
The conference of young scientists ¾Pidstryhach readings � 2026¿
May 27�29, 2026, Lviv

UDC 519.853

A VARIANCE REDUCTION STOCHASTIC

EXTRAGRADIENT METHOD WITH RANDOMIZED

FEASIBILITY UPDATES FOR VARIATIONAL

INEQUALITY PROBLEMS

Bohdan Stupa

Taras Shevchenko National University of Kyiv,
bogdanstupa@gmail.com

Consider the following variational inequality problem of �nding an optimal
point z∗ ∈ S := X ∩ Y that satis�es:

⟨F (z∗), z − z∗⟩ ≥ 0 ∀z ∈ S,

where X :=
⋂
a∈A

Xa and Xa := {z ∈ Rd | ga(z) ≤ 0}, (1)

where F : Y → Rd is the monotone operator and has a stochastic oracle
Fξ that is unbiased, E[Fξ(z)] = F (z), and L-Lipschitz in mean E[||Fξ(x) −
Fξ(y)||2] ≤ L2||x − y||2 ∀x, y ∈ Y . Assume that the set Y ⊆ Rd is closed,
convex and bounded with maxx,y∈Y ||x − y||2 ≤ D, and the set S = X ∩ Y
is non-empty, and the function ga : Rd → R is convex for all a ∈ A. A is
possibly in�nite index set. Let us also denote the solution set of problem (1)
with Sol.

Algorithm 1 (AlgRFU � Random Feasibility Updates [2]).
Input: v̂ ∈ Rd, k ∈ N, N ∈ N, step size β ∈ (0, 2). Set v0k = v̂.
Sample ωi

k ∈ A
Compute dik ∈ ∂g+

ωi
k

(vi−1
k )

vik = ΠY

[
vi−1
k − β

g+

ωi
k

(vi−1
k )

∥di
k∥2 dik

]
Return vNk .

We consider the following modi�cation of the stochastic variance reduction
extragradient method [1].
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Algorithm 2.
Input: p ∈ (0, 1], α ∈ (0, 1), z0 ∈ Y , oracle Fξ with distribution Q, step
sizes (τk)k≥0, feasibility steps (Nk)k≥0 with Nk ≥ 1, total iterations K. Set
w0 = z0.
z̄k = αzk + (1− α)wk

zk+1/2 = ΠY

[
z̄k − τkF (wk)

]
Sample ξk ∼ Q

Compute z̃k+1 = ΠY

[
z̄k − τk[F (wk) + Fξk(zk+1/2)− Fξk(wk)]

]
zk+1 = AlgRFU(z̃k+1, k,Nk, β)

wk+1 =

{
zk+1 with probability p

wk with probability 1− p

Return ẑK =
1

K

K∑
k=1

zk.

De�ne the feasibility tracking sequence for the iterates (zk), (wk) of Algori-
thm 2

Θk = αdist2(zk, S) +
1− α

p
dist2(wk, S),

and the Lyapunov function

Ψk(z) = Φk(z) + λΘk,

where Φk(z) = α||zk − z||2 + 1−α
p ||wk − z||2. We obtain the following results

for the Algorithm 2.

Theorem 1. Ψk(z∗) converges almost surely to a �nite random variable

for every z∗ ∈ Sol; The sequence (zk) is bounded almost surely, and every

cluster point lies in S; ||zk − z∗|| converges almost surely for every z∗ ∈ Sol.

Theorem 2. Let TK =
∑K−1

k=0 τk with zmid
K = 1

TK

∑K−1
k=0 τkzk+1/2. Then:

max
z∈S

E
[
⟨F (z), zmid

K − z⟩
]
= O

(
1

K

)
. (2)
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ÑÒÎÕÀÑÒÈ×ÍÈÉ ÅÊÑÒÐÀÃÐÀÄI�ÍÒÍÈÉ ÌÅÒÎÄ ÇI
ÇÌÅÍØÅÍÍßÌ ÄÈÑÏÅÐÑI� ÒÀ ÐÀÍÄÎÌIÇÎÂÀÍÈÌÈ
ÎÍÎÂËÅÍÍßÌÈ ÄÎÏÓÑÒÈÌÎÑÒI ÄËß ÂÀÐIÀÖIÉÍÈÕ

ÍÅÐIÂÍÎÑÒÅÉ

Çàïðîïîíîâàíî ñòîõàñòè÷íèé åêñòðàãðàäi¹íòíèé ìåòîä çi çìåíøåííÿì
äèñïåðñi¨ òà ðàíäîìiçîâàíèìè îíîâëåííÿìè äîïóñòèìîñòi äëÿ âàðiàöiéíèõ
íåðiâíîñòåé, äîïóñòèìà ìíîæèíà ÿêèõ ¹ ïåðåòèíîì ïðîñòî¨ äëÿ ïðî¹êöi¨
ìíîæèíè Y òà (ìîæëèâî íåñêií÷åííî¨) ñiì'¨ ìíîæèí îïóêëèõ ôóíêöié.
Ìåòîä ïî¹äíó¹ còîõàñòè÷íèé åêñòðàãðàäi¹íòíèé ìåòîä çi çìåíøåííÿì
äèñïåðñi¨ [1] ç ðàíäîìiçîâàíèìè êðîêàìè äîïóñòèìîñòi òèïó Ïîëÿêà [2] i
ïîòðåáó¹ ëèøå ïðî¹êöié íà Y . Çà ñòàíäàðòíèõ ïðèïóùåíü ìîíîòîííîñòi
òà ëiïøèöåâîñòi-â-ñåðåäíüîìó ñòîõàñòè÷íîãî îðàêóëà âèâåäåíî ñïàäíó íå-
ðiâíiñòü äëÿ ôóíêöi¨ Ëÿïóíîâà, çáiæíiñòü âiäñòàíåé äî êîæíîãî ðîçâ'ÿçêó
òà O(1/K) øâèäêiñòü çáiæíîñòi.
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