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Ïðîñòîðîâi íåëîêàëüíi åôåêòè ó çàäà÷àõ äèôóçi¨ òà òåïëîïðîâiäíî-
ñòi çàçâè÷àé îïèñóþòüñÿ ïàðàáîëi÷íèìè iíòåãðî-äèôåðåíöiàëüíèìè ðiâ-
íÿííÿìè iç iíòåãðàëüíèì îïåðàòîðîì Ôðåäãîëüìà çi ñëàáîñèíãóëÿðíèì
ÿäðîì [1�3]. Â öié ðîáîòi ïðîâîäèòüñÿ òåîðåòè÷íå îá ðóíòóâàííÿ êîðå-
êòíîñòi âiäïîâiäíî¨ ïî÷àòêîâî-êðàéîâî¨ çàäà÷i ÿê îñíîâà äëÿ ïîáóäîâè òà
àíàëiçó ÷èñëîâèõ ìåòîäiâ.

Â îáìåæåíié îäíîçâ'ÿçíié îáëàñòi D ⊂ Rd (d = 2, 3) ðîçãëÿäà¹òüñÿ
çàäà÷à çíàõîäæåííÿ ôóíêöi¨ u(x, t), ùî çàäîâîëüíÿ¹:

ut(x, t)−∆u(x, t) + λ(Au)(x, t) = f(x, t), (x, t) ∈ D × (0, T ],

u(x, t) = 0, (x, t) ∈ ∂D × [0, T ],

u(x, 0) = w(x), x ∈ D,

(1)

äå λ > 0, à A � ëiíiéíèé îïåðàòîð Ôðåäãîëüìà çi ñëàáîñèíãóëÿðíèì
ÿäðîì:

(Au)(x, t) =

∫
D

K(x, y)

|x− y|α
u(y, t) dy, α ∈ [0, d), K ∈ L∞(D ×D). (2)

Ââîäèìî Ãåëüôàíäîâó òðiéêó V ↪→ H ↪→ V ′, äå H = L2(D), V =
H1

0 (D). Áiëiíiéíà ôîðìà a(u, v) = (∇u,∇v)H � êîåðöèòèâíà, à ç âëà-
ñòèâîñòåé ñëàáîñèíãóëÿðíèõ iíòåãðàëüíèõ îïåðàòîðiâ âèïëèâà¹ îáìåæå-
íiñòü A : H → H. Çà òåîðåìîþ Ëiîíñà�Ìàæåíåñà ïðîñòið W (0, T ) = {v ∈
L2(0, T ;V ) : v′ ∈ L2(0, T ;V ′)} íåïåðåðâíî âêëàäà¹òüñÿ ó C([0, T ];H), ùî
ãàðàíòó¹ êîðåêòíiñòü ïî÷àòêîâî¨ óìîâè. Ïåðåéäåìî äî ñëàáêîãî ôîðìó-
ëþâàííÿ çàäà÷i (1) ç ðîçâ'ÿçêîì u ∈ W (0, T ), u(0) = w, ÿêà äëÿ ìàéæå
âñiõ t ∈ (0, T ) çàäîâîëüíÿ¹:〈

u′(t), v
〉
V ′,V

+ a(u(t), v) + λ
(
Au(t), v

)
H

=
〈
f(t), v

〉
V ′,V

, ∀v ∈ V. (3)

Iñíóâàííÿ ñëàáêîãî ðîçâ'ÿçêó âñòàíîâëþ¹òüñÿ ìåòîäîì Ãàëüîðêiíà. Éî-
ãî íàáëèæåííÿ øóêà¹òüñÿ ó âèãëÿäi um(x, t) =

