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In this research we continue our previous investigation of wreath product
normal structure [1], where we generalize the group of unimodular matrices [2].

We recall a concept of ESL2 (Fp) introduced in our previous work [1].

De�nition 1. The set of matrices

{Mi : det(Mi) = ±1,Mi ∈ GL2(Fp)} (1)

forms the extended special linear group and is denoted by ESL2(Fp).

Let SL3(Fp) denotes the special linear group of degree 3 over �nite �eld.

De�nition 2. The set of matrices over the integer ring or over a �eld

{Mi : det(Mi) = ±1,Mi ∈ GL3(Z), or Mi ∈ GL3(Fp)}

forms extended special linear group and is denoted by ESL3(Z) or by
ESL3(Fp), respectively.

We note that ESL3(Z) ≃ GL3(Z) however, this isomorphism turns into
an isomorphic embedding ESL3(Fp) < GL3(Fp) over a �nite �eld Fp.

To construct split extension of SL (3,Fp) we consider the following class
of matrix having det (D1) = −1, but do not centralizing the group SL3 (Fp).

D1 =

−1 0 0
0 1 0
0 0 1

 , D2 =

1 0 0
0 −1 0
0 0 1

 , D3 =

1 0 0
0 1 0
0 0 −1

 .

Based on the above, we conclude that structure of group generated as extensi-
on of SL3 (Fp) by ⟨D1⟩ is a semidirect product

⟨D1⟩⋉ SL3 (Fp) ≃ ESL3 (Fp)
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with kernel K = SL3 (Fp). But if we extend the kernel by D1,2,3 = D1D2D3

which belongs to centralizer of K, then the semidirect product degenerates
into a direct product ⟨D1,2,3⟩ × SL3(Fp) ≃ ESL3(Fp).

A diagonal matrix with one diagonal element −1 and the rest of them 1
be called elementary diagonal matrix.

Remark 1. If n = 2k + 1, then there exist exactly 2n−1 extensions by
subgroup generated by elementary diagonal matrices of the group SL(n,Fp)
to the group ESL(n,Fp).

Proposition 1.Minimal generating set for ESL3(Z) consists of 2 generators:

P =

0 −1 0
0 0 1
1 0 0

 and t12 =

1 1 0
0 1 0
0 0 1

 .

De�nition 3. By the extended group of (upper) unitriangular matrices
EUTn(F) (over a �eld F) we mean the unitriangular group UTn(F) [7] that
admits not only 1 but also -1 on the diagonal.

In terms of generating set P3, t12 wherein P3 =

0 1 0
0 0 1
1 0 0

, main relations

are the following: P3t12P
−1
3 = t31, P3t31P

−1
3 = t23, P3t13P

−1
3 = t32, P3t12P

−1
3 =

t23, P
3
3 = E.

We prove that EUT3[Z] ≃ ⟨ρ1, ρ2, ρ3, ρ4⟩ is sggi group [5] with the followi-
ng involutive generating set:

ρ0 =

−1 0 0
0 1 0
0 0 1

 , ρ1 =

−1 1 0
0 1 0
0 0 1

 ,

ρ2 =

1 0 0
0 1 1
0 0 −1

 , ρ3 =

1 0 0
0 1 0
0 0 −1

 ,

where [ρ1, ρ3] = e, [ρ0, ρ3] = e, [ρ0, ρ2] = e, furthermore this de�nes the
type of involution generating set (2× 2, 2× 2).

Remark 2. If we set D0 = ρ0, FL = ρ1, I23,43 = ρ2, then this order of
involutions justi�es that ESL5[Z] and ESL5(Fp) are string groups generated
by involutions (sggi) [5].

For convenience, we �x some notation for diagonal involutive matrices from
ESL3(Z):
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I12 =


−1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 , I23 =


1 0 0 0 0
0 −1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 , . . . , I45 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 −1 1
0 0 0 0 1

 .

Theorem 1. Let

FL =


1 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0

 , D0 =


0 0 0 0 −1
0 0 0 −1 0
0 0 −1 0 0
0 −1 0 0 0
−1 0 0 0 0

 ,

I23,43 =


1 0 0 0 0
0 −1 1 0 0
0 0 1 0 0
0 0 1 −1 0
0 0 0 0 1

 .

The set of involutions ⟨I23,43, D0, FL⟩ with two commuting involutions
I23,43, D0 generates ESL3[Z]. Moreover, we obtain triple with two commuti-

ng involutions

D0, I23,43, FU , [D0, I23,43] = e, I43 = D0I23D0.

Corollary 1. The minimal set S of involutive generators ESL5(Z) consi-
sts of I23,43, FL, D0. S is a Mazurov triple (2 × 2, 2) [6], moreover, the set S
satis�es the sggi [5] property.

