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Àêòóàëüíèìè ¹ ñïðÿæåíi çàäà÷i â êîìïîçèòíèõ ñåðåäîâèùàõ ç êðàéî-
âèìè óìîâàìè äëÿ ìàòåðiàëiâ iç ðiçíèìè ôiçè÷íèìè âëàñòèâîñòÿìè [1,2], ó
ÿêèõ ôiçè÷íèé ñòàí íà ïîâåðõíi çìiíþþòüñÿ ç ïåâíîþ ïåðiîäè÷íiñòþ [3]. Ó
äàíié ðîáîòi ðîçãëÿäà¹òüñÿ äâîøàðîâà ïåðiîäè÷íà çàäà÷à ñïðÿæåííÿ äëÿ
ðiâíÿíü òåïëîïðîâiäíîñòi áåç ïî÷àòêîâî¨ óìîâè òà ç êðàéîâèìè óìîâàìè,
ïðàâi ÷àñòèíè ÿêèõ çàäàþòüñÿ 2π-ïåðiîäè÷íèìè ôóíêöiÿìè çà ÷àñîì.

Íåõàé Ω = R/2πZ, D = (x0, x2) � iíòåðâàë äiéñíî¨ ïðÿìî¨ R, D1 =
(x0, x1), D2 = (x1, x2), uj = uj(x, t), j = 1, 2; Hq = Hq(Ω), q ∈ R, �
ïðîñòið Ñîáîë¹âà âñiõ òðèãîíîìåòðè÷íèõ ðÿäiâ φ(t) =

∑
k∈Z

φk exp(ikt) iç

ñêií÷åííîþ íîðìîþ ∥φ;Hq∥ =
√∑

k∈Z

(
1 + |k|

)2q|φk|2;Cn(D;Hq), n ∈ Z+, �

ïðîñòið ôóíêöié u(x, t) =
∑
k∈Z

uk(x) exp(ikt), uk(x) ∈ Cn(D), òàêèõ, ùî

äëÿ êîæíîãî ôiêñîâàíîãî x ∈ D ôóíêöi¨ ∂ju/∂xj ≡
∑
k∈Z

u
(j)
k (x) exp(ikt),

0 ≤ j ≤ n, íàëåæàòü äî ïðîñòîðó Hq−j/2 i ÿê åëåìåíòè öüîãî ïðîñòîðó ¹
íåïåðåðâíèìè çà t íà D; íîðìó â ïðîñòîði Cn(D;Hq) çàäà¹ìî ôîðìóëîþ

∥u;Cn(D;Hq)∥ =
n∑

j=0

max
x∈D

∥∂ju(x, ·)/∂xj ;Hq−j/2∥.

Â îáëàñòi D × Ω äëÿ u = (u1, u2) ðîçãëÿäà¹òüñÿ çàäà÷à

Ljuj ≡
∂uj

∂t
− αj

∂2uj

∂x2
= 0, (x, t) ∈ Dj × Ω, j = 1, 2. (1)

B0u1 ≡
(
ν1u1 + ν2

∂u1

∂x

) ∣∣∣
x=x0

= g1(t), t ∈ Ω,

B2u2 ≡
(
ν3u2 + ν4

∂u2

∂x

) ∣∣∣
x=x2

= g2(t), t ∈ Ω,

(2)

lim
x→x1−

u1 = lim
x→x1+

u2, lim
x→x1−

κ1
∂u1

∂x
= lim

x→x1+

κ2
∂u2

∂x
, t ∈ Ω, (3)
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äå α1, α2 ∈ R+, ν1, ν2, ν3, ν4 ∈ R, |ν1| + |ν2| ≠ 0, |ν3| + |ν4| ≠ 0, κ1, κ2 ∈
R+ � êîåôiöi¹íòè òåïëîïðîâiäíîñòi ìàòåðiàëiâ, g1 i g2 � çàäàíi ïåðiîäè÷íi
ôóíêöi¨ iç ïðîñòîðó Ñîáîë¹âà Hq, q ∈ R � äîâiëüíå ôiêñîâàíå.

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (1)�(3) íàçèâà¹ìî âåêòîð-ôóíêöiþ
u := (u1, u2) ∈ C2(D1;Hq)×C2(D2;Hq), ùî çàäîâîëüíÿ¹ óìîâè

∥Ljuj ;C(Dj ;Hq−1)∥ = 0, j = 1, 2;

∥B0u1(x0, ·)− g1;Hq∥ = 0, ∥B2u2(x2, ·)− g2;Hq∥ = 0,

lim
ε→0+

∥u1(x1 − ε, ·)− u2(x1 + ε, ·);Hq∥ = 0,

lim
ε→0+

∥∥∥κ1
∂u1(x1−ε,·)

∂x − κ2
∂u2(x1+ε,·)

∂x ;Hq− 1
2

∥∥∥ = 0.

Óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó öi¹¨ çàäà÷i òiñíî ïîâ'ÿçàíi ç
âëàñòèâîñòÿìè âèçíà÷íèêà ∆(k) äëÿ öiëèõ çíà÷åíü k, äå

∆(k) =

∣∣∣∣∣(ν1 + ν2β1k)eβ1kx0 (ν1 − ν2β1k)e−β1kx0 0 0

0 0 (ν3 + ν4β2k)eβ2kx2 (ν3 − ν4β2k)e−β2kx2

eβ1kx1 e−β1kx1 −eβ2kx1 −e−β2kx1

β1keβ1kx1 −β1ke−β1kx1 −β2keβ2kx1 β2ke−b2x1

∣∣∣∣∣ ,
βjk =

√
|k|
2αj

(1 + sgn(k) i) , k ̸= 0, j = 1, 2;

∆(0) = ν1ν3(x0 − x2) + ν1ν4x0 − ν2ν3x2.

Òåîðåìà 1. Íåõàé äëÿ ñêií÷åííî¨ êiëüêîñòi öiëèõ k âèêîíó¹òüñÿ

óìîâà

(∀k ∈ [−K,K] ∩ Z) ∆(k) ̸= 0,

äå K � äîäàòíà ñòàëà, âèçíà÷åíà ïåâíèì ÷èíîì. ßêùî g1 ∈ Hq−sgn |ν2|/2,

g2 ∈ Hq−sgn |ν4|/2, òî â ïðîñòîði C2(D1;Hq) × C2(D2;Hq) iñíó¹ ¹äèíèé

ðîçâ'ÿçîê u = (u1, u2) çàäà÷i (1)�(3), êîìïîíåíòè ÿêîãî u1 i u2 íåïåðåðâíî

çàëåæèòü âiä ôóíêöié g1 i g2.
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TIME-PERIODIC HEAT CONDUCTION PROBLEM WITH

ROBIN BOUNDARY CONDITIONS IN A TWO-LAYER

DOMAIN

We prove the existence and uniqueness of the solution in Sobolev spaces with

time-periodic functions. The analysis is based on the method of separation of

variables and estimates of the determinants related to the problem.
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