of numbers λ1, . . . , λn will be called a set of general type if,
for any r, 1 ≤ r ≤ n − 1 and for arbitrary sets (i1, . . . , ir), (j1, . . . , jr),
1 ≤ i1 <. . .< ir ≤ n, 1 ≤ j1 <. . .< jr ≤ n, {i1, . . . , ir}∩{j1, . . . , jr} = ∅,
the inequalities λi1 + . . .+ λir ̸= λj1 + . . .+ λjr are valid.

Theorem. Let the condition (1) hold and let sets of positive numbers
λ1, . . . , λn, µ1, . . . , µn be sets of a general type. Then, for almost all (with
respect to Lebesgue measure in the space R2) pairs (α, β) ∈ (0, α0]×(0, β0],
α0, β0 > 0, the estimates

|∆(k)| ≥
{
|k|−ω exp (−β(µ1 + . . .+ µn)ReP (k)) , Re P (k) ≥ 0,
|k|−ω exp (α(λ1 + . . .+ λn)ReP (k)) , Re P (k) < 0,

are satisfied for all (except of a finite number) vectors k ∈ Zp if ω > p2n.

1. Ptashnyk B., Il’kiv V., Kmit’ I., Polishchuk V. Nonlocal boundary
value problems for partial differential equations (Kyiv, 2002) (in
Ukrainian)
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CONSTRUCTION OF THE SOLUTIONS FOR THE
SINGULAR BOUNDARY VALUE PROBLEMS FOR
SYSTEMS OF DIFFERENTIAL EQUATIONS IN

CRITICAL CASE

We consider the singular system of differential equations

B0(t)
dz

dt
= A0(t)z(t) + f(t), t ∈ [a, b], (1)

under the linear functional boundary condition

lz(·) = d, (2)

where rank B0(t) = n + m − 1 ∀t ∈ [a, b], A0(t), B0(t) are the ((n +
m) × (n + m))-dimensional matrices, f(t) is the (n + m)-dimensional
vector-function, of the following structure:

B0(t)=

[
B1(t) 0
0 J

]
, A0(t)=

[
A1(t) 0
0 A2(t)

]
, f(t)=

[
f (1)(t)
f (2)(t)

]
,

A2(t) is the (m×m)-dimensional, A1(t), B1(t) are the (n×n)-dimensional
matrices, detB1(t) ̸= 0; f (1)(t) is the n-dimensional, f (2)(t) is the m-
dimensional vector-functions, J is the (m×m)-dimensional Jordan block
with 0 on the diagonal; l is the (n +m)-dimensional linear vector func-
tional, d ∈ R(n+m) the vector column of constants.

We obtain the necessary and sufficient conditions for existence of so-
lutions of the singular boundary value problem (1), (2) in a critical case,
when the corresponding homogeneous singular boundary value problem
has k linear independent solutions. Moreover we show, that solutions
of the nonhomogeneous singular boundary value problem (1), (2) form
k-parametric family solutions.

1. Boichuk A., Samoilenko A. Generalized inverse operators and the
Fredholm boundary value problems (Boston, 2004)
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A PARTICULAR CASE OF CONSTRUCTING
GRACEFUL GRAPHS FROM GRACEFUL TREES

Labeling f of graph G is a mapping from the set of elements of G
to the set of positive integers. If the mapping domain is the vertex set
or the edge set then labeling f is called vertex labeling or edge labeling,
respectively. An injection f : V → {0, 1, 2, ..., q} is called the graceful
labeling of graph G = (V,E) of size q, if it induces labeling f∗ : E →
{1, 2, ..., q} such that f∗ is a bijection and f∗(uv) = |f(u)− f(v)| for any
two adjacent vertices u, v ∈ V (G). Graph G is graceful if it admits a
graceful labeling f .

Let S, T be trees, and let u, v be vertices of S, T , respectively. Con-
sider attaching one copy of T to each vertex of S other than u, by identi-
fying each vertex of S other than u with the vertex corresponding to v in a
distinct copy of T . We denote the resulting tree by S∆+1T , and we call
the construction the ∆+1-construction. Consider constructing graceful
graphs from graceful trees obtained by ∆+1-construction. A particular
case is presented in the following theorem.

Theorem. For a graceful tree S∆+1T of order p there exists a vertex
w ∈ V (S∆+1T ), w ̸= u, such that unicyclic graph G = S∆+1T + uw is
graceful.

1. Semenyuta M. F. Gracefulness of unicyclic graphs Theory of opti-
mal solutions, (2015), 16–21. (in Ukrainian)
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ESTIMATES OF THE BEST ORTHOGONAL
TRIGONOMETRIC APPROXIMATIONS FOR THE
CLASSES OF CONVOLUTIONS OF PERIODIC

FUNCTIONS WITH NOT HIGH SMOOTHNESS IN A
UNIFORM METRIC

Let Cψβ,p be the class of 2π–periodic functions f , represented by the

convolutions f(x) = a0
2 + 1

π

π∫
−π

Ψβ(x− t)φ(t)dt, φ ⊥ 1, ∥φ∥p ≤ 1, β ∈ R,

a0 ∈ R, where Ψβ(t) =
∞∑
k=1

ψ(k) cos
(
kt − βπ

2

)
, ψ(k) > 0, Ψβ ∈ Lp′ ,

1 < p <∞, 1
p +

1
p′ = 1.

We consider the problem of finding the exact–order estimates of quan-
tities e⊥m(Cψβ,p)C = sup

f∈Cψβ,p

inf
γm

∥f(x)−
∑
k∈γm

f̂(k)eikx∥C , 1 < p <∞, where

γm, m ∈ N, is an arbitrary set of m integer numbers, and f̂(k), k ∈ Z,
are Fourier coefficients of the function f .

By M we denote the set of continuous, convex downward, positive
functions ψ(t), t ≥ 1, that vanish at infinity. For every function ψ ∈ M

we introduce the characteristic α(ψ; t) = ψ(t)
t|ψ′(t)| , ψ

′(t) := ψ′(t+ 0) and

we denote M0 = {ψ ∈ M : ∃K > 0 ∀t ≥ 1 α(ψ; t) ≥ K}.
Theorem. Let 1 < p <∞,

∞∑
k=1

ψp
′
(k)kp

′−2 <∞, 1
p+

1
p′ = 1, and the

function gp(t) = ψ(t)t1/p such that gp ∈ M0 and α1(gp) = inf
t≥1

α(gp; t) > p′.

Then for arbitrary β ∈ R the correlation is true:

e⊥n (C
ψ
β,p)C ≍

( ∞∑
k=n

ψp
′
(k)kp

′−2
) 1
p′
.
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ON OPEN AND DISCRETE MAPPINGS WITH A
MODULUS CONDITION

Everywhere further D is a domain in Rn, n ≥ 2, m is the Lebesgue
measure in Rn. Given a family Γ of curves γ in Rn, a Borel function ρ :
Rn → [0,∞] is called admissible for Γ, abbr. ρ ∈ admΓ, if

∫
γ

ρ(x)|dx| > 1

for each (locally rectifiable) γ ∈ Γ. Given p > 1, the p-modulus of Γ is de-
fined as the quantityMp(Γ) := inf

ρ∈admΓ

∫
Rn

ρp(x)dm(x). Denote Γ(E,F,D)

a family of all paths γ : [a, b] → Rn, which join E and F in D. Given
y0 ∈ f(D) and numbers 0 < r1 < r2 < ∞, we denote A(r1, r2, y0) =
{y ∈ Rn : r1 < |y − y0| < r2} . Set S(x0, r) = {x ∈ Rn : |x− x0| = r} ,
B(x0, r) = {x ∈ Rn : |x− x0| < r} . Let Γ(y0, r1, r2) be the family of all
paths γ in D such that f(γ) ∈ Γ(S(y0, r1), S(y0, r2), A(r1, r2, y0)). We
write φ ∈ FMO(x0), if lim

ε→0

1
Ωnεn

∫
B(x0, ε)

|φ(x) − φε|dm(x) < ∞, Ωn :=

m(B(0, 1)), φε := 1
Ωnεn

∫
B(x0, ε)

φ(x) dm(x). Set ωn−1 = Hn−1(S(0, 1)),

qx0(r) :=
1

ωn−1rn−1

∫
|x−x0|=r

Q(x) dHn−1.

Theorem. Let D be a domain in Rn, n > 2, p ∈ (n − 1, n], Q :
Rn → (0,∞) be a Lebesgue measurable function, f : D → Rn be a sense-
preserving mapping obeying Mp(Γ(y0, r1, r2)) 6

∫
f(D)

Q(y) · ηp(y)dm(y)

for every y0 ∈ f(D), every 0 < r1 < r2 < ∞, and every nonnegative

Lebesgue measurable function η : (r1, r2) → [0,∞] with
r2∫
r1

η(r)dr > 1.

