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Preface

It is well known that mathematical models of the real pro-
cesses of nature can be very often described with the help of
partial differential equations (PDEs).

It is also known that the important PDEs of the theo-
retical and mathematical physics, mechanics, gas dynamics,
etc. have non-trivial symmetry groups. Many of the scien-
tists used and use this fact to investigate those types of PDEs.
At present, many scientific works have been published on this
topic. It is impossible to present here even the majority of
them. Therefore, we only mention here some books concern-
ing this topic [1–27] (see also the references therein).

In the following, we focus our attention on some appli-
cations of the classical Lie method to investigate PDEs with
non-trivial symmetry groups.

In 1895, Lie [28] considered solutions invariant with re-
spect to groups admitted by the higher-order PDEs.

It turned out that the problem of symmetry reduction and
the construction of classes of independent invariant solutions
for PDEs with non-trivial symmetry groups was reduced to
a pure algebraic problem of describing all nonconjugate (non-
similar) subalgebras of the Lie algebras of symmetry groups of
those equations. The details can be found in [6,8,10,14,29,30]
(see also the references therein).

In 1975, Patera, Winternitz, and Zassenhaus [31] proposed
a general method for describing the nonconjugate subalgebras
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of Lie algebras with nontrivial ideals.
Two years ago, Patera and Winternitz [32] described non-

conjugate subalgebras of real three- and four-dimensional Lie
algebras.

The results of those two works make it possible to describe
a subgroup structure of the symmetry groups as well as to
construct classes of invariant solutions for many PDEs.

However, it turned out that the reduced equations, ob-
tained with the help of nonconjugate subalgebras of the same
ranks of the Lie algebras of the symmetry groups of some
PDEs, were of different types. The details on this theme can
be found in [33–42] (see also the references therein).

Grundland, Harnad, and Winternitz [33] were the first to
point out and investigate the similar phenomenon.

The results obtained cannot be explained within the frame
of usual approach. It means that when using only the rank
of nonconjugate subalgebras of the Lie algebras of the sym-
metry groups of some PDEs under investigation, we cannot
explain differences in the properties of their reduced equa-
tions, which are obtained using nonconjugate subalgebras of
the same ranks of the Lie algebras of the symmetry groups of
those PDEs.

It is well known that the nonconjugate subalgebras of the
same rank of the Lie algebras can have different structural
properties. Therefore, in order to try to explain some of the
differences in the properties of the reduced equations for PDEs
with nontrivial symmetry groups, we suggest to investigate
the relationship between the structural properties of noncon-
jugate subalgebras of the same rank of the Lie algebras of the
symmetry groups of those PDEs and properties of the reduced
equations corresponding with them [43].

In our monograph, among other things, we present the
results concerning the realization of our suggestion for the
eikonal equation. More detailed, we present the results con-
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cerning the relationship between the structural properties of
low-dimensional (dimL ≤ 3) nonconjugate subalgebras of the
Lie algebra of the Poincaré group P (1, 4) [44] and the prop-
erties of the reduced equations for the eikonal equation. We
also present some classes of invariant solutions for the eikonal
equation.

In Chapter 1, we present the results of classification of
functional bases of invariants for one-, two-, and three-di-
mensional nonconjugate subalgebras of the Lie algebra of the
Poincaré group P (1, 4).

In Chapter 2, we present the results of the classification
of anzatzes for the eikonal equation. The results are obtained
using the results of the classification of functional bases of in-
variants for low-dimensional nonconjugate subalgebras of the
Lie algebra of the Poincaré group P (1, 4) (see Chapter 1).

In Chapter 3, we present the results of the classification
of symmetry reductions for the eikonal equation. The results
are obtained using the results of the classification of ansatzes
for the eikonal equation (see Chapter 2). Some classes of the
invariant solutions for the equation under consideration are
also presented.
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Chapter 1

Classification of invariants for
some nonconjugate subgroups
of the Poincaré group P (1, 4)

In this chapter, we present the results of the classification
of functional bases of invariants in spaceM(1, 3)×R(u) for all
nonconjugate subalgebras of dimensions 1, 2, and 3 of the Lie
algebra of the Poincaré group P (1, 4). Here, and in what fol-
lows, M(1, 3) is the four-dimensional Minkowski space, R(u)
is the real number axis of the dependent variable u.

The results are obtained using structural properties of low-
dimensional (dimL ≤ 3) nonconjugate subalgebras of the Lie
algebra of the group P (1, 4) [44].

1.1 Lie algebra of the Poincaré group
P (1, 4) and its nonconjugate subalge-
bras

The group P (1, 4) is a group of rotations and translations
of the five-dimensional Minkowski space M(1, 4). It is the
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smallest group, which contains, as subgroups, the extended
Galilei group G̃(1, 3) [45] (the symmetry group of classical
physics) and the Poincaré group P (1, 3) (the symmetry group
of relativistic physics). The group P (1, 4) has a wide ap-
plications in theoretical and mathematical physics (see, for
example, [17,46–52]).

Lie algebra of the group P (1, 4) is generated by 15 bases
elements Mµν = −Mνµ (µ, ν = 0, 1, 2, 3, 4) and Pµ (µ =
0, 1, 2, 3, 4), which satisfy the commutation relations

[Pµ, Pν ] = 0, [Mµν , Pσ] = gνσPµ − gµσPν ,
[Mµν ,Mρσ] = gµσMνρ + gνρMµσ − gµρMνσ − gνσMµρ,

where g00 = −g11 = −g22 = −g33 = −g44 = 1, gµν = 0, if
µ 6= ν.

Consider the following representation [53–55] of the Lie
algebra of the group P (1, 4) :

P0 =
∂

∂x0
, P1 = −

∂

∂x1
, P2 = −

∂

∂x2
, P3 = −

∂

∂x3
,

P4 = −
∂

∂u
, Mµν = xµPν − xνPµ, x4 ≡ u.

In the following, we will use the next bases elements:

G =M04, L1 =M23, L2 = −M13, L3 =M12,

Pa =Ma4 −M0a, Ca =Ma4 +M0a, (a = 1, 2, 3),

X0 =
1

2
(P0 − P4) , Xk = Pk (k = 1, 2, 3), X4 =

1

2
(P0 + P4) .

Nonconjugate subalgebras of the Lie algebra of the group
P (1, 4) have been described in the papers [56–60].
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Lie algebra of the extended Galilei group G̃(1, 3) is gen-
erated by the following bases elements:

L1, L2, L3, P1, P2, P3, X0, X1, X2, X3, X4.

In this chapter, we use the full list of the nonconjugate (up
to P (1, 4) - conjugation) subalgebras of the Lie algebra of the
group P (1, 4), which can be found in [18].

By now, we performed classification of all nonconjugate
subalgebras of the Lie algebra of the group P (1, 4) of dimen-
sions ≤ 5 [44,61,62] using Mubarakzyanov’s classification ob-
tained in [63,64].

1.2 Classification of functional bases of
invariants for one-dimensional non-
conjugate subalgebras of the Lie al-
gebra of the group P (1, 4)

In this section, we present the results of the classification
of functional bases of invariants in the space M(1, 3) × R(u)
for all one-dimensional nonconjugate subalgebras of the Lie
algebra of the group P (1, 4).

It is known that is only one type of one-dimensional real
Lie algebras [63]. We denote it by A1 [65]. Since all one-
dimensional Lie algebras are isomorphic, they are of the type
A1.

