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Ðîçãëÿäà¹òüñÿ êóái÷íå ìàòðè÷íå ðiâíÿííÿ X3 + A2X
2 + A1X + A0 = O,

Ai, X ∈ Rp×p [1, 2]. Çãiäíî ç [3], âîíî ìà¹ äî
(
np
p

)
içîëüîâàíèõ ðîçâ'ÿçêiâ

(äëÿ p = n = 3 � 84). Åôåêòèâíèì iíñòðóìåíòîì ¨õ îá÷èñëåííÿ ¹ ìàòðè÷íi
ãiëëÿñòi ëàíöþãîâi äðîáè (ÌÃËÄ) [4], ÿêi ïîäàþòü ðîçâ'ÿçîê ÿê iòåðàöié-
íèé ïðîöåñ, êåðîâàíèé ïàðîþ ïàðàìåòðiâ (q1, q2) ∈ R2. Êîæíà âäàëà ïàðà
äà¹ êîðòåæ (q1, q2, X), ïðîòå ðó÷íèé ïiäáið (q1, q2) äîçâîëÿ¹ çíàéòè ëè-
øå äåêiëüêà íàéî÷åâèäíiøèõ êîðòåæiâ. Ó ðîáîòi çàïðîïîíîâàíî àâòîìà-
òèçóâàòè ïîøóê òàêèõ ïàð çà äîïîìîãîþ àíñàìáëþ ìîäåëåé ìàøèííîãî
íàâ÷àííÿ.

Äëÿ êàíîíi÷íî¨ ôîðìè iòåðàöiÿ ÌÃËÄ ìà¹ âèãëÿä [4]

X(t) = q0 + p1
(
q1E +X(t−1)

)−1
+ p2

(
q2E +X(t−1)

)−1
, (1)

E � îäèíè÷íà ìàòðèöÿ, q0 = (q1+ q2)E−A2, p1, p2 � àíàëiòè÷íi âiä q1, q2 i
Ai;X(0) = O, êðèòåðié çóïèíó ∥X(t)−X(t−1)∥F /∥X(t)∥F < 10−10 àáî tmax =
5000. ßêiñòü îöiíþ¹òüñÿ íåâ'ÿçêîþ r = ∥X∗3 +A2X

∗2 +A1X
∗ +A0∥F .

Ìåòîä. Ïîøóê (q1, q2) ïåðåôîðìóëüîâó¹òüñÿ ÿê áiíàðíà êëàñèôiêàöiÿ:
y = 1, ÿêùî ïðîöåñ (1) çáiæíèé ç ïðèéíÿòíîþ íåâ'ÿçêîþ, iíàêøå y = 0. Çà-
ìiñòü äâîõ êîîðäèíàò âèêîðèñòîâó¹òüñÿ 12 îçíàê (çîêðåìà q1q2, q1±q2, q

2
i ,

|qi|,
√
q21 + q22). Àëãîðèòì ñêëàäà¹òüñÿ ç ï'ÿòè ôàç: ñòîõàñòè÷íå äîñëiäæå-

ííÿ [−80, 80]2 íà 4000 ïàð; íàâ÷àííÿ àíñàìáëþ ç ãðàäi¹íòíîãî áóñòèíãó
(gradient boosting, GB; 200 äåðåâ), âèïàäêîâîãî ëiñó (random forest, RF;
200) òà áàãàòîøàðîâîãî ïåðöåïòðîíà (multilayer perceptron, MLP) 128�64�
32 iç çâàæåíîþ àãðåãàöi¹þ; âiäáið 3000 êàíäèäàòiâ ç ïóëó 45 000; ëîêàëü-
íèé ïîøóê ó δ-îêîëi (δ = 1); äâà ðàóíäè àäàïòèâíîãî ïåðåíàâ÷àííÿ ç
âèáiðêîþ çà íåâèçíà÷åíiñòþ (uncertainty sampling). Áþäæåò ∼ 104 îá÷è-
ñëåíü (1); ÷àñ âèêîíàííÿ � 16 õâ i 32 õâ (äëÿ êàíîíi÷íîãî òà íåêàíîíi÷íîãî
ïðèêëàäiâ âiäïîâiäíî) íà îäíîìó ÿäði ïðîöåñîðà.