Then f is discrete and open whenever the function Q satisfies at least
one of the following conditions: 1) Q ∈ FMO(y0) for every y0 ∈ f(D);
2) for every y0 ∈ f(D) there exists δ(y0) > 0 such that for every small

enough ε > 0
δ(y0)∫
ε

dt

t
n−1
p−1 q

1
p−1
y0

(t)

<∞ and
δ(y0)∫
0

dt

t
n−1
p−1 q

1
p−1
y0

(t)

= ∞.
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ABOUT SMOOTH VARIABLE FUNCTIONS OF
PROXIMATE ORDER IN THE SENSE OF BOUTROUX

Let p be an integer non-negative number, 1 < p < η1 ≤ η2 < p + 1.
The positive continuously differentiable on (a; +∞), a ≥ 0, function h(r)
is called the smooth variable function of proximate order in the sense of
Boutroux if

lim
r→+∞

(lnh(er))
′
= η1, lim

r→+∞
(lnh(er))

′
= η2,

lim
r→+∞

(lnh(er))
(n)

= 0, ∀n ∈ N\ {1} .
(1)

Theorem A. If positive continuously differentiable on (a; +∞), a ≥
0, function h(r) satisfies the conditions (1), then for any n ∈ N holds

lim
t→+∞

tnh(n)(t)

h(t)
= η1(η1 − 1)...(η1 − n+ 1),

lim
t→+∞

tnh(n)(t)

h(t)
= η2(η2 − 1)...(η2 − n+ 1).

Continuously differentiable in some neighborhood of +∞ function l(r)
is called perfect proximate order in the sense of Bouroux if for any n ∈ N
holds lim

r→+∞
rn ln rln(r) = 0.

Theorem B. Positive continuously differentiable on (a; +∞), a ≥ 0,
function h(r) is smooth variable function of proximate order in the sense

of Boutroux then and only then, when function l(r) = lnh(r)
ln r is the perfect

proximate order, for which the next equalities are hold:

lim
r→+∞

l(r) = η1, lim
r→+∞

l(r) = η2.

Theorems A and B are the generalizations of corresponding results
from [1].

1. Tarov V. Smoothly varying functions and perfect proximate orders,
Math. Notes, 76:1-2 (2004), 238–243
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SOME MIXED PROBLEMS OF CRACKS CLOSURE
IN SHALLOW SHELLS

The problem of the cracks edges contact in a shallow shell in com-
bined tension and bending loading is considered in the two-dimensional
statement. The model of a contact along a line [1] for describing of the
crack closure phenomenon has been used. The mixed problem of the
shallow shells theory with the coupled boundary conditions on a cut has
been formulated:

∆∆φ− B

R
∆kw = 0, ∆∆w +

1

DR
∆kφ = 0, (x, y) ∈ R2\L,

Ny = 0, My = −m(x), [uy] > h|[θy]|, x ∈ L1,

[uy] = h|[θy]| > 0, My = hNysgn[θy]−m(x), Ny ≤ 0, x ∈ L2,

[uy] = 0, [θy] = 0, hNy ± (My +m(x)) ≤ 0, x ∈ L3,

Nxy = 0, Q∗
y = 0, x ∈ L = L1 ∪ L2 ∪ L3,

Nx = Nxy = Ny = 0, Mx =Mxy =My = 0, (x, y) → ∞. (1)

Questions of existence, uniqueness and smoothness of solutions of such
problems in Sobolev spaces have been investigated by A. Khludnev by
means of the theory of variational inequalities [2].

In this report, the results of asymptotic and numerical solution of
the boundary problem (1) by method of singular integral equations are
presented. The asymptotic algorithms of small parameter for the shells
of small curvature are built. The numerical results are found with the
quadrature method.

1. Shatskii I. Contact of the edges of the slit in the plate in combined
tension and bending, Sov. Mater. Sci., 25 (1989), 160–165.

2. Khludnev A., Kovtunenko V. Analysis of cracks in solids (Sout-
hampton-Boston, 2000).

146



Yurii Shatskyi

Ivan Franko National University, Lviv
yurashac@gmail.com

ABSOLUTE EXTENSORS IN ASYMPTOTIC CATEGORY

In this report, the question of an absolute extension in the asymptotic
category is considered. The condition is provided, when the metric space
is the absolute extensor in this category.

Definition 1 [1] An object Y of a category A is its absolute extensor,
Y ∈ AE(A), if for any object X in A, its subobject (A, i) and morphism
f : A→ Y there exists a proper asymptotically Lipschitz map f : X → Y
such that f ◦ i = f .

The following theorem help us to prove the main result of the paper.
Theorem 1 [1]. Rn+ ∈ AE(A) and Rn+ ∈ AE(Ã) for all n.
The condition of the absolute extension in an asymptotic category is

following.
Theorem 2. Let us have the metric space (Tn+1, d̂),

Tn+1 =

{
(x1, . . . , x,y)| y ≥

n∑
i=1

t(xi)

}
,

where function t is continuous, positive definite, monotonic, and even.
It is the absolute extensor in the category A if for all x, x′ ∈ Rn+1

+ the
following condition holds:
there is a constant s such that

max
i=1,n

{
|sgn(xi)t−1(|xi|)− sgn(x′i)t

−1(|x′i|), max
i=1,n

{|xi − x′i|}
}

≤

≤ max
i=1,n

{|xi − x′i|, s}. (1)

Some examples of the absolute extensors of the asymptotic categories
are presented.

1. Dranishnikov A. Asymptotic Topology, Rus. Math. Surv., 55:6
(2000), 1085–1129.
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ON THE SEQUENCES OF ZEROS AND CRITICAL
POINTS OF ENTIRE SOLUTIONS OF THE EQUATION

f ′′ + Af = 0

We consider the question, when the equation

f ′′ +Af = 0 (1)

has entire solution with prescribed sequences of zeros and critical points.
Theorem. For any divisors {λn; pn}, {µn; qn}, pn > 1, n ∈ N, where

λn and µn are an arbitrary sequence of complex numbers, λn ̸= µk, n, k ∈
N, with no finite accumulation points there exists a meromorphic function
A with poles of second order at the points λn such that the equation (1)
has at least one meromorphic solution f with zeros at the points λn of
order pn, for which f

′ except zeros at the points λn has zeros at the points
µn of order qn.

The case, when pn = qn = 1 is considered in paper [1].

1. Šeda V. On some properties of solutions of the differential equation
y′′ = Q(z)y, where Q(z) ̸≡ 0 is an entire function, Acta F.R.N.
Univ. Comen. Mathem., 4 (1959), 223-253. (in Slovak)
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ON THE CANONICAL FORM FOR A CERTAIN CLASS
OF MATRICES OF THE SECOND ORDER WITH
RESPECT TO THE SEMISCALAR EQUIVALENCE

The notion of semiscalar equivalence of polynomial matrices is intro-
duced and considered first in [1]. In this report the semiscalar equiva-
lence for one class of polynomial matrices of second order is investigated.
Without loss of generality, we can assume that first invariant multiplier
of considered matrix is identity and this matrix can be considered in the
form

A(x) =

∥∥∥∥ 1 0
a(x) ∆(x)

∥∥∥∥ , deg a(x) < deg∆(x). (1)

Proposition. Let there be given a matrix A(x) (1) and a partition

M =M1 ∪ . . . ∪Mw, Mu ∩Mv = ∅, u ̸= v, (2)

of the set M of characteristic roots of matrix A(x) into subsets Mu such
that α, β ∈ Mu if a(α) = a(β). Subsets Mu are uniquely defined by a
class of semiscalarly equivalent matrices {CA(x)Q(x)}.

Theorem. Let in the partition (2) for matrix A(x) (1) we have w = 1;
ni and mi be the multiplicities of some root αi ∈M in the characteristic
polynomial ∆(x) and in polynomial a(x) of matrix, A(x) respectively,
moreover 2mi < ni. Then in the class of semiscalarly equivalent matrices
{CA(x)Q(x)} there exists a matrix B(x) of the form

B(x) =

∥∥∥∥ 1 0
b(x) ∆(x)

∥∥∥∥ , deg b(x) < deg∆(x),

where entry b(x) satisfies the following conditions: b(αi) = 0, b(mi)(αi) =
mi!, b

(2mi)(αi) = 0. For a fixed root αi the matrix B(x) is defined
uniquely.