The results of the classification of one-dimensional non-
conjugate subalgebras of the Lie algebra of the group P (1, 4)
can be formulated as

Proposition. The Lie algebra of the group P (1, 4) con-
tains 20 one-dimensional nonconjugate subalgebras of the type
A1.
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Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1. 〈G〉 :

ω1 = x1, ω2 = x2, ω3 = x3, ω4 = (x20 − u2)1/2 ;

2. 〈G+ αX1, α > 0〉 :

ω1 = x1 − α ln(x0 + u), ω2 = x2, ω3 = x3,

ω4 = (x20 − u2)1/2 ;

3.
〈
L3 +

1

2
(P3 + C3)

〉
:

ω1 = x0, ω2 = x21 + x22, ω3 = x23 + u2,

ω4 = arctan
x1
x2
− arctan

x3
u

;

4. 〈L3 + λG, λ > 0〉 :

ω1 = x3, ω2 = (x20 − u2)1/2, ω3 = (x21 + x22)
1/2,

ω4 = ln(x0 + u) + λ arctan
x1
x2

;

5.
〈
L3 +

λ

2
(P3 + C3), 0 < λ < 1

〉
:

ω1 = x0, ω2 = (x21 + x22)
1/2, ω3 = (x23 + u2)1/2,

ω4 = λ arctan
x1
x2
− arctan

x3
u

;

6. 〈L3 + λG+ αX3, λ > 0, α > 0〉 :

ω1 = (x20 − u2)1/2, ω2 = (x21 + x22)
1/2,
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ω3 = α ln(x0 + u)− λx3, ω4 = x3 + α arctan
x1
x2

;

7.
〈
L3 +

λ

2
(P3 + C3) + α(X0 +X4), 0 < λ < 1, α > 0

〉
:

ω1 = x21 + x22, ω2 = x23 + u2, ω3 = x0 − α arctan
x1
x2
,

ω4 = λx0 − α arctan
x3
u

;

8.
〈
L3 +

1

2
(P3 + C3) + α(X0 +X4), α > 0

〉
:

ω1 = x21 + x22, ω2 = x23 + u2, ω3 = x0 − α arctan
x1
x2
,

ω4 = x0 − α arctan
x3
u
.

It should be noted that next functional bases are invari-
ant with respect to corresponding nonconjugate subal-
gebras of the type A1 of the Lie algebra of the extended
Galilei group G̃(1, 3) ⊂ P (1, 4).

9. 〈L3〉 :

ω1 = x0, ω2 = x3, ω3 = (x21 + x22)
1/2, ω4 = u ;

10. 〈L3 − P3〉 :

ω1 = x0 + u, ω2 = (x21 + x22)
1/2,

ω3 = (x20 − x23 − u2)1/2, ω4 = arctan
x1
x2

+
x3

x0 + u
;

11. 〈L3 + 2X4〉 :

ω1 = x0 + u, ω2 = (x21 + x22)
1/2,
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ω3 = x3, ω4 = x0 − u+ 2arctan
x2
x1

;

12. 〈L3 − P3 + 2αX0, α > 0〉 :

ω1 = (x21 + x22)
1/2, ω2 = 2α arctan

x1
x2
− x0 − u,

ω3 = (x0 + u)2 + 4x3α,

ω4 = 2(x0 + u)3 + 12α2(x0 − u) + 12αx3(x0 + u) ;

13. 〈L3 + α(X0 +X4), α > 0〉 :

ω1 = x3, ω2 = (x21 + x22)
1/2, ω3 = x0 − α arctan

x1
x2
,

ω4 = u ;

14. 〈L3 + αX3, α > 0〉 :

ω1 = x0, ω2 = u, ω3 = x21 + x22,

ω4 = x3 + α arctan
x1
x2

;

15. 〈P3〉 :

ω1 = x1, ω2 = x2, ω3 = x0 + u,

ω4 = (x20 − x23 − u2)1/2 ;

16. 〈P3 − 2X0〉 :

ω1 = x1, ω2 = x2, ω3 = (x0 + u)2 + 4x3,

ω4 = x0 − u+
1

6
(x0 + u)3 + x3(x0 + u) ;

17. 〈P3 −X1〉 :

ω1 = x2, ω2 = x0 + u, ω3 = x1(x0 + u)− x3,
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ω4 = x23 + 2u(x0 + u) ;

18. 〈X0 +X4〉 :

ω1 = x1, ω2 = x2, ω3 = x3, ω4 = u ;

19. 〈X4〉 :

ω1 = x1, ω2 = x2, ω3 = x3, ω4 = x0 + u ;

20. 〈X4 −X0〉 :

ω1 = x0, ω2 = x1, ω3 = x2, ω4 = x3 .

1.3 Classification of functional bases of
invariants for two-dimensional non-
conjugate subalgebras of the Lie al-
gebra of the group P (1, 4)

In this section, we present the results of the classification
of functional bases of invariants in the space M(1, 3) × R(u)
for all two-dimensional nonconjugate subalgebras of the Lie
algebra of the group P (1, 4).

It is known that there are only two different types of the
real two-dimensional Lie algebras: decomposable A1 ⊕ A1 ≡
2A1 and indecomposable A2 [63]. Lie algebras of the type 2A1

are Abelian.
Bases elements (e1 and e2 ) of Lie algebras of the type

A2 satisfy the commutation relations: [e1, e2] = e2 [66]. Lie
algebras of the type A2 are solvable [63, 66].
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Below, we present the results obtained.

1.3.1 Lie Algebras of the Type 2A1

The results of the classification of two-dimensional non-
conjugate subalgebras of the Lie algebra of the group P (1, 4)
can be formulated as

Proposition. The Lie algebra of the group P (1, 4) con-
tains 42 two-dimensional nonconjugate subalgebras of the type
2A1.

Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1. 〈G〉 ⊕ 〈L3〉 :

ω1 = x3, ω2 = (x21 + x22)
1/2, ω3 = (x20 − u2)1/2 ;

2. 〈G〉 ⊕ 〈X1〉 :

ω1 = x2, ω2 = x3, ω3 = (x20 − u2)1/2 ;

3. 〈G+ αX2, α > 0〉 ⊕ 〈X1〉 :

ω1 = x3, ω2 = (x20− u2)1/2, ω3 = x2−α ln(x0 + u) ;

4. 〈G+ αX3, α > 0〉 ⊕ 〈L3〉 :

ω1 = x3 − α ln(x0 + u), ω2 = (x21 + x22)
1/2,

ω3 = (x20 − u2)1/2 ;

5. 〈G〉 ⊕ 〈L3 + αX3, α > 0〉 :

ω1 = x3 + α arctan
x1
x2
, ω2 = (x21 + x22)

1/2,
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ω3 = (x20 − u2)1/2 ;

6. 〈G+ αX3, α > 0〉 ⊕ 〈L3 + βX3, β > 0〉 :

ω1 = x3 − α ln(x0 + u)− β arctan x2
x1
,

ω2 = (x21 + x22)
1/2, ω3 = (x20 − u2)1/2 ;

7. 〈L3〉 ⊕ 〈P3 + C3〉 :

ω1 = x0, ω2 = (x21 + x22)
1/2, ω3 = (x23 + u2)1/2 ;

8. 〈L3 + λG, λ > 0〉 ⊕ 〈X3〉 :

ω1 = (x21 + x22)
1/2, ω2 = (x20 − u2)1/2,

ω3 = ln(x0 + u) + λ arctan
x1
x2

;

9.
〈
L3 +

1

2
(P3 + C3)

〉
⊕ 〈X0 +X4〉 :

ω1 = (x21 + x22)
1/2, ω2 = (x23 + u2)1/2,

ω3 = arctan
x1
x2
− arctan

x3
u

;

10.
〈
L3 +

λ

2
(P3 + C3), 0 < λ < 1

〉
⊕ 〈X0 +X4〉 :

ω1 = (x21 + x22)
1/2, ω2 = (x23 + u2)1/2,

ω3 = λ arctan
x1
x2
− arctan

x3
u

;

11. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈P3 + C3〉 :

ω1 = (x21 + x22)
1/2, ω2 = (x23 + u2)1/2,
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ω3 = x0 − α arctan
x1
x2

;

12. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈P3 + C3 + 2β(X0 +X4),

β > 0〉 :

ω1 = (x21 + x22)
1/2, ω2 = (x23 + u2)1/2,

ω3 = β arctan
x3
u
− x0 + α arctan

x1
x2

.