Ðåçóëüòàòè.Ìåòîä àïðîáîâàíî íà äâîõ ïðèêëàäàõ iç [4] (p = 3): êàíî-
íi÷íîìó X3+A2X

2+A1X+A0 = O òà íåêàíîíi÷íîìó X3+X2A2+XA1+
A0 = O. Äëÿ êîæíîãî çíàéäåíî ïî 6 óíiêàëüíèõ êîðòåæiâ çàìiñòü 4,
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äîñòóïíèõ ðó÷íîìó ïiäáîðó [4], òîáòî +50%. Óñi íîâi ðîçâ'ÿçêè íåçàëå-
æíî ïåðåâiðåíî ïiäñòàíîâêîþ (íåâ'ÿçêè ≤ 10−6). Äåòàëi äëÿ êàíîíi÷íîãî
ðiâíÿííÿ � ó òàáë. 1.

� Ñòàòóñ q1 q2 r Iòåð.
1 áàçîâ. −6,38 34,94 1,2·10−6 1015
2 áàçîâ. 0,18 24,50 3,2·10−8 472
3 áàçîâ. −14,41 2,91 3,3·10−8 87
4 áàçîâ. 9,12 5,80 6,2·10−7 1034
5 íîâèé −23,04 −15,67 3,9·10−7 3786
6 íîâèé −23,26 −15,98 5,6·10−7 2054

Òàáë. 1: Óíiêàëüíi êîðòåæi äëÿ êàíîíi÷íîãî ðiâíÿííÿ.

×àñòêà âàëiäàöi¨ (validation rate, VR) � ÷àñòêà çãåíåðîâàíèõ ïàð, ùî
äàþòü çáiæíèé ðîçâ'ÿçîê � äëÿ ïîøóêó íà îñíîâi øòó÷íîãî iíòåëåêòó (ØI)
ñòàíîâèòü 99,5% òà 96,3% ïðîòè 11,6% i 16,1% äëÿ âèïàäêîâîãî (ïðè-
ñêîðåííÿ 6�8 ðàçiâ). Íà ï'ÿòè çàïóñêàõ iç ðiçíèìè çåðíàìè ãåíåðàòîðà
âñi çíàéøëè òîé ñàìèé íàáið; CV(VR) < 0,81%, ïàðíèé òåñò Âiëêîêñîíà
p = 0,016.

Âèñíîâêè. Çàïðîïîíîâàíèé ï'ÿòèôàçíèé àëãîðèòì íà îñíîâi ØI äî-
çâîëÿ¹ çíàõîäèòè áiëüøå êîðòåæiâ ðîçâ'ÿçêiâ êóái÷íèõ ìàòðè÷íèõ ðiâ-
íÿíü, íiæ ðó÷íèé ïiäáið ïàðàìåòðiâ: +50% äî êiëüêîñòi êîðòåæiâ òà ó
6�8 ðàçiâ âèùà åôåêòèâíiñòü âèêîðèñòàííÿ îá÷èñëþâàëüíîãî áþäæåòó
(p = 0,016, CV < 1%).
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ENSEMBLE MACHINE LEARNING FOR COMPUTING

SOLUTION TUPLES OF CUBIC MATRIX EQUATIONS

A �ve-phase AI-guided algorithm combining stochastic exploration with an
ensemble of three classi�ers (GB, RF, MLP) on 12 engineered features is
proposed for systematic computation of solution tuples of cubic matrix equations
via matrix branched continued fractions. For two 3×3 test problems, 6 unique
tuples are discovered vs. 4 by manual tuning (+50%). The validation rate of AI
search reaches 96�99% against 12�16% for random sampling; the advantage is
statistically signi�cant (Wilcoxon p = 0,016, CV < 1%).
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