1. Kazimirs’kii P., Petrychkovych V. On the equivalence of polyno-
mials matrices, Theoretical and Applied Problems in Algebra and
Differential Equations (Kyiv, 1977), 61–66 (in Ukrainian)
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ON EXISTENCE OF A SOLUTION OF THE MULTIPLE
INTERPOLATION PROBLEM IN SOME CLASS OF

THE ENTIRE FUNCTIONS

Let g be entire function,Mg(r) = max{|g(z)| : |z| = r} and let |q| > 1.
A. Hel’fond and Yu. Kaz’min (see [1]) investigated the existence of the
unique solution of the interpolation problem

g(qn−1) = bn, (1)

where (bn) is some sequence of complex numbers. It follows from the
Kaz’min results that, for every sequence (bk), such that

lim
n→∞

|q|−
n−1
2 |bn|1/n 6 r1, r1 ∈ (1/|q|; 1)

interpolation problem (1) has a unique solution in the class of entire
functions g, that satisfies the condition

lnMg(r) 6
ln2 ρ1r

2 ln |q|
+

ln r

2
+ c1 for each ρ1 > r1.

We consider the following interpolation problem:

g(qn−1) = bn,1, g′(qn−1) = bn,2. (2)

Theorem 1. Let |q| > 1; R ∈ (1/|q|; 1] be a fixed number, R < R1 <
1, c1 > 0. Then for every sequences (bn,1) i (bn,2) such that

lim
n→∞

|q|−(n−1)|bn,1|2/n 6 R2, lim
n→∞

|q|−(n−1)(n−2)/n|bn,2|2/n 6 R2

the interpolation problem (2) has a unique solution in the class of entire
functions g, for which

lnMg(r) ≤
ln2R1r

ln |q|
+ ln r + c1.

1. Kaz’min Yu. On some Hel’fond’s problem, Mathem. sb., 90:4
(1973), 521–543. (in Russian)
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APPROXIMATIVE CHARACTERISTICS OF
THE CLASSES Lψβ,p OF PERIODIC FUNCTIONS

IN THE SPACE L1

The paper is devoted to the study of the approximation of periodic func-
tions of one variable of the classes Lψβ,p, 1 < p <∞ in the space L1 [1].

Let B be the set of functions ψ satisfying the following conditions: 1)
ψ are positive and nonincreasing; 2) exists a constant C > 0 such that
ψ(t)
ψ(2t) ≤ C, t ∈ N.

Let L1 be the space of 2π-periodic functions f with the usual norm.
We denote by

em(Lψβ,p)1 = sup
f∈Lψβ,p

inf
Θm

inf
T (Θm,·)

∥f(·)− T (Θm, ·)∥1,

e⊥m(Lψβ,p)1 = sup
f∈Lψβ,p

inf
Θm

∥f(·)− SΘm(f, ·)∥1

the best m-term and orthogonal trigonometric approximations of the

classes Lψβ,p, where T (Θm, x) =
m∑
k=1

cke
inkx, SΘm(f, x) =

m∑
k=1

f̂(nk)e
inkx,

Θm ⊂ N is a finite set containing m elements, ck are complex numbers

and f̂(k) = 1
2π

π∫
−π

f(t)e−iktdt the Fourier coefficients of f.

We prove the following
Theorem. Let 1 < p < ∞, ψ ∈ B, β ∈ R. Then the following

estimate is true:

em(Lψβ,p)1 ≍ e⊥m(Lψβ,p)1 ≍ ψ(m).

1. Stepanets A. Classification and Approximation of Periodic Func-
tions (London, 1995)
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THE NUMERICALLY-ANALYTICAL ANALYSIS OF THE
DISPERSIVE RELATIONS FOR THE GUIDED ELASTIC

WAVES IN AN ANISOTROPIC LAYER WITH THE
GENERALISED MIXED BOUNDARY CONDITIONS

At present, the spectrum of the normal elastic waves in the anisotropic
layer of the orthorombical class is deeply investigated for various types
of homogeneous boundary conditions of the first and second kinds with
reference to cases of symmetry or antisymmetry of a wave field on a
thickness of a layer. There are works devoted to analysis of wave motions
during propagation of elastic waves in an anisotropic layer, which lies on
the fixed basis and has a free top side, as well as with other types of non-
classical boundary conditions. The structure of the full dispersive spectra
in an anisotropic layer of the orthorombical systems with the generalized
mixed boundary conditions remains however an actual problem of the
wave mechanics of deformable environments.

The purpose of the present research consists in developing and re-
alization of the complex numerically-analytical technique for qualitative
and quantitative analysis of the full dispersive spectra, as well as of the
kinematic and energetic properties of normal waves with arbitrary direc-
tion of propagation in the plane of the anisotropic elastic layer of the
orthorombical system, with the same generalized mixed boundary con-
ditions (with the variable factor of proportionality between stress and
displacement) on the opposite flat sides of the leyer.

The analytical form of the transcendental dispersive equations de-
scribing the spectra for cases of propagation of the three-partial normal
waves with different symmetry is derived. The analytical form of equa-
tions for special cases of the wave propagation along the elastic-equivalent
directions of the layer is also presented. Qualitative analysis of roots of
the dispersive equations is conducted in the parameter space of the fre-
quency and wave number, on the basis of analysis of a characteristic
polynomial for the system of equations which describes the stationary
dynamic deformation of an anisotropic material of a waveguide.
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ON SOLUTIONS OF HIGHER-ORDER ANISOTROPIC
ELLIPTIC-PARABOLIC EQUATIONS WITH VARIABLE

EXPONENTS OF NONLINEARITY

Let Ω ⊂ Rn be a bounded domain with the piecewise smooth bound-
ary ∂Ω, ν = (ν1, . . . , νn) be a unit outward pointing normal vector on
the ∂Ω. Put Q := Ω× R, Σ := ∂Ω× R.

A partial case of considered problem is to find a function u : Q −→
R, which satisfies (in some sense) the following equation and boundary
conditions

(b(x)u)t+
∑

|α|∈M

(−1)|α|Dα
(
aα(x, t)|Dαu|pα(x)−2Dαu

)
=
∑

|α|∈M

Dαf(x, t),

∂ju

∂νj

∣∣∣
Σ
= 0 , j = 0,m− 1,

(x, t) ∈ Q, where m ∈ N, M is a subset of set {0, 1, . . . , m} such
that {0,m} ⊂ M , aα ∈ L∞(Q) (|α| ∈ M) are positive, b ∈ L∞(Ω) is
nonnegative, while there exists open set Ω0 ⊂ Ω such that b(x) > 0
for a.e. x ∈ Ω0, and b(x) = 0 for a.e. x ∈ Ω \ Ω0, pα ∈ L∞(Ω),
ess infx∈Ω pα(x) > 1 (|α| ∈ M), and fα (|α| ∈ M) is an integrable func-
tion. It is clear, that the equation is parabolic in Ω0 × R and elliptic
in (Ω \ Ω0) × R. We study weak solutions of considered problem from
generalized Sobolev spaces (see, for example, [1]).

The question of well-posedness of such type problem for the higher-
order anisotropic elliptic-parabolic equations with variable exponents of
nonlinearity is studied. The existence of periodic and almost periodic
solutions is investigated.

1. Kováčik O., Rákosńıc J. On spaces Lp(x) andW k, p(x), Czechoslovak
Mathematical Journal, 41 (1991), 592–618.
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GENERATORS OF LINEARLY GROWING C0-GROUPS
WITH SIMPLE PURELY IMAGINARY EIGENVALUES

Given a Hilbert spaceH with a Riesz basis {en}∞n=1. We introduce the
space Hk ({en}), k ∈ N, to present the construction of the generator Ak
of a C0-group possessing the following properties. Ak has simple purely
imaginary eigenvalues {λn}∞n=1, which essentially cluster at infinity, i.e.
lim
n→∞

|λn − λn+1| = 0.Moreover, the corresponding family of eigenvectors

is dense but do not constitute a Schauder basis, see [3]. This construction
is very close to the recent remarkable results of G. Q. Xu, S. P. Yung [1]
and H. Zwart [2] in the spectral theory of C0-semigroups. Our approach
is based on the application of the discrete Hardy inequality for p = 2.

The construction is given by the following theorem.
Theorem. Let f : [1,+∞) 7→ R be a real function such that

lim
x→∞

f(x) = +∞; lim
n→∞

n|f(n− 1)− f(n)| <∞.

Then the operator Ak : Hk ({en}) ⊃ D(Ak) 7→ Hk ({en}) defined by the

formula Akx = Ak(f)
∞∑
n=1

cnen = (f)
∞∑
n=1

if(n) · cnen, with domain

D(Ak) =

{
x = (f)

∞∑
n=1

cnen ∈ Hk ({en}) : {f(n) · cn}∞n=1 ∈ ℓ2(∆
k)

}
,

generates a C0-group {eAkt}t∈R of linear growth at ±∞ on Hk ({en}).