It should be noted that next functional bases are invari-
ant with respect to corresponding nonconjugate subal-
gebras of the type 2A1 of the Lie algebra of the extended
Galilei group G̃(1, 3) ⊂ P (1, 4).

13. 〈L3〉 ⊕ 〈P3〉 :

ω1 = x0 + u, ω2 = (x21 + x22)
1/2,

ω3 = (x20 − x23 − u2)1/2 ;

14. 〈L3 − P3〉 ⊕ 〈X4〉 :

ω1 = x0 + u, ω2 = (x21 + x22)
1/2,

ω3 = arctan
x1
x2

+
x3

x0 + u
;

15. 〈L3〉 ⊕ 〈X4〉 :

ω1 = x3, ω2 = x0 + u, ω3 = (x21 + x22)
1/2 ;

16. 〈L3〉 ⊕ 〈X0 +X4〉 :

ω1 = x3, ω2 = (x21 + x22)
1/2, ω3 = u ;

17. 〈L3〉 ⊕ 〈X4 −X0〉 :
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ω1 = x0, ω2 = x3, ω3 = (x21 + x22)
1/2 ;

18. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈X4〉 :

ω1 = x3, ω2 = (x21 + x22)
1/2,

ω3 = x0 + u− α arctan
x1
x2

;

19. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈X4 −X0〉 :

ω1 = x3, ω2 = (x21 + x22)
1/2, ω3 = x0 − α arctan

x1
x2

;

20. 〈L3 + αX3, α > 0〉 ⊕ 〈X4〉 :

ω1 = x0 + u,

ω2 = (x21 + x22)
1/2, ω3 = x3 + α arctan

x1
x2

;

21. 〈L3 + αX3, α > 0〉 ⊕ 〈X0 +X4〉 :

ω1 = u,

ω2 = (x21 + x22)
1/2, ω3 = x3 + α arctan

x1
x2

;

22. 〈L3 + αX3, α > 0〉 ⊕ 〈X4 −X0〉 :

ω1 = x0,

ω2 = (x21 + x22)
1/2, ω3 = x3 + α arctan

x1
x2

;

23. 〈L3 + 2X4〉 ⊕ 〈X3〉 :

ω1 = x0 + u, ω2 = (x21 + x22)
1/2,

ω3 = x0 − u+ 2arctan
x2
x1

;
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24. 〈L3 − P3 + 2αX0, α 6= 0〉 ⊕ 〈X4〉 :

ω1 = (x21 + x22)
1/2, ω2 = x0 + u− 2α arctan

x1
x2
,

ω3 = (x0 + u)2 + 4x3α ;

25. 〈L3 + 2X4〉 ⊕ 〈P3 − 2βX0, β > 0〉 :

ω1 = (x21 + x22)
1/2, ω2 = (x0 + u)2 + 4βx3,

ω3 = 4β arctan
x1
x2
− 2β(x0 − u)−

1

3β
(x0 + u)3 −

−2x3(x0 + u) ;

26. 〈L3 + 2X4〉 ⊕ 〈P3〉 :

ω1 = (x21 + x22)
1/2, ω2 = x0 + u,

ω3 =
x23

x0 + u
+ 2arctan

x1
x2

+ 2u ;

27. 〈L3〉 ⊕ 〈P3 − 2X0〉 :

ω1 = (x21 + x22)
1/2, ω2 = (x0 + u)2 + 4x3,

ω3 = x0 − u+
1

6
(x0 + u)3 + x3(x0 + u) ;

28. 〈P1〉 ⊕ 〈P2〉 :

ω1 = x3, ω2 = x0 + u, ω3 = (x20 − x21 − x22 − u2)1/2 ;

29. 〈P1 −X3〉 ⊕ 〈P2〉 :

ω1 = x0 + u, ω2 = (x20 − x21 − x22 − u2)1/2,

ω3 = x3 −
x1

x0 + u
;
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30. 〈P1 −X3〉 ⊕ 〈P2 − γX2 − βX3, β > 0, γ > 0〉 :

ω1 = x0 + u, ω2 =
βx2

x0 + u+ γ
+

x1
x0 + u

− x3,

ω3 =
x21

x0 + u
+

x22
x0 + u+ γ

+ 2u ;

31. 〈P1 −X3〉 ⊕ 〈P2 − γX2, γ > 0〉 :

ω1 = x0 + u, ω2 =
x1

x0 + u
− x3,

ω3 =
x21

x0 + u
+

x22
x0 + u+ γ

+ 2u ;

32. 〈P1〉 ⊕ 〈P2 −X2 − βX3, β > 0〉 :

ω1 = x0 + u, ω2 = x3 −
βx2

x0 + u+ 1
,

ω3 =
x21

x0 + u
+

x22
x0 + u+ 1

+ 2u ;

33. 〈P1〉 ⊕ 〈P2 −X2〉 :

ω1 = x0 + u, ω2 = x3,

ω3 =
x21

x0 + u
+

x22
x0 + u+ 1

+ 2u ;

34. 〈P3〉 ⊕ 〈X1〉 :

ω1 = x2, ω2 = x0 + u, ω3 = (x20 − x23 − u2)1/2 ;

35. 〈P3〉 ⊕ 〈X4〉 :

ω1 = x1, ω2 = x2, ω3 = x0 + u ;
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36. 〈P3 −X1〉 ⊕ 〈X4〉 :

ω1 = x2, ω2 = x0 + u, ω3 = x1 −
x3

x0 + u
;

37. 〈P3 −X2〉 ⊕ 〈X1〉 :

ω1 = x0 + u, ω2 = (x20 − x23 − u2)1/2,

ω3 = x2 −
x3

x0 + u
;

38. 〈P3 − 2X0〉 ⊕ 〈X4〉 :

ω1 = x1, ω2 = x2, ω3 = (x0 + u)2 + 4x3 ;

39. 〈P3 − 2X0〉 ⊕ 〈X1〉 :

ω1 = x2, ω2 = (x0 + u)2 + 4x3,

ω3 = x0 − u+
1

6
(x0 + u)3 + x3(x0 + u) ;

40. 〈X0 +X4〉 ⊕ 〈X4 −X0〉 :

ω1 = x1, ω2 = x2, ω3 = x3 ;

41. 〈X1〉 ⊕ 〈X4〉 :

ω1 = x0 + u, ω2 = x2, ω3 = x3 ;

42. 〈X1〉 ⊕ 〈X4 −X0〉 :

ω1 = x0, ω2 = x2, ω3 = x3 .