∑m
j=1 c

m
j (t)vj(x), äå {vj}
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� ñèñòåìà ôóíêöié, ùî óòâîðþ¹ îðòîíîðìîâàíèé áàçèñ ó H òà îðòîãî-
íàëüíèé ó V . Ïiäñòàíîâêà um ó (3) çâîäèòü çàäà÷ó äî ñèñòåìè çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü (ÇÄÐ) âiäíîñíî êîåôiöi¹íòiâ cmj (t). Ïðîñòîðîâà
ïðèðîäà îïåðàòîðà Ôðåäãîëüìà íå ïîðîäæó¹ iíòåãðî-äèôåðåíöiàëüíî¨ ñè-
ñòåìè çà ÷àñîì, ùî äîçâîëÿ¹ çàñòîñóâàòè êëàñè÷íó òåîðiþ ëiíiéíèõ ÇÄÐ
äëÿ ãàðàíòóâàííÿ ãëîáàëüíî¨ ðîçâ'ÿçíîñòi íà [0, T ].

Îöiíþþ÷è åíåðãåòè÷íó òîòîæíiñòü çàâäÿêè êîåðöèòèâíîñòi a(·, ·), íå-
ðiâíîñòiÞíãà òà îáìåæåíîñòi îïåðàòîðàA (à ñàìå: |(Aum, um)H | ≤ CA∥um∥2H),
òà çàñòîñóâàâøè ëåìó �ðüîíâàëëÿ�Áåëëìàíà îòðèìó¹ìî àïðiîðíi îöiíêè
(ùî íå çàëåæàòü âiä m):

∥um∥2L∞(0,T ;H) + ∥um∥2L2(0,T ;V ) ≤ C
(
∥w∥2H + ∥f∥2L2(0,T ;V ′)

)
, (4)

à òàêîæ ∥u′
m∥L2(0,T ;V ′) ≤ const. Çà òåîðåìîþ Îáåíà�Ëiîíñà âêëàäåííÿ

W (0, T ) ↪→ L2(0, T ;H) � êîìïàêòíå, ùî ïîðîäæó¹ ñèëüíó çáiæíiñòü ó
H. Çàâäÿêè íåïåðåðâíîñòi îïåðàòîðà A öå çàáåçïå÷ó¹ êîðåêòíèé ãðàíè-
÷íèé ïåðåõiä ïðè m → ∞ â iíòåãðàëüíîìó ÷ëåíi òà äîâîäèòü iñíóâàííÿ
ðîçâ'ÿçêó. �äèíiñòü âèïëèâà¹ ç åíåðãåòè÷íî¨ îöiíêè ðiçíèöi äâîõ ðîçâ'ÿçêiâ
òà çàñòîñóâàííÿ ëåìè �ðüîíâàëëÿ�Áåëëìàíà.

Òåîðåìà 1. Íåõàé f ∈ L2(0, T ;V ′), w ∈ H, K ∈ L∞(D×D), α ∈ [0, d).
Òîäi iñíó¹ ¹äèíèé ñëàáêèé ðîçâ'ÿçîê u ∈ W (0, T ) çàäà÷i (1), ùî íåïåðåðâíî

çàëåæèòü âiä âõiäíèõ äàíèõ, i âèêîíó¹òüñÿ îöiíêà:

∥u∥L∞(0,T ;H)+∥u∥L2(0,T ;V )+∥u′∥L2(0,T ;V ′) ≤ C
(
∥w∥H +∥f∥L2(0,T ;V ′)

)
. (5)
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ON THE WELL-POSEDNESS OF AN INITIAL-BOUNDARY

VALUE PROBLEM FOR A PARABOLIC

INTEGRO-DIFFERENTIAL EQUATION WITH A FREDHOLM

INTEGRAL OPERATOR WITH A WEAKLY SINGULAR

KERNEL

This paper investigates the well-posedness of an initial-boundary value problem

for a parabolic integro-di�erential equation with a spatial Fredholm operator and

a weakly singular kernel. Using the Galerkin method, uniform a priori esti-

mates, and the Aubin�Lions theorem, the existence, uniqueness, and continuous

dependence on the data of the weak solution in the Sobolev�Bochner spaces are

proved. The key di�erence from the Volterra problem is that the spatial nature

of the Fredholm operator allows one to apply the classical theory of linear ODE

systems in the Galerkin framework.
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