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Let H be a real Hilbert space with an inner product (-,-) and norm || - ||.
Consider the variational inequality problem:

findzeC: (Az,y—2x)>0 Vyel, (1)

where C' is a non-empty subset of Hilbert space H, A is an operator mapping
from H in H. Denote the solution set of (1) as S.
Assume the following conditions hold:

e the set C' C H is convex and closed;

e the operator A: H — H is monotone on C), i.e.,
(Az — Ay,z —y) >0 Va,y € C,
and Lipschitz continuous on C' (with constant L > 0), i.e.,

Az — Ay|| < Cllz —y|| Vr,y € C.

Consider the extragradient algorithm for the variational inequality (1)
yn = Po (zn - /\Axn) ) (2)
Tn41 = PC (wn - >\Ayn) 5
where A > 0 [1].
We obtain the following result.

Theorem 1 (Descent Property). Let C C H be a nonempty, convez, and
closed set, and A : C — H be a monotone and Lipschitz continuous operator
(with constant L > 0). Then, for the sequences (z,) and (y,) generated by
the extragradient algorithm (2), the following inequality holds:

[@nt2 = Tng1||? + 1202 = yniall® + 20(AZn 11 — AYngr, Tnpr — Tnga)
< Ty — xn||2 + | Zng1 — yn||2 +2XMAxy, — AYn, Tp — Tpy1)
- (1 - /\2L2)”yn - -rn+1||2'

http://www.iapmm.lviv.ua/chyt2025



The conference of young scientists «Pidstryhach readings — 2025»
May 27-29, 2025, Lviv

In the absence of constraints (C = H), the algorithm takes the form

Yn = Tn — ANz,
Tntl = Tp — /\Ayn;

(3)

where A > 0.
From Theorem 1, we obtain the following results.

Theorem 2 (Descent Property). Let A : H — H be a monotone and
Lipschitz continuous operator (with constant L > 0). Then, for the sequences
() and (yn) generated by the extragradient algorithm (3), the following
inequality holds:

[Azn1]? < [[Aznl|* — (1 = NL?)[| Ayn — Az, (4)

Theorem 3. Let A : H — H be a monotone and Lipschitz continuous
operator (with constant L > 0), A=*0 # (. Assume that \ € (0, %) Then, for
the sequence (x,,) generated by algorithm (3), the inequality holds.

D2

Azy|]? < N>0
el = ez V20

(5)

where D = d(xg, A710) = min,c 410 |20 — 2]|-

The results obtained in this work are new and refine the existing ones [2,3].
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BJIACTUBICTSB CITYCKY IOJId EKCTPATPAJIIEHTHOI' O
AJITOPUTMY

VY nosidomaenni poseaanymo excmpaepadieHmHul ai20pumm Oas MOHOTNORHUL
8aPIAUITHUT HePIBHOCMET Ma 0NEePamopHur pisHans. Jlosedeno Hosull pe3yab-
mam w000 8AACTNUBOCTE CNYCKY eKCMPazPpadiEHMHO20 AA2OPUMMY, A OAA 34004
be3 obmesicens OMPUMAHO OUTHKY WBUIKOCTNE GA20PUMMY 6 MEPMIHAL NPUPO-
0HO1 HEB A3KU 34 CAAOWUT YMO8, HIHC 6100Mi.
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