1.3.2 Lie Algebras of the Type A2

[e1, e2] = e2
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The results of the classification of two-dimensional non-
conjugate subalgebras of the type A2 of the Lie algebra of the
group P (1, 4) can be formulated as

Proposition. The Lie algebra of the group P (1, 4) con-
tains seven two-dimensional nonconjugate subalgebras of the
type A2.

Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1. 〈−G, P3〉 :

ω1 = x1, ω2 = x2, ω3 = (x20 − x23 − u2)1/2 ;

2. 〈−G, X4〉 :

ω1 = x1, ω2 = x2, ω3 = x3 ;

3. 〈−G− αX1, X4, α > 0〉 :

ω1 = x2, ω2 = x3, ω3 = x1 − α ln(x0 + u) ;

4. 〈−G− αX1, P3, α > 0〉 :

ω1 = x1 − α ln(x0 + u), ω2 = x2,

ω3 = (x20 − x23 − u2)1/2 ;

5.
〈
− 1

λ
L3 −G, P3, λ > 0

〉
:

ω1 = (x21 + x22)
1/2, ω2 = (x20 − x23 − u2)1/2,

ω3 = ln(x0 + u) + λ arctan
x1
x2

;

6.
〈
− 1

λ
L3 −G, X4, λ > 0

〉
:
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ω1 = x3, ω2 = (x21 + x22)
1/2,

ω3 = ln(x0 + u) + λ arctan
x1
x2

;

7.
〈
− 1

λ
L3 −G−

α

λ
X3, X4, λ > 0, α > 0

〉
:

ω1 = (x21 + x22)
1/2, ω2 = x3 + α arctan

x1
x2
,

ω3 = ln(x0 + u) + λ arctan
x1
x2

.

1.4 Classification of functional bases of
invariants for three-dimensional non-
conjugate subalgebras of the Lie al-
gebra of the group P (1, 4)

In this section, we present the results of the classification
of functional bases of invariants in the space M(1, 3) × R(u)
for all three-dimensional nonconjugate subalgebras of the Lie
algebra of the group P (1, 4).

Taking into account one-dimensional Lie algebras of the
type A1 as well as two-dimensional Lie algebras, we obtain
two types of the three-dimensional decomposable Lie alge-
bras: 3A1, A2 ⊕ A1. Besides it, there exist 9 types of the
real indecomposable Lie algebras A3,1, ..., A3,9 [63, 66]. Two
of them depend on parameters (constitute continuums of the
Lie algebras).

In the following, the symbol Aar,j denotes the jth Lie al-
gebra of dimension r and a is a continuous parameter for the
algebra.

It should be indicate that the notation Aar,j corresponds
to those used in the paper by J. Patera et al. [66].
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In what follows, for the given specific Lie algebra, we write
only nonzero commutation relations [63, 66].

Below, we present the results obtained.

1.4.1 Lie Algebras of the Type 3A1

The results of the classification of three-dimensional non-
conjugate subalgebras of the type 3A1 of the Lie algebra of
the group P (1, 4) can be formulated as:

Proposition. The Lie algebra of the group P (1, 4) con-
tains 31 three-dimensional nonconjugate subalgebras of the ty-
pe 3A1.

Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1. 〈G〉 ⊕ 〈X2〉 ⊕ 〈X1〉 :

ω1 = x3, ω2 = (x20 − u2)1/2 ;

2. 〈G〉 ⊕ 〈L3〉 ⊕ 〈X3〉 :

ω1 = (x20 − u2)1/2, ω2 = (x21 + x22)
1/2 ;

3. 〈G+ αX3, α > 0〉 ⊕ 〈X1〉 ⊕ 〈X2〉 :

ω1 = x3 − α ln(x0 + u), ω2 = x20 − u2 ;

4. 〈L3〉 ⊕ 〈P3 + C3〉 ⊕ 〈X0 +X4〉 :

ω1 = (x21 + x22)
1/2, ω2 = (x23 + u2)1/2 ;

It should be noted that next functional bases are invari-
ant with respect to corresponding nonconjugate subal-
gebras of the type 3A1 of the Lie algebra of the extended
Galilei group G̃(1, 3) ⊂ P (1, 4).
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5. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈X3〉 :

ω1 = x0 + u, ω2 = x20 − x21 − x22 − u2 ;

6. 〈P1〉 ⊕ 〈P2 −X2〉 ⊕ 〈X3〉 :

ω1 = x0 + u, ω2 =
x20 − x21 − u2

x0 + u
− x22
x0 + u+ 1

;

7. 〈P1〉 ⊕ 〈P2 − αX2, α > 0〉 ⊕ 〈P3 − γX3, γ 6= 0〉 :

ω1 = x0 + u,

ω2 = 2u+
x21

x0 + u
+

x22
x0 + u+ α

+
x23

x0 + u+ γ
;

8. 〈P1〉 ⊕ 〈P2 − αX2, α > 0〉 ⊕ 〈P3〉 :

ω1 = x0 + u,

ω2 = 2u+
x21

x0 + u
+

x22
x0 + u+ α

+
x23

x0 + u
;

9. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈X4〉 :

ω1 = x3, ω2 = x0 + u ;

10. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈P3〉 :

ω1 = x0 + u, ω2 = x20 − x21 − x22 − x23 − u2 ;

11. 〈P1 − γX3, γ > 0〉 ⊕ 〈P2 −X2 − δX3, δ 6= 0〉 ⊕ 〈X4〉 :

ω1 = x0 + u,

ω2 = x3(x0 + u)2 − (γx1 + x2δ − x3)(x0 + u)− γx1 ;

12. 〈P1 − γX3, γ > 0〉 ⊕ 〈P2 −X2〉 ⊕ 〈X4〉 :
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ω1 = x0 + u,

ω2 = x3(x0 + u)2 − (γx1 − x3)(x0 + u)− γx1 ;

13. 〈P1〉 ⊕ 〈P2 −X2 − δX3, δ > 0〉 ⊕ 〈X4〉 :

ω1 = x0 + u, ω2 = x3(x0 + u)− x2δ + x3 ;

14. 〈P1〉 ⊕ 〈P2 −X2〉 ⊕ 〈X4〉 :

ω1 = x3, ω2 = x0 + u ;

15. 〈P1 −X3〉 ⊕ 〈P2〉 ⊕ 〈X4〉 :

ω1 = x0 + u, ω2 = x3 −
x1

x0 + u
;

16. 〈P3〉 ⊕ 〈X1〉 ⊕ 〈X4〉 :

ω1 = x2, ω2 = x0 + u ;

17. 〈P3〉 ⊕ 〈X1〉 ⊕ 〈X2〉 :

ω1 = x0 + u, ω2 = x20 − x23 − u2 ;

18. 〈P3 −X2〉 ⊕ 〈X1〉 ⊕ 〈X4〉 :

ω1 = x0 + u, ω2 = x2 −
x3

x0 + u
;

19. 〈P3 − 2X0〉 ⊕ 〈X1〉 ⊕ 〈X2〉 :

ω1 = (x0 + u)2 + 4x3,

ω2 = x0 − u+
1

6
(x0 + u)3 + x3(x0 + u) ;