1. Xu G. Q., Yung S. P. The expansion of a semigroup and a Riesz
basis criterion, J. Differential Equations, 210 (2005), 1–24.

2. Zwart H. Riesz basis for strongly continuous groups, J. Differential
Equations, 249 (2010), 2397–2408.

3. Sklyar G., Marchenko V. Hardy inequality and the construction
of infinitesimal operators with non-basis family of eigenvectors,
http://arxiv.org/abs/1405.2731.
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HARNACK INEQUALITY AND CONTINUITY OF
SOLUTIONS FOR THE DOUBLE PHASE EQUATIONS

WITH LOWER ORDER TERMS

We prove the Harnack inequality and continuity of solutions for a
class of the divergence-type elliptic equations with a nonstandard growth
and lower order terms from the corresponding Kato-type-classes.
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ON ONE METHOD OF IMPROVEMENT OF THE
FOURIER SERIES CONVERGENCE

When the problems related to investigation of the localized actions
are considered, the quick-changing solutions are obtained. The respec-
tive Fourier series converge slowly. The Fourier series method is used to
solve complex problems together with other approaches (in particular,
the boundary elements or the finite elements methods), that demands
large amount of calculations. The report presents the method of im-
provement the Fourier series convergence for the functions which can be
approximated with adequate high accuracy by the least-squares method
applied to the piecewise-continuous polynomials of the first degree on the
whole interval of the series assignment or on the whole interval except of
the regions of small sizes and the known location of the latter.

Let’s consider the function f(x) continuous on the interval −l 6 x 6 l
f(x), which is given by the Fourier series

f(x) =

∞∑
n=−∞

ane
iλnx, λn =

πn

l

and approximate it by linear continuous functions. We divide the interval
by the nodes xj = jh+ a, j = 0, ..., N, h = (b− a)/N , and obtain

aAj−1 + bAj + aAj+1 = βj , j = 0, ..., N,

where βj = h
∞∑

n=−∞
anγ(0.5λnh)e

iλnxj , γ(z) = 1
2 sin

2 z. This results in

the function

f̃(x) =

∞∑
n=−∞

anΓn exp(iλnx), Γn = g(λnh), g(t) =
3

2 + cos t

(
sin(t/2)

t/2

)2

.

The efficiency of obtained formulas is illustrated on example of the
numerical inversion of the Laplace transform, based on the Fourier series.
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ON THE GROWTH OF THE ENTIRE DIRICHLET
SERIES OF SEVERAL VARIABLES

Let Λp = (λn)n∈Zp+ be a sequence such that λn = (λ
(1)
n1 , . . . λ

(p)
np ) (n =

(n1, . . . , np) ∈ Zp+), 0 ≤ λ
(j)
k ↑ +∞ (0 ≤ k ↑ +∞), 1 ≤ j ≤ p. For

a ∈ Rp we put ∥a∥ := a1 + · · · + ap. Let Hp(Λp) be a class of entire
functions defined by the absolutely convergent multiple Dirichlet series
in the whole complex space Cp of the form F (z) =

∑+∞
||n||=0 ane

<z,λn>, z ∈
Cp, p ≥ 2, where < z, λn >= z1λ

(1)
n1 + . . .+ zpλ

(p)
np . For F ∈ Hp(Λp) and

x = (x1, . . . , xp) ∈ Rp we denote M(x, F ) = sup{|F (x + iy)| : y ∈ Rp},
µ(x, F ) = max{|an|e<x,λn> : n ∈ Zp+}, and
ρF = lim

|x|→+∞
ln lnM(x,F )

ln ∥ex∥ , ρµ = lim
|x|→+∞

ln lnµ(x,F )
ln ∥ex∥ , kF = lim

∥n∥→+∞
∥λn lnλn∥
− ln |an| ,

where λn lnλn = (λ
(1)
n1 lnλ

(1)
n1 , . . . , λ

(p)
np lnλ

(p)
np ).

1. It is easy to see that ρµ = kF for every function F ∈ Hp(Λp).

2. (B.V.Vynnyts’kyi, 1975, p=2) kF ≤ ρF ≤ kF /(1−h) for every function

F ∈ Hp(Λp) such that lim
∥n∥→+∞

ln ∥n∥
− ln |an| ≤ h < 1.

3. F ∈ Hp(Λp) and h = 0 =⇒ ρF = ρµ = kF .
The proposition 3. follows immediately from 1. and 2.

4. F ∈ Hp(Λp) and δ(Λ) := lim
∥n∥→+∞

∥λn lnλn∥
− ln |an| = 0 =⇒ ρF = ρµ = kF .

It is easy to see that the proposition 4. follows from 2. and 3.

5. For every sequence Λp such that δ(Λ) > 0 there exists a Dirichlet series
F ∈ Hp(Λp) such that ρF > ρµ (= kF ).
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ON THE R-ORDER AND LOWER R-ORDER OF
DIRICHLET SERIES ABSOLUTELY CONVERGENT

IN THE HALFPLANE

Let

F (s) =
∞∑
n=1

an exp{sλn}, s = σ + it, (1)

be the Dirichlet series with arbitrary abscissa of absolute convergence
σa = A ∈ (−∞,+∞], where 0 = λ0 < λn ↑ +∞ (n → ∞). For σ <
A, let µ(σ, F ) = max{|an| exp{σλn} : n ≥ 0} be the maximal term
of (1) and M(σ, F ) = sup{|F (σ + it)| : t ∈ R}. If A = +∞ then
the R-order ϱR and lower R-order λR are introduced [1] by formulas

ϱR = lim
σ→∞

ln lnM(σ, F )

σ
and λR = lim

σ→∞

ln lnM(σ, F )

σ
. Then, under

the condition lnn = o
(
λn lnλn

)
, n → ∞, the following inequality λR ≤

ϱRβ, where β = lim
n→∞

lnλn
lnλn+1

, is true. The order and lower order of

the Dirichlet series (1) with null abscissa of absolute convergence are

respectively ϱ0 = lim
σ↑0

ln lnM(σ, F )

− ln |σ|
and λ0 = lim

σ↑0

ln lnM(σ, F )

− ln |σ|
, and if

ln lnn = o(lnλn), n → ∞, then λ0 ≤ ϱ0β. For the characterization
of the growth of the Dirichlet series (1) with null abscissa of absolute
convergence the R-order ϱ0R = lim

σ↑0
|σ| ln lnM(σ, F ) and the formula to

find it are introduced [2]. The lower R-order for its Dirichlet series will be
denoted by the value λ0R = lim

σ↑0
|σ| ln lnM(σ, F ). The following theorem

is true.

Theorem. If lnn = o

(
λn
lnλn

)
as n→ ∞ then λ0R ≤ ϱ0Rβ.

1. Ritt J. On certain points in the theory of Dirichlet series, Amer.
Math. J., 50 (1928), 78–83.

2. Gaisin A. Estimates of the function represented by Dirichlet series
in halfplane, Mat. sbornik, 117 (1982), 412–424. (in Russian)
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COMBINING EXPLICIT AND IMPLICIT EXPONENTIAL
INTEGRATORS FOR SOLVING THE SEMILINEAR

STIFF EVOLUTION EQUATIONS

Exponential integrators are a class of powerful methods specifically
designed for the stiff semilinear evolution equations

∂tu(t) = Au(t) + g(t, u(t)), u(0) given,

arising from a spatial discretization of the time-dependent partial dif-
ferential equations, where the problem splits into a linear (stiff) and
a nonlinear (nonstiff or mildly stiff) parts. The linear term is exactly
treated by computation of the action of the matrix exponential, and a
time-stepping technique is applied to the nonlinear term.

We discuss multistep versions of the exponential integrators, in partic-
ular, the combination of explicit and implicit schemes which are general-
izations of the classical Adams schemes. The basic integrator is explicit,
and a more accurate implicit scheme is used to control the integration.
This is accomplished by a technique of predictor-corrector type, which
can be interpreted as a local discrete defect-correction procedure.

We also consider realizations of a posteriori error estimators based on
the principle of the defect correction. The idea is to combine the defect
of a given numerical approximation with a ’reconstruction’ (backsolving)
procedure based on a simple auxiliary scheme, for example exponential
Euler scheme, with the goal to produce an asymptotically correct global
error estimate in an efficient and stable way.

