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TERNARY STRONGLY
PARASTROPHIC-ORTHOGONAL QUASIGROUPS
WITH 4 DISTINCT PARASTROPHES
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A triplet of ternary operations fi, f2, f3 is called orthogonal, if the system
of equations
fi(w1, 22, 73) = ay,
Ja(x1, w2, 23) = ag,
f3(@1,22,23) = a3

has a unique solution for all a;,as,a3 € Q. A set of ternary operations ¥ =
{f1,f2y---, fs}, s = 3, is called orthogonal, if each triplet of distinct operations
from ¥ is orthogonal. Operations f1, fo, f5 are called strongly orthogonal if the
set of operations {f1, f2, f3,€1, €2, €3} is orthogonal, where e; defined by the
equality e;(z1, 22, x3) = z; is called an i-th selector, i € {1,2,3}.

A ternary quasigroup is called parastrophic-orthogonal if it has three ortho-
gonal parastrophes and totally parastrophic-orthogonal (a top quasigroup) if
its all distinct parastrophes are orthogonal.

For each permutation o € Sy, a o-parastrophe °f of an invertible ternary
operation f is defined by

(216, X205, T30) = Tao = f(T1,T2,23) = T4.

The mapping (o, f) — °f is an action of the symmetric group S on the
set of all invertible ternary operations defined on a carrier and is called a
parastrophic action [2]. The stabilizer group Ps(f) and the orbit Po(f) of f

Ps(f):={oce€ Ss|%f = f} <54, Po(f) :={°f | o € Sa}

are called a parastrophic symmetry group and a parastrophic orbit of the
operation f respectively.

Consider Ps(f) = S5, where S3 := {¢, (12), (13), (23), (123), (132)}.
Then all distinct parastrophes of the quasigroup operation f are representati-
ves from the elements of the set Sy/S3 = {S3, (14)S5, (24)S3, (34)S5}.

Theorem 1. [1] A ternary group isotope (Q; f) has Ps(f) = Ss if and
only if there exists an abelian group (Q,+,0), its bijection « and an element
a € Q such that

flz,y,2) = ax + ay + az + a. (1)
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Theorem 2. A triplet of parastrophes °f, *f, 'f of a medial quasigroup
(Q; f) with the group of parastrophic symmetry Ss is strongly orthogonal if
and only if {o,7,v} = {(14),(24),(34)}, f has canonical decomposition (1),
and o, a +t, 2a — 1, a — v are automorphisms of (Q;+).

Corollary 1. Let (Q; f) be a medial quasigroup with (1) and Ps(f) = Ss.
Then (Q; f) is not a strongly top quasigroup.

Theorem 3. Let (Q;+) be an abelian group and ¢ be its automorphism.
Then the operations f1, fo, f3 defined by

fi(z,y,2) = pzty+z, fa(z,y,2) = x+py+z, f3(z,y,2) = a+y+epz

are strongly orthogonal quasigroup operations if and only if 0, ¢ — 2i, p — 1,
© + ¢ are automorphisms of (Q;+).

The smallest order of a ternary quasigroup with the parastrophic symmetry
group Ss is 3 (see [3]).

Corollary 2. Let Z,, be a ring of integers modulo m. There does not exist
any strongly parastrophic-orthogonal quasigroup (Z,, ) with the parastrophic
symmetry group S3 for even m. If m = p is prime, then there exists a strongly
parastrophic-orthogonal quasigroup (Z,, f) with the parastrophic symmetry
group Ss for each p > 5.
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TEPHAPHI CTPOT'O ITAPACTPO®HO-OPTOI'OHAJIBHI
KBA3ITPYIIN, AKI MAIOTH 4 PISBHUX ITAPACTPO®UA

Poszzasdaromobca mepHapHE K6a3i2pYynu 3 8AGCMUGICMIO CuabHol napacmpodroi
0PMO20HANBHOCTNE, AKE MOIOMD 4 NONAPHO Pi3HuT napacmpogpu. Hasedeno wpu-
mepiti KoAu MediaabHa K6G3i2DYNa € CUADHO NAPACMPOPHO-0PMO2OHAALHONW i,
AK HACAL00K, 00UH 13 MemM00i6 NobYI06U MPIUKY CUALHOZ0 OPMOZOHANDHUT TEP-
HAPHUT K6a3iepyn. JJoeedeno iCHYBaAHHA 3A3HANEHUT K6A312DPYN, 30KPEMA, MAKA
UUKAIUHG KB8A3T2PYNG ICHYE OAf KOHCHO20 NPOCMO020 NOPAOKY P = 5.
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