20. 〈P3 − 2X0〉 ⊕ 〈X1〉 ⊕ 〈X4〉 :
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ω1 = x2, ω2 = (x0 + u)2 + 4x3 ;

21. 〈L3〉 ⊕ 〈X3〉 ⊕ 〈X4〉 :

ω1 = x0 + u, ω2 = (x21 + x22)
1/2 ;

22. 〈L3〉 ⊕ 〈P3〉 ⊕ 〈X4〉 :

ω1 = x0 + u, ω2 = (x21 + x22)
1/2 ;

23. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈X3〉 ⊕ 〈X4〉 :

ω1 = (x21 + x22)
1/2, ω2 = x0 + u+ α arctan

x2
x1

;

24. 〈L3〉 ⊕ 〈−P3 + 2X0〉 ⊕ 〈2X4〉 :

ω1 = (x21 + x22)
1/2, ω2 = (x0 + u)2 + 4x3 ;

25. 〈L3〉 ⊕ 〈X4 −X0〉 ⊕ 〈X3〉 :

ω1 = x0, ω2 = (x21 + x22)
1/2 ;

26. 〈L3〉 ⊕ 〈X0 +X4〉 ⊕ 〈X4 −X0〉 :

ω1 = x3, ω2 = (x21 + x22)
1/2 ;

27. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈X3〉 ⊕ 〈X4 −X0〉 :

ω1 = (x21 + x22)
1/2, ω2 = x0 + α arctan

x2
x1

;

28. 〈L3 + αX3, α > 0〉 ⊕ 〈X0 +X4〉 ⊕ 〈X4 −X0〉 :

ω1 = (x21 + x22)
1/2, ω2 = x3 + α arctan

x1
x2

.

29. 〈X0〉 ⊕ 〈X1〉 ⊕ 〈X4〉 :
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ω1 = x2, ω2 = x3 ;

30. 〈X1〉 ⊕ 〈X2〉 ⊕ 〈X4 −X0〉 :

ω1 = x0, ω2 = x3 ;

31. 〈X1〉 ⊕ 〈X2〉 ⊕ 〈X4〉 :

ω1 = x3, ω2 = x0 + u .

1.4.2 Lie Algebras of the Type A2 ⊕ A1

The results of the classification of three-dimensional non-
conjugate subalgebras of the type A2 ⊕A1 of the Lie algebra
of the group P (1, 4) can be formulated as:

Proposition. The Lie algebra of the group P (1, 4) con-
tains 10 three-dimensional nonconjugate subalgebras of the ty-
pe A2 ⊕A1.

Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1. 〈−G, P3〉 ⊕ 〈X1〉 :

ω1 = x2, ω2 = (x20 − x23 − u2)1/2 ;

2. 〈−G, P3〉 ⊕ 〈L3〉 :

ω1 = (x20 − x23 − u2)1/2, ω2 = (x21 + x22)
1/2 ;

3. 〈−G− αX2, P3, α > 0〉 ⊕ 〈X1〉 :

ω1 = x2 − α ln(x0 + u), ω2 = (x20 − x23 − u2)1/2 ;

4. 〈−G− αX2, X4, α > 0〉 ⊕ 〈X1〉 :
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ω1 = x3, ω2 = x2 − α ln(x0 + u) ;

5. 〈−G− αX3, X4, α > 0〉 ⊕ 〈L3 + βX3, β > 0〉 :

ω1 = (x21+x
2
2)

1/2, ω2 = x3−α ln(x0+u)+β arctan
x1
x2

;

6. 〈−G− αX3, X4, α > 0〉 ⊕ 〈L3〉 :

ω1 = (x21 + x22)
1/2, ω2 = x3 − α ln(x0 + u) ;

7. 〈−G, X4〉 ⊕ 〈X1〉 :

ω1 = x2, ω2 = x3 ;

8. 〈−G, X4〉 ⊕ 〈L3〉 :

ω1 = x3, ω2 = (x21 + x22)
1/2 ;

9. 〈−G, X4〉 ⊕ 〈L3 + αX3, α > 0〉 :

ω1 = (x21 + x22)
1/2, ω2 = x3 + α arctan

x1
x2

.

10.
〈
− 1

λ
L3 −G, 2X4, λ > 0

〉
⊕ 〈X3〉 :

ω1 = (x21 + x22)
1/2, ω2 = ln(x0 + u) + λ arctan

x1
x2

.

1.4.3 Lie Algebras of the Type A3,1

[e2, e3] = e1

The Lie algebras of the type A3,1 are nilpotent [66].
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The results of the classification of three-dimensional non-
conjugate subalgebras of the type A3,1 of the Lie algebra of
the group P (1, 4) can be formulated as:

Proposition. The Lie algebra of the group P (1, 4) con-
tains 17 three-dimensional nonconjugate subalgebras of the ty-
pe A3,1.

Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1. 〈2µX4, P3, X1 + µX3, µ > 0〉 :

ω1 = x2, ω2 = x0 + u ;

2. 〈2X4, P3 − L3, X3〉 :

ω1 = x0 + u, ω2 = (x21 + x22)
1/2 ;

3. 〈2X4, P3 −X1, X3〉 :

ω1 = x0 + u, ω2 = x2 ;

4. 〈2µX4, P3 −X2, X1 + µX3, µ > 0〉 :

ω1 = x0 + u, ω2 = x2 −
x3 − µx1
x0 + u

;

5. 〈−2αX4, L3 + αX3, P3, α > 0〉 :

ω1 = x0 + u, ω2 = (x21 + x22)
1/2 ;

6. 〈4X4, P1 −X2 − γX3, P2 +X1 − µX2 − δX3, γ > 0,

δ 6= 0, µ > 0〉 :

ω1 = x0 + u,

ω2 = x3(x0 + u)2 − (γx1 + x2δ − µx3)(x0 + u) +
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+(δ − γµ)x1 − x2γ + x3 ;

7. 〈4X4, P1 −X2 − γX3, P2 +X1 − µX2, γ > 0, µ > 0〉 :

ω1 = x0 + u,

ω2 = x3(x0+u)
2−(γx1−µx3)(x0+u)−γµx1−x2γ+x3 ;

8. 〈4X4, P1 −X2, P2 +X1 − µX2 − δX3, δ > 0, µ 6= 0〉 :

ω1 = x0 + u,

ω2 = x3(x0 + u)2 − (x2δ − µx3)(x0 + u) +

+δx1 + x3 ;

9. 〈4X4, P1 −X2, P2 +X1 − µX2, µ 6= 0〉 :

ω1 = x0 + u,

ω2 = x3(x0 + u)2 + µx3(x0 + u) + x3 ;

10. 〈4X4, P1 −X2, P2 +X1 − δX3, δ > 0〉 :

ω1 = x0 + u,

ω2 = x3(x0 + u)2 − x2δ(x0 + u) + δx1 + x3 ;

11. 〈4X4, P1 −X2, P2 +X1〉 :

ω1 = x0 + u, ω2 = x3 ;

12. 〈4X4, P1 −X2 − βX3, P2 +X1, β > 0〉 :

ω1 = x0 + u,

ω2 = x3(x0 + u)2 − x1β(x0 + u)− βx2 + x3 ;
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13. 〈2X4, P3, X3〉 :

ω1 = x0 + u, ω2 = x1, ω3 = x2 ;

As we see, this subalgebra has three invariants instead
of two ones. The reason is that this subalgebra has rank
equal 2.

