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In this research we continue our previous investigation of wreath product
normal structure [1], where we generalize the group of unimodular matrices [2].
We recall a concept of ESL, (F,) introduced in our previous work [1].

Definition 1. The set of matrices
{M; : det(M;) = £1, M; € GLy(F)p)} (1)
forms the extended special linear group and is denoted by ESLo(F)).
Let SL3(F,) denotes the special linear group of degree 3 over finite field.

Definition 2. The set of matrices over the integer ring or over a field
{Ml : det(Ml) =41, M, € GLg(Z), or M; € GLg(IFp)}

forms extended special linear group and is denoted by ESLs(Z) or by
ESL;3(F,), respectively.

We note that ESL3(Z) ~ GL3(Z) however, this isomorphism turns into
an isomorphic embedding ESL3(F,) < GL3(F,) over a finite field F,,.

To construct split extension of SL (3,F,) we consider the following class
of matrix having det (D;1) = —1, but do not centralizing the group SL3 (F,).

-1 0 0 1 0 0 10 0
Di=| 01 0]|,D,=[0 =1 0], D;=]0 1 0
001 0 0 1 00 -1

Based on the above, we conclude that structure of group generated as extensi-
on of SL3(F,) by (D1) is a semidirect product

<D1> X SL3 (Fp) ~ ESLg (Fp)
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with kernel K = SL;3 (F,). But if we extend the kernel by D 23 = D1D2D3
which belongs to centralizer of K, then the semidirect product degenerates
into a direct product (D1,2,3) x SL3(F,) ~ ESLs(F,).

A diagonal matrix with one diagonal element —1 and the rest of them 1
be called elementary diagonal matrix.

Remark 1. If n = 2k + 1, then there exist exactly 2"~ ! extensions by
subgroup generated by elementary diagonal matrices of the group SL(n,F))
to the group ESL(n,F,).

Proposition 1. Minimal generating set for E'S L3(Z) consists of 2 generators:

0 -1 0 1 10
P=|0 0 1]andti2=(0 1 0
1 0 0 0 01

Definition 3. By the extended group of (upper) unitriangular matrices
EUT, (F) (over a field F) we mean the unitriangular group UT, (F) [7] that
admits not only 1 but also -1 on the diagonal.

01 0
In terms of generating set P3,t15 wherein P3 = | 0 0 1 |, main relations
1 0 0
are the fOHOWng.' P3t12P3_1 = t31, P3t31P3_1 = t23, P3t13P3_1 = t32, P3t12P3_1 =

tys, P =E.
We prove that EUT5[Z] ~ {p1, p2, p3, p4) is sggi group [5] with the followi-
ng involutive generating set:

-1 0 0 -1 1 0
PO = 0 1 0 s, P11 = 0 1 0 y
0 01 0 01
10 1.0 0
p=(0 1 1], ps=(0 1 0|,
0 0 -1 0 0 -1

where [p1, p3] = e, [po, p3] = €, [po, p2] = e, furthermore this defines the
type of involution generating set (2 X 2,2 X 2).

Remark 2. If we set DO = po, FL = p1, 123743 = p2, then this order of
involutions justifies that ESL5[Z] and ESLs(F),) are string groups generated
by involutions (sggi) [5].

For convenience, we fix some notation for diagonal involutive matrices from
ESL3(Z):
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-1 1 0 0 O 1 0 0 0 O
0 1 0 0 0 0 -1 1 0 0
Iipo=10 0 1 0 O0),Ip3=10 0 1 0 Of,...,I45=
0 0 0 1 0 0O 0 0 1 o0
0 0 0 0 1 0 0 0 0 1
1 00 0 O
01 0 0 O
001 0 O
00 0 -1 1
00 0 0 1
Theorem 1. Let
1 0 0 00O 0 0 0 0o -1
00 0 01 0 0 0 -1 0
Fr=10 0 0 1 0], Dg=1| 0 0O -1 0 0|,
00 1 0 0 0 -1 0 0 0
01 0 0 O -1 0 0 0 0
1 0 0 0 O
0O -1 1 0 0
Irzs3=10 0 1 0 O
0O 0 1 -1 0
0O 0 0 0 1

The set of involutions (Izs a3, Do, Fr) with two commuting involutions
In3.43, Do generates ESLs[Z]. Moreover, we obtain triple with two commuti-
ng involutions

Dy, 13,43, Fu, [Do, I23,43) = €, 143 = Dola3Dy.

Corollary 1. The minimal set S of involutive generators ESLs5(Z) consi-
sts of Izz 43, Fr, Do. S is a Mazurov triple (2 x 2,2) [6], moreover, the set S
satisfies the sggi [5] property.

Theorem 2. The minimal involutive generating set of ESL (5,7Z) as well
as of ESL (5,F,) consists of the following 3 involutions I,2, Dy, F,, where Dy
is given by

00 0 0 —1
00 0 1 0
Di=|l0 0 -1 0 0],
01 0 0 0
-1 0 0 0 0

Remark 3. The set —Dy, I3 54, F1 is a generating set for ESL,, [F,] with
the relation of commuting involutons [I23 54, Fr] = E.
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Definition 4. We define PESL(n,p) as a quotient of ESL(n,p) by its
center.

