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The investigation of invariant subgroups of wreath product have many
relations in particular with dynamic systems [1].

The lattice of normal subgroups [2] and their properties for finite iterated
wreath products Sn1 ≀ . . . ≀ Snm , n,m ∈ N are found. Special classes of normal
subgroups and their orders and generators are found. Further, the monolith
of these wreath products has been investigated.

We consider the following generalization of diagonal subgroup of the wreath
product base.

Definition 1. A subgroup in Sn ≀ Sn is of the type T̃n if it contains:

1. elements of the form E ≀An ,

2. elements with the Kaloujnine tableau [2] presentation [e]1, [π1 . . . , πn]2,
that πi ∈ Sn \An.

Definition 2. A subgroup in Sn ≀Sn ≀Sn is of the type T̃
(3)
n2 if it contains:

1. elements of the form E ≀ E ≀An ,

2. elements with the tableau [2] presentation [e]1, [e, . . . , e]2, [π1 . . . , πn2 ]3,
that πi ∈ Sn \An.

The minimal number of transpositions in factorization of a permutation
corresponding to element πi ∈ Sn on transposition we will denote by rnk(πi)
and call it rank or decrement of permutation. We set rnk(e) = 0.

Definition 3. The set of elements from Sn ≀ Sn, n > 5 of the form:
[e]1, [a1, a2, . . . , an]2, satisfying the following condition

n∑
i=1

rnk([ai]2) = 2k, k ∈ N, (1)

we will call set of type Ã
(2)
n .
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Proposition 1. The set of elements of type Ãn

(2)
forms the subgroup

denoted by E ≀ Ãn, furthermore E ≀ Ãn ▹ Sn ≀ Sn.

The monolith of Sn ≀ Sm is e ≀Am.

The subgroup E ≀ E ≀ Ãn < Sn ≀ Sn ≀ Sn we denote by Ã
(3)
n .

The set of elements from Sn ≀ Sn ≀ Sn, n > 5 of the form:
[e]1, [e, e, . . . , e]2, [a1, a2, . . . , an]3 satisfying the following condition

n2∑
i=1

rnk([ai]3) = 2k, k ∈ N, (2)

we denote by Ã
(n2)
00(n). We note that E ≀ E ≀ Ãn < Ã

(n2)
00(n).

Theorem 1. Proper normal subgroups in Sn ≀ Sm (active is on the left),
where n,m ≥ 3 with n,m ̸= 4 are of the following types:

1. subgroups that act only on second level (stabilizing the first level) are

E ≀ Ãm, T̃m, E ≀ Sm,

2. subgroups that acts on both levels are

An ≀ Ãm, An ≀ E, Sn ≀ Ãm, An ≀ Sm, Sn ≀ E .

In total there are 8 proper normal subgroups in Sn ≀ Sm. Further, all of these
groups are splittable groups [2].

The subgroup Sn ≀ Ãm appears only in Sn ≀ Sm. Thus, the total number of
proper normal subgroups in Sn ≀ Sm, where n,m ≥ 3 with n,m ̸= 4 is 8.

The subgroups An ≀ Ãm = W ′ [3,4] and An ≀Sm are the new normal proper
subgroups of Sn ≀ Sm relative to the normal subgroups of Sn ≀Am.

Theorem 2. There are exactly 5 proper normal subgroups in the wreath
product W = An ≀ Sn.

Theorem 3. The normalizer of subgroup Tn of type T̃n in W = Sn ≀ Sn

is NW (Tn) = Sn ≀An.

The lattice of normal subgroups of the finite iterated wreath product Sn1 ≀
. . . ≀ Snm

is investigated by us too.
The set of normal subgroup of Sn ≀ Sn is denoted by N(Sn ≀ Sn).
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Theorem 4. The full list of normal subgroups of Sn ≀ Sn ≀ Sn consists of
50 normal subgroups. The first type T023 contains: E ≀ Ãn ≀H, T̃n ≀H, where
H ∈ {Ãn, Ãn2 , Sn}. There are 6 subgroups.

The second type of subgroups is subclass in T023 with new base of wreath
product subgroup Ãn2 : E ≀Sn ≀ Ãn2 , E ≀An ≀ Ãn2 , E ≀Ni(Sn ≀Sn). Therefore

this class has 12 new subgroups. The third type T003: Ã
(n2)
00(n) = ˜E ≀ E ≀An,

T̃
(3)
n2 . Hence, here are 2 new subgroups.

The forth type T123: Ni(Sn ≀Sn) ≀Sn, Ni(Sn ≀Sn) ≀Ãn and Ni(Sn ≀Sn) ≀Ãn2 .
Thus, there 30 new subgroups in T123.
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Нормальнi пiдгрупи iтерованого вiнцевого добутку
симетричних i знакозмiнних груп пiдстановок.

Ukrainian annotation

Знайдено решiтку нормальних пiдгруп iтерованого вiнцевого добутку Sn1 ≀
. . . ≀ Snk

. Описано всi нормальнi пiдгрупи. Доведено монолiтичнiсть даної
групи.
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