14. 〈2µX4, P3 − 2X0, X1 + µX3, µ > 0〉 :

ω1 = x2, ω2 = (x0 + u)2 + 4x3 − 4µx1 ;

15. 〈2X4, P3 − L3 − 2αX0, X3, α > 0〉 :

ω1 = (x21 + x22)
1/2, ω2 = 2α arctan

x1
x2
− x0 − u ;

16. 〈−2βX4, L3 + βX3, P3 − 2X0, β > 0〉 :

ω1 = (x21+x
2
2)

1/2, ω2 = β arctan
x1
x2

+
1

4
(x0+u)

2+x3 ;

17. 〈2X4, P3 − 2X0, X3〉 :

ω1 = x1, ω2 = x2 .

It should be noted that all above written functional bases
are invariant with respect to corresponding nonconjugate sub-
algebras of the type A3,1 of the Lie algebra of the extended
Galilei group G̃(1, 3) ⊂ P (1, 4).

1.4.4 Lie Algebras of the Type A3,2

[e1, e3] = e1, [e2, e3] = e1 + e2

The Lie algebras of the type A3,2 are solvable [63, 66].
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The results of the classification of three-dimensional non-
conjugate subalgebras of the type A3,2 of the Lie algebra of
the group P (1, 4) can be formulated as:

Proposition. The Lie algebra of the group P (1, 4) con-
tains three three-dimensional nonconjugate subalgebras of the
type A3,2.

Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1. 〈2βX4, P3, G+ αX1 + βX3, α > 0, β > 0〉 :

ω1 = x2, ω2 = x1 − α ln(x0 + u) ;

2.
〈
2αX4, λP3,

1

λ
L3 +G+

α

λ
X3, λ > 0, α > 0

〉
:

ω1 = (x21 + x22)
1/2, ω2 = ln(x0 + u) + λ arctan

x1
x2

;

3. 〈2αX4, P3, G+ αX3, α > 0〉 :

ω1 = x1, ω2 = x2 .

1.4.5 Lie Algebras of the Type A3,3

[e1, e3] = e1, [e2, e3] = e2

The Lie algebras of the type A3,3 are solvable [63, 66].
The results of the classification of three-dimensional non-

conjugate subalgebras of the type A3,3 of the Lie algebra of
the group P (1, 4) can be formulated as:

Proposition. The Lie algebra of the group P (1, 4) con-
tains five three-dimensional nonconjugate subalgebras of the
type A3,3.
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Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1. 〈P1, P2, G〉 :

ω1 = x3, ω2 = (x20 − x21 − x22 − u2)1/2 ;

2. 〈P1, P2, G+ αX3, α > 0〉 :

ω1 = x3 − α ln(x0 + u), ω2 = x20 − x21 − x22 − u2 ;

3.
〈
P3, X4,

1

λ
L3 +G, λ > 0

〉
:

ω1 = (x21 + x22)
1/2, ω2 = ln(x0 + u) + λ arctan

x1
x2

;

4. 〈P3, X4, G+ αX1, α > 0〉 :

ω1 = x2, ω2 = x1 − α ln(x0 + u) ;

5. 〈P3, X4, G〉 :

ω1 = x1, ω2 = x2 .

1.4.6 Lie Algebras of the Type A3,4

[e1, e3] = e1, [e2, e3] = −e2

The Lie algebras of the type A3,4 are solvable [63, 66].
The results of the classification of three-dimensional non-

conjugate subalgebras of the type A3,4 of the Lie algebra of
the group P (1, 4) can be formulated as:

Proposition. The Lie algebra of the group P (1, 4) con-
tains four three-dimensional nonconjugate subalgebras of the
type A3,4.
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Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1. 〈X0, X4, −G− αX1, α > 0〉 :

ω1 = x2, ω2 = x3 ;

2.
〈
X0, X4, −

1

λ
L3 −G−

α

λ
X3, λ > 0, α > 0

〉
:

ω1 = (x21 + x22)
1/2, ω2 = x3 + α arctan

x1
x2

;

3.
〈
X0, −X4, −

1

λ
L3 −G, λ > 0

〉
:

ω1 = x3, ω2 = (x21 + x22)
1/2 .

4. 〈X4, X0, G〉 :

ω1 = x1, ω2 = x2, ω3 = x3 .

As we see, this subalgebra has three invariants instead of
two ones. The reason is that this subalgebra has rank equal 2.

1.4.7 Lie Algebras of the Type Aa
3,5

[e1, e3] = e1, [e2, e3] = ae2, (0 < |a| < 1)

The Lie algebra of the group P (1, 4) contains no of this
type subalgebras.

1.4.8 Lie Algebras of the Type A3,6

[e1, e3] = −e2, [e2, e3] = e1
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Lie algebras of the type A3,6 are solvable [63, 66].
The results of the classification of three-dimensional non-

conjugate subalgebras of the type A3,6 of the Lie algebra of
the group P (1, 4) can be formulated as:

Proposition. The Lie algebra of the group P (1, 4) con-
tains 18 three-dimensional nonconjugate subalgebras of the ty-
pe A3,6.

Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1.
〈
X1,−X2,−L3 −

1

2
(P3 + C3)− α(X0 +X4), α > 0

〉
:

ω1 = (x23 + u2)1/2, ω2 = α arctan
x3
u
− x0 ;

2.
〈
X1, X2, L3 +

λ

2
(P3 + C3) + α(X0 +X4), 0 < λ < 1,

α > 0〉 :

ω1 = (x23 + u2)1/2, ω2 = α arctan
x3
u
− λx0 ;

3. 〈−X1, X2, −L3 − λG, λ > 0〉 :

ω1 = x3, ω2 = (x20 − u2)1/2 ;

4. 〈X1, X2, L3 + λG+ αX3, λ > 0, α > 0〉 :

ω1 = (x20 − u2)1/2, ω2 = λx3 − α ln(x0 + u) ;

5.
〈
X1, X2, L3 +

1

2
(P3 + C3)

〉
:

ω1 = x0, ω2 = (x23 + u2)1/2 ;
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6.
〈
−X1, X2, −L3 −

λ

2
(P3 + C3), 0 < λ < 1

〉
:

ω1 = x0, ω2 = (x23 + u2)1/2 ;

7.
〈
−X3, X4 −X0, −

1

λ
L3 −

1

2
(P3 + C3), 0 < λ < 1

〉
:

ω1 = x0, ω2 = (x21 + x22)
1/2 ;

8.
〈
X3, X4 −X0,

1

λ
L3 +

1

2
(P3 + C3) +

α

λ
(X0 +X4),

0 < λ < 1, α > 0〉 :

ω1 = (x21 + x22)
1/2, ω2 = α arctan

x1
x2
− x0 .

It should be noted that next functional bases are invari-
ant with respect to corresponding nonconjugate subal-
gebras of the type A3,6 of the Lie algebra of the extended
Galilei group G̃(1, 3) ⊂ P (1, 4).

9. 〈P1 −X1, P2 −X2, −P3 + L3〉 :

ω1 = x0 + u, ω2 =
x21 + x22
x0 + u+ 1

+
x23

x0 + u
+ 2u ;

10. 〈P1, −P2, −L3 − αX3, α > 0〉 :

ω1 = x0 + u, ω2 = x20 − x21 − x22 − u2 ;

11. 〈P1, P2, −P3 + L3〉 :

ω1 = x0 + u, ω2 = x20 − x21 − x22 − x23 − u2 ;
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12. 〈P1, P2, L3 + 2X4〉 :

ω1 = x3, ω2 = x0 + u ;

13. 〈P1, P2, L3〉 :

ω1 = x3, ω2 = x0 + u, ω3 = x20 − x21 − x22 − u2 .

