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Ðîçãëÿíåìî íà ñêií÷åííîìó iíòåðâàëi (a, b) ëiíiéíó êðàéîâó çàäà÷ó äëÿ
ñèñòåìè m äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó

(Ly)(t) := y′(t) +A(t)y(t) = f(t), t ∈ (a, b), (1)

By = c, (2)

äå äîâiëüíî çàäàíî ÷èñëà m, s, r ∈ N, a, b ∈ R, ìàòðèöþ-ôóíêöiþ A(·) ∈
(C(s−1))m×m, âåêòîð-ôóíêöiþ f(·) ∈ (C(s−1))m, âåêòîð c ∈ Cr, òà ëiíiéíèé
íåïåðåðâíèé îïåðàòîð B : (C(s))m → Cr.

Êðàéîâà óìîâà (2) çàäà¹ r ñêàëÿðíèõ êðàéîâèõ óìîâ äëÿ ñèñòåìè m
äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó. Âåêòîðè i âåêòîð-ôóíêöi¨ ââà-
æà¹ìî çàïèñàíèìè ó âèãëÿäi ñòîâïöiâ. Ó âèïàäêó r > m êðàéîâà çàäà÷à
(1), (2) ¹ ïåðåâèçíà÷åíîþ, à ïðè r < m � íåäîâèçíà÷åíîþ. Ðîçâ'ÿçîê êðà-
éîâî¨ çàäà÷i (1), (2) ìè iíòåðïðåòó¹ìî ÿê âåêòîð-ôóíêöiþ y(·) ∈ (C(s))m,
ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (1) íà (a, b), i ðiâíiñòü (2), ÿêà çàäà¹ r ñêàëÿðíèõ
êðàéîâèõ óìîâ.

Êðàéîâà óìîâà (2) ¹ íàéáiëüø çàãàëüíîþ äëÿ öüîãî ðiâíÿííÿ. Âîíà ïî-
êðèâà¹ âñi âiäîìi òèïè êëàñè÷íèõ êðàéîâèõ óìîâ, òàêi ÿê óìîâè çàäà÷i Êî-
øi, áàãàòîòî÷êîâi êðàéîâi óìîâè, iíòåãðàëüíi òà iíòåãðî-äèôåðåíöiàëüíi
óìîâè, i ðiçíi íåêëàñè÷íi êðàéîâi óìîâè, òîáòî óìîâè, ÿêi ìiñòÿòü ïîõiäíi
øóêàíî¨ âåêòîð-ôóíêöi¨ ïîðÿäêó β, äå 1 ≤ β < s.

Ïîäàìî íåîäíîðiäíó êðàéîâó çàäà÷ó (1), (2) ó ôîðìi îïåðàòîðíîãî ðiâ-
íÿííÿ

(L,B)y = (f, c),

äå (L,B) ïîçíà÷à¹ ëiíiéíèé îïåðàòîð íà ïàði áàíàõîâèõ ïðîñòîðiâ

(L,B) : (C(s))m → (C(s−1))m × Cr. (3)

Òåîðåìà 1. Ëiíiéíèé îïåðàòîð (3) ¹ îáìåæåíèì i ôðåäãîëüìîâèì ç

iíäåêñîì m− r.
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Ïîçíà÷èìî ÷åðåç Y (·) ∈ (C(s))m×m ¹äèíèé ðîçâ'ÿçîê íàñòóïíîãî ëiíié-
íîãî îäíîðiäíîãî ìàòðè÷íîãî ðiâíÿííÿ ç ïî÷àòêîâîþ óìîâîþ Êîøi:

Y ′(t) +A(t)Y (t) = Om, t ∈ (a, b), Y (a) = Im. (4)

Òóò, Om � íóëüîâà, à Im � îäèíè÷íà ìàòðèöi ðîçìiðíîñòi m×m. �äèíèé
ðîçâ'ÿçîê çàäà÷i Êîøi (4) íàëåæèòü ïðîñòîðó (C(s))m×m.

Ïîçíà÷èìî ÷åðåç M(L,B) ∈ Cm×r ÷èñëîâó ìàòðèöþ, ó ÿêî¨ j-é ¨¨ ñòîâ-
ïåöü ¹ ðåçóëüòàòîì äi¨ îïåðàòîðà B íà j-é ñòîâï÷èê ìàòðèöi-ôóíêöi¨ Y (·).
Òàêó ìàòðèöþ íàçèâà¹ìî õàðàêòåðèñòè÷íîþ äëÿ êðàéîâî¨ çàäà÷i (1), (2).
Íàãàäà¹ìî, ùî m � öå êiëüêiñòü ñêàëÿðíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ñè-
ñòåìè (1), à r � êiëüêiñòü ñêàëÿðíèõ êðàéîâèõ óìîâ.

Òåîðåìà 2. Âèìiðíîñòi ÿäðà i êîÿäðà îïåðàòîðà (3) äîðiâíþþòü âiä-

ïîâiäíî âèìiðíîñòÿì ÿäðà i êîÿäðà õàðàêòåðèñòè÷íî¨ ìàòðèöi.

Ç òåîðåìè 2 âèïëèâà¹ êðèòåðié îáîðîòíîñòi îïåðàòîðà (L,B), òîáòî
êðèòåðié îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi ðîçãëÿíóòî¨ çàäà÷i íà êëàñi (C(s))m.

Òåîðåìà 3. Îïåðàòîð (L,B) ¹ îáîðîòíèì òîäi i òiëüêè òîäi, êîëè

r = m i êâàäðàòíà ìàòðèöÿ M(L,B) íåâèðîäæåíà.

Ïîäiáíi êðàéîâi çàäà÷ ó ïðîñòîðàõ Ñîáîë¹âà ðîçãëÿíóòî â [1].
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ABOUT SOLVABILITY OF THE MOST GENERAL LINIAR

BOUNDARY-VALUE PROBLEMS

IN SPACES OF SMOOTH FUNCTIONS

We study systems of linear ordinary di�erential equations with the most general

inhomogeneous boundary conditions in spaces of smooth functions on a �nite

interval, including cases of overdetermined or underdetermined boundary condi-

tions. We show that this problem induces a Fredholm operator on appropriate

pairs of the spaces, �nd its kernel and cokernel, and establish the criterion of its

invertibility.
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