Numerical examples are given, and rational versions of these schemes
are also considered.
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SOME NECESSARY CONVERGENCE CONDITIONS
FOR ONE CLASS OF THE TWO-DIMENSIONAL

CONTINUED FRACTIONS WITH
COMPLEX ELEMENTS

We deal with analysis of convergence for a two-dimensinal continued
fraction (TDCF) of the form:

b0 +
∞
D
j=1

1

bj,0
+

∞
D
j=1

1

b0,j
+

∞
D
k=1

1

bk,k +
∞
D
j=1

1

bj+k,k
+

∞
D
j=1

1

bk,j+k

, (1)

where all partial denominators bk,j , k, j = 0, 1, . . . , k+ j ̸= 0, are com-
plex numbers,

bk,j ∈ Gβ =
{
z ∈ C : z ̸= 0, | arg z| ≤ β <

π

2

}
.

The ordinary approximants of TDCF (1) are defined in that way

fn = b0 +
n

D
j=1

1

bj,0
+

n

D
j=1

1

b0,j
+

n

D
k=1

1

bk,k +
n−k
D
j=1

1

bj+k,k
+
n−k
D
j=1

1

bk,j+k

,

the figured approximants of TDCF (1) are defined as follows

f̂n = b0 +
[
√
n]

D
j=1

1

bj,0
+

[
√
n−1]

D
j=1

1

b0,j
+

[
√
n+1]−1

D
k=1

1

bk,k +
[
√
n−2k]−k
D
j=1

1

bj+k,k
+

[
√
n−2k−1]−k

D
j=1

1

bk,j+k

, n = 1, 2, . . . .

In our communication, we plan to consider some necessary conditions for
convergence of sequences {fn} and {f̂n}.
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ON SMOOTHNESS OF INVARIANT TORI FOR
EVOLUTIONARY EQUATIONS IN
INFINITE-DIMENSIONAL SPACES

Let us start by considering a system of nonlinear equations

φn+1 = φn + a(φn, xn), xn+1 = P (φn, xn)xn + c(φn), n ∈ Z, (1)

where Z is the set of integers, φ ∈ W, x = (x1, x2, x3, . . . ) ∈ M, W is an
arbitrary Banach space, M is the space of bounded number sequences,
the function c(φ) = (c1(φ), c2(φ), c3(φ), . . . ) is defined on W with values
in the space M, the function a(φ, x) and the infinite matrix P (φ, x) =
[pi,j(φ, x)]

∞
i,j=1 are defined on the set W×{x ∈ M|∥x∥ ≤ d = const > 0}.

Next, let us write down a linear in x system of equations

dφ

dt
= a(φ),

dx(t)

dt
= B(φ, t)x(t+∆) + c(φ, t). (2)

Here φ = (φ1, φ2, . . . , φn) ∈ Rn, x ⊂ M; B(φ, t) = [bij(φ, t)]
∞
i,j=1 is

an infinite matrix; a(φ) and c(φ, t) are vector functions of appropriate
dimensions; the elements bij(y1(φ, t), y2(φ, t), . . . , yn(φ, t)) of the matrix
B(φ, t) and the coordinates ci(φ, t) = ci(z1(φ, t), z2(φ, t), . . . , zn(φ, t)) of
the vector function c(φ, t) are determined by the equalities ys(φ, t) =
φst+Γs

(φ) and zs(φ, t) = φst+δs (φ) respectively; x(t + ∆) = (x1(t +
∆1), x2(t + ∆2), . . . ); Γi, δi and ∆i are arbitrary fixed real numbers,
i = 1, 2, . . . ; s = 1, 2, . . . , n; φ = φt(φ), φ0(φ) = φ, is a solution of the
first equation of the system (2).

We establish sufficient conditions for existence of a smooth semi-
invariant manifold for the system of equations (1) and a smooth invariant
torus for the system of equations (2), where the smoothness of the latter
one is understood in the sense of coordinate-wise differentiability. If the
space W is replaced with M, then, under additional standard conditions
of periodicity, the semi-invariant manifold for the system (1) becomes its
semi-invariant torus.
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MEAN VALUE THEOREMS FOR SOME CLASSES
OF POLYNOMIALS

Polyanalytic functions are very important subject since they have
many different applications. For example, theory of several complex vari-
ables, theory of polygarmonic functions, analytic functions, investigation
of the different equations with Cauchy-Rieman’s operator and others.

The classic Gauss theorem that characterizes the class of harmonic
functions using the mean-value formula was developed and modified in
many works. For example, works of M.O. Reade, Ramsey and Weit,
Volchkov V.V.

The main direction of present investigations is the description of
classes of functions that satisfy given integral equations that have a cer-
tain geometric sense. For example, the solutions of equation with mean
value can be determined by the next equation(

∂

∂z

)m−s(
∂

∂z̄

)m
f = 0,

where m ∈ N and s ∈ 0, ...,m− 1 are fixed.

1. Maxwell O. Reade A theorem of Fédoroff, Duke Math.J., 18 (1948),
105–109.

2. Trofymenko O. An analog of a mean value theorem for polynomials
of special form, Ukrainian Math. J., 63 (2011), 815–826.

3. Trofymenko O. A two-radii theorem for solutions of some mean
value equations, Matematychni Studii, 40:2 (2013), 137–143.

4. Volchkov V. Integral Geometry and Convolution Equations (Kluwer
Academic Publishers, 2003)
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ON PROPERTIES OF SOLUTIONS OF THE WEBER
EQUATION

Let f(z) be an entire function, l be a positive continuous on [0, +∞)
function. Function f is said to be a function of bounded l-index [1], if
there exists N ∈ Z+ such that for all n ∈ Z+ and z ∈ C

|f (n)(z)|
n!ln(|z|)

≤ max

{
|f (k)(z)|
k!lk(|z|)

: 0 ≤ k ≤ N

}
.

The least such integer N is called l-index and is denoted by N(f, l).
An analytic univalent in D = {z : |z| < 1} function f is said to be

convex if f(D) is a convex domain.

Differential equation w′′−
(
z2

4 − ν − 1
2

)
w = 0 is said to be the Weber

equation. Properties of solutions of the Weber equation if ν ̸= −1
2 are

investigated in [2]. If ν = − 1
2 then we have

w′′ − z2

4
w = 0. (1)

Theorem. Common solution of the equation (1) can be written in the
form w(z) = C1α(z

4) + C2zβ(z
4), where entire functions α(z) and β(z)

are convex in D, N(α, l) ≤ 1 with l(|z|) ≡ 31 + 2
√
238

336
and N(β, l) ≤ 1

with l(|z|) ≡ 41 + 2
√
414

720
, also lnMα(r) = (1+ o(1))

√
r

4
and lnMβ(r) =

= (1 + o(1))

√
r

4
as r → ∞, where Mf (r) = max{|f(z)| : |z| = r}.

1. Sheremeta M. Analytic functions of bounded index (Lviv, 1999)

2. Trukhan Yu., Sheremeta M. Properties of the Solutions of the We-
ber Equation, Bukovinian Mat. J., 2:2-3 (2014), 223–230. (in
Ukrainian)
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NONLINEAR OPTIMAL CONTROL IN PARABOLIC
PROBLEM WITHOUT INITIAL CONDITIONS

Let Ω ⊂ Rn (n ∈ N) be a bounded domain with a regular boundary
Γ, S := (−∞, 0], Q := Ω × S, Σ := Γ × S. For arbitrary ω ∈ R,
α, γ ∈ L∞

loc(S) (α(t) > 0 and γ(t) > 0 for almost all t ∈ S), and a Hilbert
space X, we denote by L2

ω,γ(S;X) the space of functions f : S → X such

that
∫
S
γ(t)e2ω

∫ t
0
α(s)ds∥f(t)∥2Xdt <∞.

Let U :=
{
v ∈ L∞(Q)

∣∣v ≥ 0 a. e. Q
}
, U∂ is a convex and closed

set in U . Given control v ∈ U , the state y(v) = y(·, ·; v) ∈ L2
ω,α(S;H

1
0 (Ω))

∩C(S;L2(Ω)) of evolution system is defined as a weak solution of the
problem

yt(v)−
n∑

i,j=1

(
aijyxi(v)

)
xj

+ a0y(v) + vy(v) = f in Q,

lim
t→−∞

e2ω
∫ t
0
α(s)ds

∫
Ω

|y(x, t; v)|2 dx = 0.

Here f ∈ L2
ω,1/α(S;L

2(Ω)), a0, aij ∈ L∞
loc(Q), aij = aji (i, j = 1, n),

a0(x, t) ≥ α(t),
n∑

i,j=1

aij(x, t)ξiξj ≥ α(t)∥ξ∥2 (ξ ∈ Rn) a. e. Q.

