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Let H be a real Hilbert space with an inner product 〈·, ·〉 and norm ‖ · ‖.
Consider the variational inequality problem:

find x ∈ C : 〈Ax, y − x〉 ≥ 0 ∀y ∈ C, (1)

where C is a non-empty subset of Hilbert space H, A is an operator mapping
from H in H. Denote the solution set of (1) as S.

Assume the following conditions hold:

• the set C ⊆ H is convex and closed;

• the operator A : H → H is monotone on C, i.e.,

〈Ax−Ay, x− y〉 ≥ 0 ∀x, y ∈ C,

and Lipschitz continuous on C (with constant L > 0), i.e.,

‖Ax−Ay‖ ≤ C‖x− y‖ ∀x, y ∈ C.

Consider the extragradient algorithm for the variational inequality (1){
yn = PC (xn − λAxn) ,
xn+1 = PC (xn − λAyn) ,

(2)

where λ > 0 [1].
We obtain the following result.

Theorem 1 (Descent Property). Let C ⊆ H be a nonempty, convex, and
closed set, and A : C → H be a monotone and Lipschitz continuous operator
(with constant L > 0). Then, for the sequences (xn) and (yn) generated by
the extragradient algorithm (2), the following inequality holds:

‖xn+2 − xn+1‖2 + ‖xn+2 − yn+1‖2 + 2λ〈Axn+1 −Ayn+1, xn+1 − xn+2〉
≤ ‖xn+1 − xn‖2 + ‖xn+1 − yn‖2 + 2λ〈Axn −Ayn, xn − xn+1〉

− (1− λ2L2)‖yn − xn+1‖2.

http://www.iapmm.lviv.ua/chyt2025



The conference of young scientists «Pidstryhach readings – 2025»
May 27–29, 2025, Lviv

In the absence of constraints (C = H), the algorithm takes the form{
yn = xn − λAxn,
xn+1 = xn − λAyn,

(3)

where λ > 0.
From Theorem 1, we obtain the following results.

Theorem 2 (Descent Property). Let A : H → H be a monotone and
Lipschitz continuous operator (with constant L > 0). Then, for the sequences
(xn) and (yn) generated by the extragradient algorithm (3), the following
inequality holds:

‖Axn+1‖2 ≤ ‖Axn‖2 − (1− λ2L2)‖Ayn −Axn‖2. (4)

Theorem 3. Let A : H → H be a monotone and Lipschitz continuous
operator (with constant L > 0), A−10 6= ∅. Assume that λ ∈

(
0, 1

L

)
. Then, for

the sequence (xn) generated by algorithm (3), the inequality holds.

‖AxN‖2 ≤
D2

(1− λ2L2)λ2(N + 1)
, N ≥ 0, (5)

where D = d(x0, A
−10) = minz∈A−10 ‖x0 − z‖.

The results obtained in this work are new and refine the existing ones [2,3].
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ВЛАСТИВIСТЬ СПУСКУ ДЛЯ ЕКСТРАГРАДIЄНТНОГО
АЛГОРИТМУ

У повiдомленнi розглянуто екстраградiєнтний алгоритм для монотонних
варiацiйних нерiвностей та операторних рiвнянь. Доведено новий резуль-
тат щодо властивостi спуску екстраградiєнтного алгоритму, а для задач
без обмежень отримано оцiнку швидкостi алгоритму в термiнах приро-
дної нев’язки за слабших умов, нiж вiдомi.
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