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An algebra (Q, ◦, l◦, r◦) with identities

(x ◦ y) l◦ y = x, (x
l◦ y) ◦ y = x, x

r◦ (x ◦ y) = y, x ◦ (x r◦ y) = y

is called a quasigroup; the operation (◦) is main, (
l◦), (r◦) are called left and

right divisions of (◦).

Each inverse of an invertible operation is also invertible. All such operati-

ons are called parastrophes of (◦) and they are de�ned by x1σ
σ◦ x2σ = x3σ :⇔

x1 ◦ x2 = x3, where σ ∈ S3 := {ι, s, l, r, sl, sr}, l := (13), r := (23), s := (12).
In particular, the left and right divisions of (◦) are its parastrophes. It is easy
to verify that σ(

σ◦) = (
στ◦ ) holds for all σ, τ ∈ S3.

Let P be an arbitrary proposition in a class of quasigroup A. A proposi-
tion σP is said to be a σ-parastrophe of P , if it can be obtained from P by
replacing the main operation with its σ−1-parastrophe.

Let σA denote the class of all σ-parastrophes of quasigroups from A. A set
of all pairwise parastrophic classes is called a parastrophic orbit of A:

Po(A) = {σA | σ ∈ S3}.

A parastrophic orbit of varieties is uniquely de�ned by one of its varieties.
Parastrophy orbits were studied by Alla Lutsenko and Fedir Sokhatsky [1],
[2].

A quasigroup (Q, ◦) is called left (right) alternative if it satis�es the identi-
ty x◦(x◦y) = (x◦x)◦y (respectively, (x◦y)◦y = x◦(y◦y)) for all x, y ∈ Q [3].
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If a quasigroup is a left alternative and a right alternative, we will call it
an alternative.

Theorem 1. The parastrophic orbit of an alternative quasigroup compri-
ses three varieties:

Po(A) = {A, lA, rA}.

Variety Identity

A =s A x ◦ (x ◦ y) = (x ◦ x) ◦ y,
(x ◦ y) ◦ y = x ◦ (y ◦ y)

lA =sl A ((xy
l◦ x) ◦ y) ◦ xy = xy,

xy ◦ y = x ◦ (y l◦ y)
rA =sr A x ◦ xy = (x

r◦ x) ◦ y,
xy ◦ (x ◦ (y r◦ xy)) = xy

Example 1. The quasigroup (Z7, ◦) de�ned by x ◦ y = x+ y+ c (mod 7)
serves as an example illustrating Theorem 1. That is, it satis�es one of the
identities corresponding to the varieties A, lA, or rA, depending on the parameter
c ∈ Z7.

The quasigroup (Z7, ◦) de�ned by x◦y = x+y (mod 7) is alternative and
satis�es the identities of the variety A.

The quasigroup (Z7, ◦) de�ned by x◦y = x−y (mod 7) satis�es the identi-
ties corresponding to the parastrophe lA.

The quasigroup (Z7, ◦) de�ned by x ◦ y = −x + y (mod 7) satis�es the
identities corresponding to the parastrophe rA.

In this class of examples, the identities from Theorem 1 are distributed
among the three varieties A, lA, rA.
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ÏÀÐÀÑÒÐÎÔÍÀ ÎÐÁIÒÀ ÀËÜÒÅÐÍÀÒÈÂÍÈÕ ÊÂÀÇIÃÐÓÏ

Çíàéäåíî ïàðàñòðîôíó îðáiòó àëüòåðíàòèâíèõ êâàçiãðóï, ÿêà ñêëàäà¹òüñÿ

ç òðüîõ ìíîãîâèäiâ. Äëÿ êîæíîãî ç îòðèìàíèõ ìíîãîâèäiâ âñòàíîâëåíî

âiäïîâiäíi òîòîæíîñòi. Òàêîæ íàâåäåíî ïðèêëàäè êâàçiãðóï, ÿêi äåìîí-

ñòðóþòü âèêîíàííÿ òîòîæíîñòåé, ùî âiäïîâiäàþòü ðiçíèì ïàðàñòðî-

ôíèì êëàñàì àëüòåðíàòèâíèõ êâàçiãðóï.
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