The cost function has the form

J(v) = ∥y(·, 0; v)− z0(·)∥2L2(Ω) + µ∥v∥2L∞(Q), v ∈ U,

for given z0 ∈ L2(Ω) and µ = const > 0.
Problem: To find u ∈ U∂ such that

J(u) = inf
v∈U∂

J(v) .

Under some conditions on the data-in, we prove the existence of a
solution of this problem.
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ABOUT MIXED PROBLEMS FOR SOME PARABOLIC
EQUATIONS WITH INCREASING COEFFICIENTS

Let x := (x′, xn), x
′ := (x1, ..., xn−1);T > 0; Π+

T := {(t, x′, xn)|t ∈
(0, T ], x′ ∈ Rn−1, xn > 0}, Π+

0 := {(t, x′, xn)|t = 0, x′ ∈ Rn−1, xn > 0},
Π0
T := {(t, x′, xn)|t ∈ (0, T ], x′ ∈ Rn−1, xn = 0};

(Lu) (t, x) :=

∂t − n∑
j,k=1

ajk∂xj∂xk −
n∑
j=1

aj∂xj − a0

u(t, x)−

−b
n∑
j=1

∂xj (xju(t, x)) ,

where ajk, aj , a0, b are real constants, and matrix A := (ajk)
n
j,k=1 is sym-

metric and positively determined; ∂ν⃗Au := −
∑n
j=1 anj∂xju is derivative

of function u along conormal to hyperplane {(x′, xn)|x′ ∈ Rn−1, xn = 0}.
Such problems are considered in the report:

Lu = 0 in Π+
T ,

u = 0 on Π0
T ,

u = ϕ on Π+
0 ;

(1)


Lu = 0 in Π+

T ,

∂ν⃗Au = 0 on Π0
T ,

u = ϕ on Π+
0 .

(2)

Such results are obtained for problems (1) and (2):

1) homogeneous Green’s functions G
(l)
0 , l ∈ {1, 2} are constructed and

studied;
2) the properties of the Poisson’s integrals, generated by functions

G
(l)
0 , l ∈ {1, 2}, are established;
3) the theorems about correct solvability of problems in spaces of

functions,rapidly increasing as |x| → ∞ , are proved.
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PROBLEM WITH MULTIPOINT CONDITIONS FOR
SYSTEM OF PARABOLIC EQUATIONS OF HIGH

ORDER

Let L = −
∑p
i,j=1 ∂xi

(
pij(x)∂xj

)
+ q(x), where pij(x) = pji(x) > 0,

q(x) ≥ 0, x ∈ Q, {λk, k ∈ N} and {Xk(x), k ∈ N} are the set of
eigenvalues and the system of responsible eigenfunctions of the problem
LX = λX, X|∂Q = 0, Eα,β , α, β ∈ R is a space of the vector functions
φ⃗ =

∑
φ⃗kXk(x), φ⃗k = col(φ1

k, . . . , φ
m
k ) ∈ Cm, k ∈ N, with finite norm

∥φ⃗;Eα,β∥2 =
∑∞
k=1 ∥φ⃗k∥2λ2αk exp(2βλbk), ∥φ⃗k∥2 = |φ1

k|2 + . . .+ |φmk |2.
In the spase Cn([0, T ], Eα,β), we consider the problem

W (∂t, L) u⃗ ≡ ∂n
t u⃗(t, x) +

n−1∑
r=0

Ar(L)∂
r
t u⃗(t, x) = 0⃗, (t, x) ∈ (0, T )×Q, (1)

Nq∑
r=0

Bq
r (L)∂

r
t u⃗(t, x)

∣∣
t=tq

= φ⃗q(x), 0 ≤ Nq ≤ n− 1, q = 1, . . . , n, (2)

where Ar(L) = ∥ari,j(L)∥mi,j=1, a
r
i,j(L) =

∑(n−r)b
q=0 ar,qi,jL

q, ar,qi,j ∈ C, b ∈ N,
Bqr (L) = ∥br,qi,j (L)∥mi,j=1, b

r,q
i,j (L) =

∑M
s=0 b

r,q,s
i,j Ls, br,q,si,j ∈ C, M ∈ N, 0 ≤

t1 < t2 < . . . < tn ≤ T. Let µ1(k), . . . , µmn(k) be the roots of equation
det ∥W (µ, λk)∥ = 0, the following inequalities Reµl(k) ≤ −δλbk, δ >

0, are hold, h⃗l(k) = col(h1l (k), . . . , h
m
l (k)) is the first column of matrix

W ∗(µl(k), λk) whitch is the adjugate matrix of the matrix W (µl(k), λk),

∆(k)=det
∥∥∥∑Nq

r=0 µ
r
l (k)

∑m
j=1 b

r,q
i,j (k)h

j
l,k exp(µl(k)tq)

∥∥∥l=1,...,mn

q=1,...,n, i=1,...,m,
.

Theorem. Suppose that for all k ∈ N the inequalities |∆(k)| ≠ 0
are satisfied, and suppose that constants γ, ν exist such that for all
(except of a finite number) k ∈ N, the following inequalities |∆(k)| ≥
λ−γk exp(−νλbk) are hold. If φ⃗q ∈ Eα0,β0 , q = 1, . . . , n, where α0 = α +
γ+bn(nm2−nm+1)+bm(N1+. . .+Nn)−bmin1≤q≤n{Nq}+M(mn−1),
β0 = β+ν−mδ(t1+ . . .+ tn)+δtn, then a unique solution of the problem
(1), (2) from the space Cn([0, T ], Eα,β) exists, which depends continu-
ously on the functions φ⃗q, q = 1, . . . , n.
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FRACTAL ANALYSIS OF SOLUTIONS OF
REACTION-DIFFUSION SYSTEMS

In order to study the behavior of solutions of the dissipative system

τθ
∂θ

∂t
= l2

∂2θ

∂x2
−Q(θ, η), τη

∂η

∂t
= L2 ∂

2η

∂x2
− q(θ, η), (1)

where τθ, τη, l
2, L2 are characteristic times and lengths of the system, and

Q(θ, η), q(θ, η) are nonlinear sources, it is important to investigate the
chaotic behavior of solutions and their classification. For this purpose,
the idea of fractal (Hausdorff) dimension is used

D = lim
ε→0

lnN(ε)

ln(1/ε)
, (2)

where N(ε) is the smallest number of hypercube with edge ε which is
required to meet a set of points in p - dimensional space [1,2]. Therefore,
the metric dimension, information dimension and correlation dimension
are calculated.

Calculations are made for a system with the cubic nonlinearity:

τθ
∂θ

∂t
= l2

∂2θ

∂x2
− θ2 − η + 1, τη

∂η

∂t
= L2 ∂

2η

∂x2
− η(η − (θ −A)3). (3)

The results of calculations are following. For regular oscillations, the
fractal dimension of the projection solutions (3) is equal to unity with
accuracy of 0.01. In the case of the quasi-periodic regime, the fractal
dimension is close to unity. In the case of chaotic regime, the fractal di-
mension has the value 1,859, which corresponds to the fractal set and indi-
cates the presence of chaos. Therefore, the value of the fractal-dimension
projection clearly defines the nature of fluctuations in the system.

1. Graussberger P., Procaccia I. Measuring the Strangeness of Strange
Attractors, Physica D., 9 (1983), 189–208.

2. Morrison D. Multivariate Statistical Methods (McGraw-Hill, 1981)
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THE MULTIDIMENSIONAL MOVING BOUNDARY
PROBLEM GOVERNED BY ANOMALOUS DIFFUSION:

ANALYTICAL AND NUMERICAL STUDY

We study the anomalous diffusion version of the quasistationary Ste-
fan problem (the fractional Hele-Shaw problem) in the multidimensional
case Ω(t) ⊂ Rn, n ≥ 2. This free boundary problem is a mathematical
model of a solute drug release from a polymer matrix (n = 1, 3). We
prove the existence and uniqueness of the classical solution to the mov-
ing boundary problem locally in time. In the two-dimensional case, we
construct numerical solutions.
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ON THE BOUNDEDNESS OF SOLUTIONS OF
NONLINEAR HIGH-ORDER ELLIPTIC EQUATIONS
WITH DATA IN THE ORLICZ-ZYGMUND SPACE

Let n,m ∈ N, n > 3, m > 2, and let Ω be a bounded open set of Rn
and f ∈ L1(Ω). We consider the equation∑

|α|=m

(−1)mDαAα(x,D
mu) = f in Ω, (1)

where Dmu = {Dαu : |α| = m}. The coefficients Aα(x, ξ) satisfy the
Carathéodory conditions and the following inequalities:∑

|α|=m

|Aα(x, ξ)|p/(p−1) 6 c1
∑

|α|=m

|ξα|p + g1(x),

∑
|α|=m

Aα(x, ξ)ξα > c2
∑

|α|=m

|ξα|p − g2(x),

where c1, c2 > 0, p > 1, g1,2 ∈ L1(Ω) and g1,2 > 0 in Ω.
Definition. A generalized solution of equation (1) is a function u ∈

Wm,p(Ω) such that ∀ v∈C∞
0 (Ω),

∑
|α|=m

∫
Ω
Aα(x,D

mu)Dαvdx =
∫
Ω
fvdx.