Theorem 3. Forn = 2k provided (_?1) =1 (that is, p = 4k +1) we have
[Z(ESL(n,p)) : Z(SL(n,p))] =2, and PESL (n,p) = PSL (n,p).

Theorem 4. For n = 2k provided (%) = —1 (that is, p = 4k +

3) an index of a center [Z (ESL (2k,p)): Z (SL(2k,p))] = 2. Furthermore,
PESL (n,p) is simple, except special cases of (n,p).

As we have studied ESL3(Z) and it has a structure of semidirect product
SL3(Z) X <D1>

Let A1, Aa, A3 be the e.v. of A € SL3[Z] provided trA = \; + Ay +
A3 = a, b = M2 + M3 + AaAs. Letya (z) = 23 — az? + bz — 1 denotes
a characteristic polynomial for A. According to Lemma 1 [1] if B? = A,

then w1 = VA1, uo = VA2, uz = VA3, where 1, po, us are the e.v. of B.
We introduce the following notations ¢ = uqps + pips + pous, trB = p =
w1+ po + p3. Let xp () = 23 — px? 4+ g — 1 be the characteristic polynomial
of B.

Theorem 5. The square root of a simple matriz A € ESLs[Z] belongs
to ESLs[Z)] iff

(p* — 2ap® — 8p + a® — 4b)(p* — 2ap® + 8p + a* — 4b) = 0 (2)
is solvable over p € Z, then square root (up to matriz similarity)
VA e ESLs(Z).
Remark 4. The square root of a simple matrix A belongs to SLg [F,] up

to similarity iff
pt—2ap* —8p+a® —4b =0 (3)

is solvable over p € IF,,, then square root
VA€ SLy(F,).
The equivalent system of conditions

2

—2p=0b€eF
q2 P ! (equal to the sign)
p°—2¢=ach,

holds. If p = 2 then each matrix A € SL3 (F,) has square rootv/A € SL3(F,).
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Proposition 1. If A, B € GLy(F,) is a root of equation X® = A, then

B A+ tr(VA){/det(A)
(trﬂf — {/det(A)

In the case A € SLy(F,) we specify the values of the formula parameters
taking into account that det(A) = 1. Let us define sequences s,, = B s,_1 +
tn_1 and t,, = —det B s,_1 with initial conditions s; = 1,t; = 0, so = trB
and to = —detB. Now we prove the following lemma.

Lemma 1. Sequences s,, t, satisfy a recurrent equation with characteri-
stic polynomial c(x) which is also characteristic polynomial for the matriz
B.

Theorem 6. Let n > 3 and A € My(F,). If A # ¢- E for any c € F,
and R = {B € My(F,) | B" = A} set of it’s n-th roots, then next inclusion
follows:

A+ DbQp2(adb)-E

b On(a,b)

RC {B € My(F)p) , " =det A, P,(a,b) = A} .

1. Skuratovskii Ruslan, Lysenko S. O. Extended Special Linear group ESLo(F) and
matrix equations in SLy(F'), ESL2(Z) and GL2(Fp). WSEAS TRANSACTIONS on
MATHEMATICS DOI: 10.37394/23206.2024.23.68

2. Amit Kulshrestha and Anupam Singh. Computing n-th roots in SLy(Z) and Fi-
bonacci polynomials. Proc. Indian Acad. Sci. (Math. Sci.) (2020) 130:31

3. STEPHEN P. HUMPHRIES. Generation of Special Linear Groups by Transvections.
JOURNAL OF ALGEBRA 9, (1986), pp. 480-495.

4. M. A. Vsemirnov. ON (2,3)-GENERATION OF MATRIX GROUPS OVER THE
RING OF INTEGERS. St. Petersburg Math. J. (2008), Vol. 19 No. 6, 883-910.

5. Dimitri  Leemans. String C-group representations of almost  simple
groups: A survey. Contemporary Mathematics Volume 764, 2021
https://doi.org/10.1090 /conm /764 /15335.

6. Mazurov, V. D. The Kourovka notebook: Unsolved Problems in Group Theory / Eds.
V. D. Mazurov, E. I. Khukhro // Sobolev Institute of Mathematics, Novosibirsk, 2022,
Num. 20.

7. A.S. Oliinyk, V. I. Sushchanskii, Free group of infinite unitriangular matrices, Mat.
Zametki, 2000, Volume 67, Issue 3, p. 382-386.

http://www.iapmm.lviv.ua/chyt2026



The conference of young scientists «Pidstryhach readings — 2026»
May 2729, 2026, Lviv

MIHIMAJIBHI IHBOJIFOTBHI CUCTEMU TBIPHUX 14
PO3IINUPEHOI CIIEIIAJILHOI JITHIMHOI TPYIIU ESLs(7Z),
AHAJIITUYHA ®OPMVYJIA KOPEHIB B ESLy(F,), GLy(F,).

B uyvomy docaidsicenmni mu 3HATOOUMO MIHIMAALHL CUCTEMU MEIPHUT 3 IHEO-
amoyili das epyn ESLs(Z), ESL2(Fp). Takoosic mu 3HATOOUMO MAKE cucmemi
MEIPHIUL 3 THEOAIOUIT 8 AKUL 061 3 HUT KOMYMYIOMDb MOOMO CUCTEMY UL CKAG-
daromobea 3 mpitiox theoarouil muny (2 X 2,2)
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