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A triplet of ternary operations f1, f2, f3 is called orthogonal, if the system
of equations 

f1(x1, x2, x3) = a1,

f2(x1, x2, x3) = a2,

f3(x1, x2, x3) = a3

has a unique solution for all a1, a2, a3 ∈ Q. A set of ternary operations Σ =
{f1, f2, . . . , fs}, s ⩾ 3, is called orthogonal, if each triplet of distinct operations
from Σ is orthogonal. Operations f1, f2, f3 are called strongly orthogonal if the
set of operations {f1, f2, f3, e1, e2, e3} is orthogonal, where ei de�ned by the
equality ei(x1, x2, x3) = xi is called an i-th selector, i ∈ {1, 2, 3}.

A ternary quasigroup is called parastrophic-orthogonal if it has three ortho-
gonal parastrophes and totally parastrophic-orthogonal (a top quasigroup) if
its all distinct parastrophes are orthogonal.

For each permutation σ ∈ S4, a σ-parastrophe σf of an invertible ternary
operation f is de�ned by

σf(x1σ, x2σ, x3σ) = x4σ :⇐⇒ f(x1, x2, x3) = x4.

The mapping (σ, f) 7→ σf is an action of the symmetric group S4 on the
set of all invertible ternary operations de�ned on a carrier and is called a
parastrophic action [2]. The stabilizer group Ps(f) and the orbit Po(f) of f

Ps(f) := {σ ∈ S4 | σf = f} ⩽ S4, Po(f) := {σf | σ ∈ S4}

are called a parastrophic symmetry group and a parastrophic orbit of the
operation f respectively.

Consider Ps(f) = S3, where S3 := {ι, (12), (13), (23), (123), (132)}.
Then all distinct parastrophes of the quasigroup operation f are representati-
ves from the elements of the set S4/S3 = {S3, (14)S3, (24)S3, (34)S3}.

Theorem 1. [1] A ternary group isotope (Q; f) has Ps(f) = S3 if and
only if there exists an abelian group (Q,+, 0), its bijection α and an element
a ∈ Q such that

f(x, y, z) = αx+ αy + αz + a. (1)
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Theorem 2. A triplet of parastrophes σf , τf , νf of a medial quasigroup
(Q; f) with the group of parastrophic symmetry S3 is strongly orthogonal if
and only if {σ, τ, ν} = {(14), (24), (34)}, f has canonical decomposition (1),
and α, α+ ι, 2α− ι, α− ι are automorphisms of (Q; +).

Corollary 1. Let (Q; f) be a medial quasigroup with (1) and Ps(f) = S3.
Then (Q; f) is not a strongly top quasigroup.

Theorem 3. Let (Q; +) be an abelian group and φ be its automorphism.
Then the operations f1, f2, f3 de�ned by

f1(x, y, z) = φx+y+z, f2(x, y, z) = x+φy+z, f3(x, y, z) = x+y+φz

are strongly orthogonal quasigroup operations if and only if φ, φ− 2ι, φ− ι,
φ+ ι are automorphisms of (Q; +).

The smallest order of a ternary quasigroup with the parastrophic symmetry
group S3 is 3 (see [3]).

Corollary 2. Let Zm be a ring of integers modulo m. There does not exist
any strongly parastrophic-orthogonal quasigroup (Zm, f) with the parastrophic
symmetry group S3 for even m. If m = p is prime, then there exists a strongly
parastrophic-orthogonal quasigroup (Zp, f) with the parastrophic symmetry
group S3 for each p ⩾ 5.
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ÒÅÐÍÀÐÍI ÑÒÐÎÃÎ ÏÀÐÀÑÒÐÎÔÍÎ-ÎÐÒÎÃÎÍÀËÜÍI

ÊÂÀÇIÃÐÓÏÈ, ßÊI ÌÀÞÒÜ 4 ÐIÇÍÈÕ ÏÀÐÀÑÒÐÎÔÈ

Ðîçãëÿäàþòüñÿ òåðíàðíi êâàçiãðóïè ç âëàñòèâiñòþ ñèëüíî¨ ïàðàñòðîôíî¨

îðòîãîíàëüíîñòi, ÿêi ìàþòü 4 ïîïàðíî ðiçíèõ ïàðàñòðîôè. Íàâåäåíî êðè-

òåðié êîëè ìåäiàëüíà êâàçiãðóïà ¹ ñèëüíî ïàðàñòðîôíî-îðòîãîíàëüíîþ i,

ÿê íàñëiäîê, îäèí iç ìåòîäiâ ïîáóäîâè òðiéêè ñèëüíîãî îðòîãîíàëüíèõ òåð-

íàðíèõ êâàçiãðóï. Äîâåäåíî iñíóâàííÿ çàçíà÷åíèõ êâàçiãðóï, çîêðåìà, òàêà

öèêëi÷íà êâàçiãðóïà iñíó¹ äëÿ êîæíîãî ïðîñòîãî ïîðÿäêó p ⩾ 5.
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