By L(logL)n−1(Ω) we denote the Orlicz-Zygmund space generated by
the function φ(t) = |t|[ln(1 + |t|)]n−1 and equipped by the Luxemburg
norm ∥w∥φ = inf

{
λ > 0 :

∫
Ω
φ(w(x)/λ)dx 6 1

}
, w ∈ L(logL)n−1(Ω).

Theorem. Let n = mp, f , g1, g2 ∈ L(logL)n−1(Ω) and let M be a
majorant for the norms ∥g1∥φ, ∥g2∥φ and ∥f∥φ. Let u ∈ Wm,p

0 (Ω) be a
generalized solution of equation (1). Then u ∈ L∞(Ω) and ∥u∥∞ 6 C,
where the positive constant C depends only on n,m, c1, c2,measΩ andM .

Remark. In the case n = mp J. Frehse [1] established the L∞-
regularity of arbitrary generalized solution u ∈ Wm,p

0 (Ω) of equation (1)
under the stronger assumption that f , g1, g2 ∈ Lr(Ω), r > 1.

1. Frehse J. On the boundedness of weak solutions of higher order
nonlinear elliptic partial differential equations, Boll. Un. Mat.
Ital. Appl., 3:4 (1970), 607–627.
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THE LINEAR SECOND-ORDER EQUATION
IN ONE SOLUTION OF THE DYNAMIC PROBLEM FOR

A NONAUTONOMOUS GYROSTAT

The equations of motion about a fixed point for a gyrostat with gyro-
static momentum λ = λ(t)α (α is a constant vector) have been studied.
The solution characterized by invariant relations linear in angular velocity
and linear in total angular momentum has been obtained. It coincides
with the Hess solution in the case of λ = 0 and preserves the main analytic
properties of it’s classical analogue in a general case. The computation
of the time dependence for the state variables is reduced to integration
of

U ′′ +
P9(ρ)U

′

ρf(ρ)r2(ρ)
+
r1(ρ)r2(ρ)U

ρ2f(ρ)
= 0, (1)

where U = U(ρ), ρ varies over a bounded interval, f(ρ) is the even
polynomial of the 6-th order, r1(ρ), r2(ρ) are the cubic polynomials and

P9(ρ)=[r2(ρ)− ρr′2(ρ)]f(ρ) +
ρ

2
r2(ρ)f

′(ρ).

It is proved that equation (1) with admissible values of coefficients of
r1(ρ), r2(ρ), f(ρ) is Fuchsian and has no more then 11 singularities. The
infinite point, unlike ρ = 0, is always singular.

The cases when (1) can be significantly simplified are singled out:
this equation, for example, can have eight, five or even only four singular
points. In the latter case (1) can be turned into the nondegenerate Heun
equation with the singularities, forming the harmonic quadruple, and pa-
rameters, satisfying conditions of the TheoremC.2 [1]. Thus, there exists
a transformation between the Heun and the Gauss equations, therefore
the solution of (1) in the neighborhood of ρ = 0 is expressible in terms
of the hypergeometric functions.

1. Vidunas R., Filipuk G. Parametric transformations between the
Heun and Gauss hypergeometric functions Funkcialaj Ekvacioj, 56
(2013), 271-321.
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THREE-POINT PROBLEM FOR A HOMOGENEOUS
PARTIAL DIFFERENTIAL EQUATION

WITH ONE SPATIAL VARIABLE

The work is devoted to investigation of the three-point problem for
the linear partial differential equation

∂3u

∂t3
+

(
a21

∂

∂x
+ a20

)
∂2u

∂t2
+

(
a12

∂2

∂x2
+ a11

∂

∂x
+ a10

)
∂u

∂t
+

+

(
a03

∂3

∂x3
+ a02

∂2

∂x2
+ a01

∂

∂x
+ a00

)
u = 0, (1)

u(0, x) = φ1(x), u(τ, x) = φ2(x), u(T, x) = φ3(x), (2)

in cylinder D = [0;T ] × Ω, where T > 0, Ω is one-dimensional torus
R/2πZ, where a⃗ = (a21, a12, a03, a20, a11, a02, a10, a01, a00) is a vector of
complex coefficients aij , i, j = 0, 1, 2, 3 of equation (1), φ1 = φ1(x),
φ2 = φ2(x), φ3 = φ3(x) are given functions, u = u(t, x) is unknown
function.

The existence and uniqueness conditions of the solution of this prob-
lem in the Sobolev spaces (Abel spaces) are establish. For multiple spa-
tial variables x1, x2, . . . , xp similar problem is incorrect in the Hadamard
sense and its solvability depends on the small denominators, arising in
the construction of the solution [1]. For single spatial variable the cor-
responding denominators are estimated from below by some small con-
stants. That’s why in this case the problem (1), (2) is correct after
Hadamard and is solved in Abel spaces.

1. Ptashnyk B., Il’kiv V., Kmit’ I., Polishchuk V. Nonlocal boundary
value problems for partial differential equations (Kyiv, 2002) (in
Ukrainian)
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ON FUNDAMENTAL SOLUTION OF THE
ULTRA-PARABOLIC KOLMOGOROV EQUATION WITH

DEGENERATION ON THE INITIAL HYPERPLANE

Let n, n1, n2 be given natural numbers such that n1 ≥ n2 ≥ 1 and
n = n1 + n2. The spatial variable x ∈ Rn consist of two groups of
variables: the main group x1 ∈ Rn1 and the group of degeneration’s
variables x2 ∈ Rn2 , where xj := (xj1, . . . , xjnj ) ∈ Rnj , j ∈ {1, 2}, and
x := (x1, x2).

Consider the equation(
α(t)∂t−β(t)

 n2∑
j=1

x1j∂x2j +

n1∑
j,l=1

ajl(t, x1)∂x1j∂x1l
+

n1∑
j=1

aj(t, x1)∂x1j

−

−a0(t, x1)
)
u(t, x) = 0, (t, x) ∈ (0, T ]× Rn.

Assume that the coefficients ajl, aj , a0 : [0, T ] × Rn → C satisfy the
conditions 1,2 from paper [1]. The functions α and β are continuous on
[0, T ] which satisfy the conditions: α(t) > 0, β(t) > 0 for each t ∈ (0, T ],
α(0)β(0) = 0, β is monotonically nondecreasing function.

Under these assumptions, the classical fundamental solution for the
ultra-parabolic Kolmogorov equation with degeneration on the initial hy-
perplane is constructed and investigated by using Levi method [2].

1. Ivashyshen S., Medynsky I. The classical fundamental solution of a
degenerate Kolmogorov equation with coefficients independent on
variables of degeneration, Bukovynskyi mat. jurn., 2:2-3 (2014),
94–106. (in Ukrainian)

2. Eidelman S., Ivasyshen S., Kochubei A. Analytic methods in the
theory of differential and pseudo-differential equations of parabolic
type, Operator Theory: Adv. and Appl., 152 (2004), 390.
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ANGULAR BOUNDARY VALUES OF HOLOMORPHIC
IN THE HALF-PLANE FUNCTIONS OF EXPONENTIAL

GROWTH

We construct the holomorphic in the half-plane C+ = {z : Rez > 0}
function F ̸≡ 0 satisfying the conditions

|F (iy)| = exp (γ (|y|)) for almost all y ∈ R,

γ(r)− 2

π
xψ(r)− c1(1 + x) ≤ log |F (z)| ≤ γ(r)− 2

π
xψ(r) + c1(1 + x),

where c1 > 0 is some constant, z = x+ iy = reiφ ∈ C+, ψ(r) =
r∫
1

γ(t)
t2 dt

for r ∈ [1;+∞), and ψ(r) = 0 for r /∈ [1;+∞). Here γ : [0;+∞) → R is
a measurable function such that |γ(t)| ≤ c0 (|t|+ 1) as t ∈ [0;+∞), and

|γ(t)− γ(r)− α(r)(t− r)| ≤ c1 + c1 |t− r|2 /r for all t ∈ [r/2; 2r] and for
a measurable bounded function α : [r0; +∞) → R, r0 ≥ 0.

We generalize the results of the papers [1-3].

