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Âè÷åðïíî ðîçâ'ÿçàíî çàäà÷ó ãðóïîâî¨ êëàñèôiêàöi¨ äëÿ íåíîðìàëiçî-
âàíîãî êëàñó íåëiíiéíèõ õâèëüîâèõ i åëiïòè÷íèõ ðiâíÿíü

utt = f(x, u)uxx + g(x, u), (fu, guu) 6= (0, 0). (1)

Äëÿ öüîãî âèêîðèñòàíî íîâó âåðñiþ àëãåáðà¨÷íîãî ìåòîäó ãðóïîâî¨ êëà-
ñèôiêàöi¨ äëÿ íåíîðìàëiçîâàíèõ êëàñiâ äèôåðåíöiàëüíèõ ðiâíÿíü, ùî áà-
çó¹òüñÿ íà êëàñèôiêàöi¨ äîïóñòèìèõ ïåðåòâîðåíü ó êëàñi ç òî÷íiñòþ äî
ãðóïè åêâiâàëåíòíîñòi öüîãî êëàñó, é ïîáóäîâi ïîðîäæóâàëüíî¨ ìíîæèíè
äîïóñòèìèõ ïåðåòâîðåíü. Çàóâàæèìî, ùî êëàñ (1) íå ìîæíà ðîçáèòè íà
íîðìàëiçîâàíi ïiäêëàñè. Âè÷åðïíå ðîçâ'ÿçàííÿ çàäà÷i ãðóïîâî¨ êëàñèôi-
êàöi¨ âêëþ÷à¹ âèêîíàííÿ ïîâíî¨ ïîïåðåäíüî¨ ãðóïîâî¨ êëàñèôiêàöi¨, à òà-
êîæ ïîáóäîâó ñèíãóëÿðíèõ ðîçøèðåíü ëi¨âñüêî¨ ñèìåòði¨, ÿêi íå ïîâ'ÿçàíi
ç ïiäàëãåáðàìè àëãåáðè åêâiâàëåíòíîñòi êëàñó [1].

Àëãåáðó åêâiâàëåíòíîñòi g∼ êëàñó (1) óòâîðþþòü îïåðàòîðè

∂t, t∂t − 2f∂f − 2g∂g, u∂u + g∂g,

ζ∂x + 1
2ζxu∂u + 2ζxf∂f + 1

2 (ζxg − ζxxxuf)∂g, χ∂u − χxxf∂g,

äå ζ = ζ(x), χ = χ(x) � ãëàäêi ôóíêöi¨ çìiííî¨ x.
Àëãåáðà¨÷íèì ìåòîäîì ñïî÷àòêó çíàéäåíî âñi ðåãóëÿðíi âèïàäêè ðîç-

øèðåííÿ ëi¨âñüêî¨ ñèìåòði¨, ùî àñîöiéîâàíi ç ïiäàëãåáðàìè àëãåáðè åêâi-
âàëåíòíîñòi g∼ êëàñó (1). Òàêîæ çíàéäåíî âñi ñèíãóëÿðíi âèïàäêè ðîçøè-
ðåííÿ ëi¨âñüêî¨ ñèìåòði¨.

Ëåìà 1. Ïîâíèé ïåðåëiê G∼-íååêâiâàëåíòíèõ ñèíãóëÿðíèõ ðîçøè-

ðåíü àëãåáðè g∩ = 〈∂t〉 ÿäðà îñíîâíèõ ãðóï ëi¨âñüêî¨ ñèìåòði¨ ðiâíÿíü ç

êëàñó (1) âè÷åðïóþòü âèïàäêè ðiâíÿíü iç äîâiëüíèìè åëåìåíòàìè âèäó

f = ε = ±1, g = g1(x)g2(u), íàâåäåíèìè â òàáë. 1.

Îá'¹äíàííÿ ðåãóëÿðíèõ i ñèíãóëÿðíèõ âèïàäêiâ ðîçøèðåííÿ ëi¨âñüêî¨
ñèìåòði¨ ó êëàñi (1) äà¹ ïîâíèé ðîçâ'ÿçîê çàäà÷i ãðóïîâî¨ êëàñèôiêàöi¨ äëÿ
öüîãî êëàñó.
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Òàáë. 1: Ñèíãóëÿðíi ðîçøèðåííÿ ëi¨âñüêî¨ ñèìåòði¨ ó êëàñi (1).

f g Áàçèñ ðîçøèðåííÿ

ε ĝ(u) ∂x, x∂t + εt∂x

1 ĝ(u)e−2x R(ex+t), R(ex−t)

−1 ĝ(u)e−2x R(ex cos t), R(ex sin t)

ε ĝ(u)x−2 t∂t + x∂x, (t2 + εx2)∂t + 2tx∂x

1 ĝ(u) cos−2 x R(cos t cosx), R(sin t cosx)

1 −ĝ(u) cosh−2 x R(et coshx), R(e−t coshx)

1 ĝ(u) sinh−2 x R(et sinhx), R(e−t sinhx)

−1 ĝ(u) cos−2 x R(et cosx), R(e−t cosx)

−1 ĝ(u) sinh−2 x R(cos t sinhx), R(sin t sinhx)

−1 ĝ(u) cosh−2 x R(cos t coshx), R(sin t coshx)

ε ε′|u|q ∂x, t∂x + εx∂t, (q − 1)t∂t + (q − 1)x∂x − 2u∂u

1 ε′|u|qe−2x R(ex+t), R(ex−t), (q − 1)∂x + 2u∂u

−1 ε′|u|qe−2x R(ex cos t), R(ex sin t), (q − 1)∂x + 2u∂u

ε ε′eu τ∂t + ξ∂x − 2τt∂u

Òóò ε, ε′ = ±1 mod G∼, q � äîâiëüíà ñòàëà, ïðè÷îìó q 6= 0, 1,
R(Φ) := Φx∂t + Φt∂x; τ = τ(t, x), ξ = ξ(t, x) � äîâiëüíi ãëàäêi
ôóíêöi¨, ùî çàäîâîëüíÿþòü ñèñòåìó τt = ξx, ξt = ετx.
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Group analysis of a class of nonlinear wave and elliptic equations

After extending the algebraic method of group classi�cation to non-normalized

classes of di�erential equations, we solve the complete group classi�cation

problem for the class of nonlinear wave and elliptic equations utt = f(x, u)uxx+
g(x, u), (fu, guu) 6= (0, 0). The solution includes the complete preliminary group

classi�cation of the class and the construction of singular Lie-symmetry extensi-

ons, which are not related to subalgebras of the equivalence algebra. The complete

preliminary group classi�cation is based on classifying appropriate subalgebras of

the entire in�nite-dimensional equivalence algebra whose projections are quali�ed

as maximal extensions of the kernel invariance algebra. The results obtained can

be used to construct exact solutions of nonlinear wave and elliptic equations.
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