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An algebra (Q; ·; `·; r·) is called a quasigroup, if (·) is an invertible operation

and (
`·) and (

r·) are its left and right inverses, i.e. the identities

(x
`· y) · y = x, (x · y) `· y = x, x · (x r· y) = y, x

r· (x · y) = y

hold. σ-parastrophe (
σ·) of (·) is defined by

x1σ
σ· x2σ = x3σ ⇔ x1 · x2 = x3, σ ∈ S3 := {ι, `, s, r, `s, `r},

where ` := (13), s := (12), r := (23). Bijections La, Ra, Ma of a quasigroup
(Q; ·) are called left, right and middle translations [1] and are defined by

La(x) := a · x, Ra(x) := x · a, Ma(x) := x
r· a.

Every element a of a quasigroup (Q; ·) defines six bijections:

Ma := {Ma,M
−1
a , La, L

−1
a , Ra, R

−1
a }. (1)

The definition of the σ-parastrophe of left, right and middle translation
are:

σLa(x) := a
σ−1

· x, σRa(x) := x
σ−1

· a, σMa(x) := x
rσ−1

· a,

where σ ∈ S3. Moreover, the following relationships are true:

τ(σLa) =
τσLa,

τ(σRa) =
τσRa,

τ(σMa) =
τσMa.

Proposition 1. In all parastrophes of a quasigroup (Q; ·) an arbitrary element
a defines the same set of translations Ma (see (1)):

Ma = {σLa | σ ∈ S3} = {σRa | σ ∈ S3} = {σMa | σ ∈ S3}.
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Proposition 2. Each translation is a σ-parastrophe of the middle translation
for some σ ∈ S3:

Ma = ιMa, La = `sMa, Ra = rMa,

M−1
a = sMa, L−1

a = `Ma, R−1
a = rsMa.

The permutation σ is called direction of the translation σMa.
The σ-direction set of translations, i.e. the set of all translations of the

direction σ of a quasigroup (Q; ·) is defined by
σM := {σMx | x ∈ Q}, σ ∈ S3.

Theorem 1. All equalities of two translation sets of different directions
determine the following classes of quasigroups:

`M = `sM L−1
x = Lα(x) α(x) · xy = y LIP quasigroup

rM = rsM R−1
x = Rα(x) yx · α(x) = y RIP quasigroup

ιM = sM M−1
x =Mα(x) yz = α(zy) MIP quasigroup

`M = rM L−1
x = Rα(x) xy · α(x) = y CIP quasigroup

rsM = `sM R−1
x = Lα(x)

`M = ιM L−1
x =Mα(x) xy · y = α(x) K1

sM = `sM M−1
x = Lα(x)

ιM = rsM R−1
x =Mα(x) yx · y = α(x) K2

sM = rM M−1
x = Rα(x)

`sM = ιM Lx =Mα(x) y · xy = α(x) K3
sM = `M M−1

x = L−1
α(x)

rM = ιM Rx =Mα(x) y · yx = α(x) K4
sM = rsM M−1

x = R−1
α(x)

`sM = rM Lx = Rα(x) α(x) · y = y · x K5
`M = rsM R−1

x = L−1
α(x)
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КЛАСИФIКАЦIЯ КВАЗIГРУП ВIДПОВIДНО ДО
МНОЖИН ТРАНСЛЯЦIЙ

Введено поняття напрямку трансляцiї та напрямку множини трансля-
цiй. Знайдено класи квазiгруп, в кожнiй з яких двi множини рiзних на-
прямкiв збiгаються. Встановлено, що всього iснує дев’ять таких класiв.
Всi цi класи є добре вiдомими многовидами квазiгруп з деякими властиво-
стями оборотностi, серед якиx IР-квазiгрупи, СIР-квазiгрупи.
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