1. Kahane J.-P., Extension du théorème de Carlson et applications,
C. R. Acad. Sci., 234 (1952), 2038–2040.

2. Kahane J.-P., Sur quelques problèmes d’unicité et de prolongement
relatifs aux fonctions approchables par des sommes d’exponentielles,
Ann. Inst. Fourier (Grenoble), 5 (1953–1954), 39–130.

3. Vynnytskyj B., Sharan V. Description of sequences of zeros of one
class of functions analytic in a half-plane, Ukr. Mat. Zh., 50:9,
(1998), 1337–1345.

173



Mykhaylo Yadzhak, Mariya Tyutyunnyk

Institute for Applied Problems in Mechanics and Mathematics
yadzhak ms@ukr.net

PARALLELIZATION OF THE CONVOLUTION TYPE
COMPUTATIONS

We consider fragments of computations being similar to the convolu-
tion by their internal structure. Above all, we investigate the aggregation
procedures [1, 2] in order to obtain estimates with different degrees of gen-
erality for the condition and quality of functioning of complex dynamical
systems. The result of such procedures is a generalized conclusion, which
is obtained by means of the lower degree of generality and weighting fac-
tors. The later represents the importance of the individual objects in the
structure of the system and priority functions being performed. In ad-
dition, we consider the one-dimensional problem of digital filtering with
adaptive smoothing [3]. In this case, the recalculation of values of the
variable x(j) is executed via the floating window of the size M(j) for all
j=1, 2, ..., N. These problems are solved in real time. There is a need
therefore to develop and explore the parallel computation algorithms.

We propose the efficient algorithmic constructions for the parallel exe-
cution of the aggregation procedures [1]. The parallel-pipelined algorithm
[3], being optimal by speed and usage of memory, for solving the filtering
problem is also constructed. The optimality is proved in a certain class
of algorithms which are equivalent by the information graph.

1. Polishchuk O. D., Tyutyunnyk M. I., Yadzhak M. S. Quality esti-
mation of functioning of complex systems on the base of parallel or-
ganization of calculations, Information Extraction and Processing,
26 (2007), 121–126 (in Ukrainian).

2. Polishchuk D., Polishchuk O., Yadzhak M. Complex Evaluation of
Hierarchically-Network Systems, Automatic Control and Informa-
tion Sciences, 2 (2014), 32–44.

3. Yadzhak M. S., Tyutyunnyk M. I. An optimal algorithm to solve
digital filtering problem with the use of adaptive smoothing, Cy-
bernetics and Systems Analysis, 3 (2013), 449–456.
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FUNDAMENTAL SOLUTION OF THE CAUCHY
PROBLEM FOR SOME PARABOLIC EQUATIONS

WITH INCREASING COEFFICIENTS

We consider the parabolic equation of the arbitrary 2b order that ge-
neralizes some Fokker-Plank-Kolmohorov equations for normal Marcov
processes and takes the form∂t − ∑

|k|62b

ak(t, x)∂
k
x − Sa

u(t, x) = 0, (t, x) ∈ Π(0,T ], (1)

where Π(0,T ] := {(t, x) ∈ Rn+1|t ∈ (0, T ], x := (x1 . . . xn) ∈ Rn}, T
is a positive number; ak, k 6 2b, – complex-valued functions that are
defined in Π(0,T ], Sau := a

∑n
i=1 ∂xj (xju(t, x)) – differential expression

with increasing coefficients at infinity, a ∈ R.
On the basis of Levi’s method there has been constructed the FSCP

for the equation (1), its estimates and estimates of its derivatives have
been found.

The estimates of the FSCP for the equation (1) are different in the
cases of the second and the arbitrary orders. In the first case the FSCP
is estimated as exponent with constant type of decreasing at infinity. In
the second case the FSPS’s estimate has the form of a series the terms of
which contain of exponent with type of decreasing becomes vanishingly
small.

Let us remark that in the previous papers of S.Ivasyshen and the au-
thor the FSCP has been constructed when coefficients of the equation (1)
are constant or depend only on a time variable t and it has been speci-
fied the resolvent’s estimates for integral equations originated from using
Levy’s method for the equation (1).
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ASYMPTOTIC BEHAVIOR OF THE MAIN
CHARACTERISTICS OF ENTIRE FUNCTIONS OF

THE ZERO ORDER

We denote with H0(υ) a class of entire functions f of the zero or-
der such that the counting function n(r, 0, f) of zeros of f satisfies the
condition

lim
r→+∞

n(r, 0, f)/υ(r) < +∞,

where υ is a slowly increasing function.
For functions f ∈ H0(υ), the relationships between:

1) the strongly regular growth of f ([1], p. 198),

2) the existence of υ-angular density zeros of f ,

3) the regular growth in Lp[0, 2π]-metrics, p ≥ 0, ln|f | and arg f [2],

4) the asymptotic behavior of the logarithmic derivative of function f ,

5) the regular growth of the Fourier coefficients of function lnf and
the logarithmic derivative F (z) = zf ′(z)/f(z)

are studied.

1. Zabolotskyj M. Strongly regular growth of entire functions of order
zero, Mat. zametky, 23:2 (1998), 196–208. (in Russian)

2. Bodnar O., Zabolots’kyj M. Criteria for the regularity of growth of
the logarithm of modulus and the argument of an entire function,
Ukr. Mat. Zh., 62:7 (2010), 885–893. (in Ukrainian)

3. Mostova M., Zabolotskyj M. Logarithmic Derivative and the An-
gular Density of Zeros for a Zero-Order Entire Function, Ukr. Mat.
Zh., 66:4 (2014), 473–481. (in Ukrainian)

176



Olexandr Zernov, Yulia Kuzina

South Ukrainian National Pedagogical University
Military Academy Odessa

yuliak@te.net

QUALITATIVE ANALYSIS OF THE IMPLICIT
SINGULAR INITIAL VALUE PROBLEM:

SOLVABILITY, ASYMPTOTIC, NUMBER OF
SOLUTIONS

The following initial value problem is considered

α1(t)x
′
1(t) = a1t+ b1x1(t) + φ1(t, x1(t), x2(t), x

′
1(t), x

′
2(t)),

α2(t)x
′
2(t) = a2t+ b2x2(t) + φ2(t, x1(t), x2(t), x

′
1(t), x

′
2(t)),

x1(0) = 0, x2(0) = 0,

where xi : (0, τ) → R, are unknown functions, ai, bj are constants,
φi : D → R and αi : (0, τ) → (0,+∞) are continuous functions,
D ⊂ (0, τ)× R× R× R× R, αi(t) → 0 as t→ +0, i, j ∈ {1, 2}.

Existence of continuously differentiable solutions xi : (0, σ) → R,
i ∈ {1, 2} is proved (σ is small enough). Asymptotic properties for each
of these solutions are obtained. If some conditions are fulfilled, then the
number of such solutions are also determinated.
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FAST CONVERGENT GREEN FUNCTION FOR
INTEGRAL EQUATIONS IN THE 3D PERIODICAL

DYNAMIC CRACK PROBLEMS

Investigation of different kinds of periodic structures such as phononic
crystals, especially the elastic wave propagation in such structures, is of
great importance because of their potential engineering applications [1].
In many cases periodic systems of cracks can act as the wave scatterers
in periodic structures with generation of specific wave patterns due to
their sharp edges. Previous known works, which take into account of the
presence of multiple cracks in 3D elastic wave field, are related to the
situations with a few defects [2]. The reason lies in the computational
difficulties of the corresponding large-scale problems. The models with
periodically distributed cracks can simplify the analysis, especially by
the boundary integral equations (BIEs) method and introducing effective
Green’s functions to consider properly the dynamic interactions between
the infinite number of cracks. There are usually two ways to deal with
the periodic structures by the BIEs method: one is that the BIEs are
formulated in the unit cell according to the wave equations and general
Green’s functions, then the Bloch conditions of periodicity are forced on
the boundaries of the unit cell; the other is that the Bloch conditions are
first substituted into the wave equations, then the BIEs are formulated
based on the periodic Green’s functions. In the present work, the second
approach, which does not demand the BIEs formulation on the boundary
of unit cell, is used for the analysis of normally incident plane longitudinal
elastic waves on doubly periodic array of coplanar penny-shaped cracks.

1. Li F., Wang Y., Zhang Ch., Yu G. Boundary element method for
band gap calculation of two-dimensional solid phononic crystals.
Eng. Anal. Bound. Elem., 37:2 (2013), 225-232.

2. Mykhas’kiv V., Zhbadynskyi I., Zhang Ch. Elastodynamic analysis
of multiple crack problem in 3-D bi-materials by a BEM. Int. J.
Numer. Meth. Biomed. Eng., 26:12 (2010), 1934-1946.
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