As we see, this subalgebra has three invariants instead
of two ones. The reason is that this subalgebra has rank
equal 2.

14. 〈X1, −X2, P3 − L3〉 :

ω1 = x0 + u, ω2 = x20 − x23 − u2 ;

15. 〈X1, −X2, −L3 − αX3, α > 0〉 :

ω1 = x0, ω2 = u ;

16. 〈X1, −X2, −L3 − 2X4〉 :

ω1 = x0 + u, ω2 = x3 ;

17. 〈X1, −X2, P3 − L3 − 2αX0, α > 0〉 :

ω1 = (x0 + u)2 + 4x3α,

ω2 = (x0 + u)3 + 6αx3(x0 + u) + 6α2(x0 − u) ;

18. 〈X1, X2, L3〉 :

ω1 = x0, ω2 = x3, ω3 = u .

As we see, this subalgebra has three invariants instead of
two ones. The reason is that this subalgebra has rank equal 2.
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1.4.9 Lie Algebras of the Type Aa
3,7

[e1, e3] = ae1 − e2, [e2, e3] = e1 + ae2, (a > 0)

Lie algebras of the type Aa3,7 are solvable [63, 66].
The results of the classification of three-dimensional non-

conjugate subalgebras of the type Aa3,7 of the Lie algebra of
the group P (1, 4) can be formulated as:

Proposition. The Lie algebra of the group P (1, 4) con-
tains two three-dimensional nonconjugate subalgebras of the
type Aa3,7.

Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1. 〈P1, P2, L3 + λG, λ > 0〉 :

ω1 = x3, ω2 = (x20 − x21 − x22 − u2)1/2 ;

2. 〈P1, P2, L3 + λG+ αX3, λ > 0, α > 0〉 :

ω1 = λx3 − α ln(x0 + u), ω2 = x20 − x21 − x22 − u2 .

1.4.10 Lie Algebras of the Type A3,8

[e1, e3] = −2e2, [e1, e2] = e1, [e2, e3] = e3

Lie algebras of the type A3,8 are semisimple [66].
The results of the classification of three-dimensional non-

conjugate subalgebras of the type A3,8 of the Lie algebra of
the group P (1, 4) can be formulated as:

Proposition. The Lie algebra of the group P (1, 4) con-
tains one three-dimensional nonconjugate subalgebra of the
type A3,8.
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Below, we present bases elements of that subalgebra and
a functional basis of invariants corresponding with it:

〈P3, G, −C3〉 :

ω1 = x1, ω2 = x2, ω3 = (x20 − x23 − u2)1/2.

As we see, this subalgebra has three invariants instead of
two ones. The reason is that this subalgebra has rank equal 2.

1.4.11 Lie Algebras of the Type A3,9

[e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2

The Lie algebras of the type A3,9 are semisimple [66].
The results of the classification of three-dimensional non-

conjugate subalgebras of the type A3,9 of the Lie algebra of
the group P (1, 4) can be formulated as:

Proposition. The Lie algebra of the group P (1, 4) con-
tains two three-dimensional nonconjugate subalgebras of the
type A3,9.

Below, we present bases elements of those subalgebras and
functional bases of invariants corresponding with them:

1.
〈
−1

4
(2L3 + P3 + C3),

1

4
(2L2 + P2 + C2),

1

4
(2L1 + P1 + C1)

〉
:

ω1 = x0, ω2 = (x21 + x22 + x23 + u2)1/2 ;

2. 〈−L3, −L2, −L1〉 :

ω1 = x0, ω2 = (x21 + x22 + x23)
1/2, ω3 = u .

41



As we see, this subalgebra has three invariants instead of two
ones. The reason is that this subalgebra has rank equal 2.
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Chapter 2

Classification of anzatzes for
the eikonal equation

In this chapter, we present the results of the classification
of anzatzes for the eikonal equation in space M(1, 3) × R(u)
for all nonconjugate subalgebras of dimensions 1, 2, and 3 of
the Lie algebra of the Poincaré group P (1, 4).

The results are obtained using structural properties of low-
dimensional (dimL ≤ 3) nonconjugate subalgebras of the Lie
algebra of the group P (1, 4) [44] as well as the results of
the classification of functional bases of invariants for those
subalgebras (see Chapter 1).

2.1 Classification of ansatzes for one-di-
mensional nonconjugate subalgebras
of the Lie algebra of the group P (1, 4)

In this section, we present the results of the classification
of ansatzes in the spaceM(1, 3)×R(u) for all one-dimensional
nonconjugate subalgebras of the Lie algebra of the group
P (1, 4).
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The results of the classification of one-dimensional non-
conjugate subalgebras of the Lie algebra of the group P (1, 4)
can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains 20 one-dimensional nonconjugate subalgebras of the type
A1.

However, we only have 19 ansatzes in the space M(1, 3)×
R(u), which are invariant with respect to the one-dimensional
nonconjugate subalgebras of the type A1.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.

1. 〈G〉 :

(x20 − u2)1/2 = ϕ(ω1, ω2, ω3),

ω1 = x1, ω2 = x2, ω3 = x3;

2. 〈G+ αX1, α > 0〉 :

x1 − α ln(x0 + u) = ϕ(ω1, ω2, ω3),

ω1 = x2, ω2 = x3, ω3 = (x20 − u2)1/2;

3. 〈L3 + λG, λ > 0〉 :

(x20 − u2)1/2 = ϕ(ω1, ω2, ω3),

ω1 = x3, ω2 = (x21 + x22)
1/2,

ω3 = ln(x0 + u) + λ arctan
x1
x2

;

4.
〈
L3 +

1

2
(P3 + C3)

〉
:

u2 + x23 = ϕ(ω1, ω2, ω3),
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ω1 = x0, ω2 = x21 + x22, ω3 = arctan
x1
x2
− arctan

x3
u
;

5.
〈
L3 +

λ

2
(P3 + C3), 0 < λ < 1

〉
:

(u2 + x23)
1/2 = ϕ(ω1, ω2, ω3),

ω1 = x0, ω2 = (x21 + x22)
1/2,

ω3 = λ arctan
x1
x2
− arctan

x3
u
;

6. 〈L3 + λG+ αX3, α > 0, λ > 0〉 :

(x20 − u2)1/2 = ϕ(ω1, ω2, ω3),

ω1 = (x21 + x22)
1/2, ω2 = α ln(x0 + u)− λx3,

ω3 = x3 + α arctan
x1
x2

;

7.
〈
L3 +

λ

2
(P3 + C3) + α(X0 +X4), α > 0, 0 < λ < 1

〉
:

u2 + x23 = ϕ(ω1, ω2, ω3),

ω1 = x21 + x22, ω2 = x0 − α arctan
x1
x2
,

ω3 = λx0 − α arctan
x3
u
;

8.
〈
L3 +

1

2
(P3 + C3) + α(X0 +X4), α > 0

〉
:

u2 + x23 = ϕ(ω1, ω2, ω3),

ω1 = x21 + x22, ω2 = x0 − α arctan
x1
x2
,

ω3 = x0 − α arctan
x3
u
;
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It should be noted that the next results are obtained
with the help of nonconjugate subalgebras of the type
A1 of the Lie algebra of the extended Galilei group
G̃(1, 3) ⊂ P (1, 4).