Theorem 2. The minimal involutive generating set of ESL (5,Z) as well
as of ESL (5,Fp) consists of the following 3 involutions I12, D1, FL, where D1

is given by

D1 =


0 0 0 0 −1
0 0 0 1 0
0 0 −1 0 0
0 1 0 0 0
−1 0 0 0 0

 ,

Remark 3. The set −D0, I23,54, FL is a generating set for ESLn[Fp] with
the relation of commuting involutons [I23,54, FL] = E.
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De�nition 4. We de�ne PESL(n, p) as a quotient of ESL(n, p) by its
center.

Theorem 3. For n = 2k provided
(

−1
p

)
= 1 (that is, p = 4k+1) we have

[Z (ESL (n, p)) : Z (SL (n, p))] = 2, and PESL (n, p) = PSL (n, p).

Theorem 4. For n = 2k provided
(

−1
p

)
= −1 (that is, p = 4k +

3) an index of a center [Z (ESL (2k, p)) : Z (SL (2k, p))] = 2. Furthermore,
PESL (n, p) is simple, except special cases of (n, p).

As we have studied ESL3(Z) and it has a structure of semidirect product
SL3(Z)⋊ ⟨D1⟩.

Let λ1, λ2, λ3 be the e.v. of A ∈ SL3 [Z] provided trA = λ1 + λ2 +
λ3 = a, b = λ1λ2 + λ1λ3 + λ2λ3. LetχA (x) = x3 − ax2 + bx − 1 denotes
a characteristic polynomial for A. According to Lemma 1 [1] if B2 = A,
then µ1 =

√
λ1, µ2 =

√
λ2, µ3 =

√
λ3, where µ1, µ2, µ3 are the e.v. of B.

We introduce the following notations q = µ1µ2 + µ1µ3 + µ2µ3, trB = p =
µ1 +µ2 +µ3. Let χB (x) = x3 − px2 + qx− 1 be the characteristic polynomial
of B.

Theorem 5. The square root of a simple matrix A ∈ ESL3 [Z] belongs
to ESL3 [Z] i�

(p4 − 2ap2 − 8p+ a2 − 4b)(p4 − 2ap2 + 8p+ a2 − 4b) = 0 (2)

is solvable over p ∈ Z, then square root (up to matrix similarity)

√
A ∈ ESL3(Z).

Remark 4. The square root of a simple matrix A belongs to SL3 [Fp] up
to similarity i�

p4 − 2ap2 − 8p+ a2 − 4b = 0 (3)

is solvable over p ∈ Fp, then square root

√
A ∈ SL3(Fp).

The equivalent system of conditions

q2 − 2p = b ∈ Fp

p2 − 2q = a ∈ Fp

}
(equal to the sign)

holds. If p = 2 then each matrix A ∈ SL3 (Fp) has square root
√
A ∈ SL3(Fp).
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Proposition 1. If A,B ∈ GL2(Fp) is a root of equation X3 = A, then

B =
A+ tr( 3

√
A) 3

√
det(A)(

tr 3
√
A
)2

− 3
√

det(A)
.

In the case A ∈ SL2(Fp) we specify the values of the formula parameters
taking into account that det(A) = 1. Let us de�ne sequences sn = B sn−1 +
tn−1 and tn = −detB sn−1 with initial conditions s1 = 1, t1 = 0, s2 = trB
and t2 = −detB. Now we prove the following lemma.

Lemma 1. Sequences sn, tn satisfy a recurrent equation with characteri-
stic polynomial c(x) which is also characteristic polynomial for the matrix
B.

Theorem 6. Let n ⩾ 3 and A ∈ M2(Fp). If A ̸= c · E for any c ∈ Fp

and R = {B ∈ M2(Fp) | Bn = A} set of it's n-th roots, then next inclusion
follows:

R ⊂
{
B ∈ M2(Fp)

∣∣∣∣B =
A+ b Qn−2(a, b) · E

Qn−1(a, b)
, bn = detA , Pn(a, b) = A

}
.
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ÌIÍIÌÀËÜÍI IÍÂÎËÞÒÈÂÍI ÑÈÑÒÅÌÈ ÒÂIÐÍÈÕ ÄËß
ÐÎÇØÈÐÅÍÎ� ÑÏÅÖIÀËÜÍÎ� ËIÍIÉÍÎ� ÃÐÓÏÈ ESL5(Z),
ÀÍÀËIÒÈ×ÍÀ ÔÎÐÌÓËÀ ÊÎÐÅÍIÂ Â ESL2(Fp), GL2(Fp).

Â öüîìó äîñëiäæåííi ìè çíàõîäèìî ìiíiìàëüíi ñèñòåìè òâiðíèõ ç iíâî-

ëþöié äëÿ ãðóï ESL5(Z), ESL2(Fp). Òàêîæ ìè çíàõîäèìî òàêi ñèñòåìè

òâiðíièõ ç iíâîëþöié â ÿêèõ äâi ç íèõ êîìóòóþòü òîáòî ñèñòåìè ùî ñêëà-

äàþòüñÿ ç òðiéîê iíâîëþöié òèïó (2× 2, 2)
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