9. 〈L3〉 :

u = ϕ(ω1, ω2, ω3),

ω1 = x0, ω2 = x3, ω3 = (x21 + x22)
1/2;

10. 〈L3 − P3〉 :

arctan
x1
x2

+
x3

x0 + u
= ϕ(ω1, ω2, ω3),

ω1 = x0 + u, ω2 = (x21 + x22)
1/2, ω3 = (x20− x23− u2)1/2;

11. 〈L3 + α(X0 +X4), α > 0〉 :

u = ϕ(ω1, ω2, ω3),

ω1 = x3, ω2 = (x21 + x22)
1/2, ω3 = x0 − α arctan

x1
x2

;

12. 〈L3 + αX3, α > 0〉 :

u = ϕ(ω1, ω2, ω3),

ω1 = x0, ω2 = x21 + x22, ω3 = x3 + α arctan
x1
x2

;

13. 〈L3 + 2X4〉 :

x0 − u+ 2arctan
x2
x1

= ϕ(ω1, ω2, ω3),

ω1 = x0 + u, ω2 = (x21 + x22)
1/2, ω3 = x3;
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14. 〈L3 − P3 + 2αX0, α > 0〉 :

(x0 + u)2 + 4x3α = ϕ(ω1, ω2, ω3),

ω1 = (x21 + x22)
1/2, ω2 = 2α arctan

x1
x2
− x0 − u,

ω3 = 2(x0 + u)3 + 12α2(x0 − u) + 12αx3(x0 + u);

15. 〈P3〉 :

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2, ω3),

ω1 = x1, ω2 = x2, ω3 = x0 + u;

16. 〈P3 − 2X0〉 :

x0 − u+
1

6
(x0 + u)3 + x3(x0 + u) = ϕ(ω1, ω2, ω3),

ω1 = x1, ω2 = x2, ω3 = (x0 + u)2 + 4x3;

17. 〈P3 −X1〉 :

x1(x0 + u)− x3 = ϕ(ω1, ω2, ω3),

ω1 = x2, ω2 = x0 + u, ω3 = x23 + 2u(x0 + u);

18. 〈X4〉 :

x3 = ϕ(ω1, ω2, ω3),

ω1 = x1, ω2 = x2, ω3 = x0 + u;

19. 〈X0 +X4〉 :

u = ϕ(ω1, ω2, ω3),

ω1 = x1, ω2 = x2, ω3 = x3.
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From the invariants of the remaining one nonconjugate
subalgebra it is impossible to construct an ansatz, which re-
duces the eikonal equation. Let’s present bases elements of
that subalgebra as well as a functional basis of invariants cor-
responding with it.

〈X4 −X0〉 :

ω1 = x0, ω2 = x1, ω3 = x2, ω4 = x3.

2.2 Classification of ansatzes for two-di-
mensional nonconjugate subalgebras
of the Lie algebra of the group P (1, 4)

In this section, we present the results of the classification
of ansatzes in the spaceM(1, 3)×R(u) for all two-dimensional
nonconjugate subalgebras of the Lie algebra of the group
P (1, 4).

2.2.1 Lie Algebras of the Type 2A1

The results of the classification of two-dimensional noncon-
jugate subalgebras of the type 2A1 of the Lie algebra of the
group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains 42 two-dimensional nonconjugate subalgebras of the type
2A1.

However, we only have 37 ansatzes, which are invariant
with respect to the two-dimensional nonconjugate subalgebras
of the type 2A1.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.
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1. 〈G〉 ⊕ 〈L3〉 :

(x20 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x3, ω2 = (x21 + x22)
1/2.

2. 〈G+ αX3, α > 0〉 ⊕ 〈L3〉 :

x3 − α ln(x0 + u) = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (x20 − u2)1/2.

3. 〈G〉 ⊕ 〈L3 + αX3, α > 0〉 :

x3 + α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (x20 − u2)1/2.

4. 〈G+ αX3, α > 0〉 ⊕ 〈L3 + βX3, β > 0〉 :

(x20 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x3−α ln(x0+u)−β arctan
x2
x1
, ω2 = (x21+x

2
2)

1/2.

5. 〈L3 + λG, λ > 0〉 ⊕ 〈X3〉 :

(x21 + x22)
1/2 = ϕ(ω1, ω2),

ω1 = (x20 − u2)1/2, ω2 = ln(x0 + u) + λ arctan
x1
x2

;

6. 〈G〉 ⊕ 〈X1〉 :

(x20 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x2, ω2 = x3;
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7. 〈G+ αX2, α > 0〉 ⊕ 〈X1〉 :

x3 = ϕ(ω1, ω2),

ω1 = (x20 − u2)1/2, ω2 = x2 − α ln(x0 + u);

8. 〈L3〉 ⊕ 〈P3 + C3〉 :

(u2 + x23)
1/2 = ϕ(ω1, ω2),

ω1 = x0, ω2 = (x21 + x22)
1/2;

9. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈P3 + C3〉 :

x0 − α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (u2 + x23)

1/2;

10. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈P3 + C3 + 2β(X0 +X4),

β > 0〉 :

α arctan
x1
x2

+ β arctan
x3
u
− x0 = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (u2 + x23)

1/2;

11.
〈
L3 +

1

2
(P3 + C3)

〉
⊕ 〈X0 +X4〉 :

arctan
x1
x2
− arctan

x3
u

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (u2 + x23)

1/2;

12.
〈
L3 +

λ

2
(P3 + C3), 0 < λ < 1

〉
⊕ 〈X0 +X4〉 :

λ arctan
x1
x2
− arctan

x3
u

= ϕ(ω1, ω2),
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ω1 = (x21 + x22)
1/2, ω2 = (u2 + x23)

1/2.

It should be noted that the next results are obtained
with the help of nonconjugate subalgebras of the type
2A1 of the Lie algebra of the extended Galilei group
G̃(1, 3) ⊂ P (1, 4).

13. 〈L3〉 ⊕ 〈P3〉 :

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = (x21 + x22)
1/2;

14. 〈L3 + 2X4〉 ⊕ 〈P3〉 :

x23
x0 + u

+ 2arctan
x1
x2

+ 2u = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = x0 + u;

15. 〈L3〉 ⊕ 〈P3 − 2X0〉 :

x0 − u+
1

6
(x0 + u)3 + x3(x0 + u) = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (x0 + u)2 + 4x3;

16. 〈L3 + 2X4〉 ⊕ 〈P3 − 2βX0, β > 0〉 :

(x0 + u)2 + 4βx3 = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2,

ω2 = 4β arctan
x1
x2
− 2β(x0 − u)−

1

3β
(x0 + u)3 −

−2x3(x0 + u);
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17. 〈L3 − P3〉 ⊕ 〈X4〉 :

x0 + u = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = arctan

x1
x2

+
x3

x0 + u
;

18. 〈L3 − P3 + 2αX0, α 6= 0〉 ⊕ 〈X4〉 :

x0 + u− 2α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (x0 + u)2 + 4αx3;

19. 〈L3〉 ⊕ 〈X0 +X4〉 :

u = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = x3;

20. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈X4〉 :

x0 + u− α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = x3, ω2 = (x21 + x22)
1/2;

21. 〈L3 + αX3, α > 0〉 ⊕ 〈X0 +X4〉 :

x3 + α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = u, ω2 = (x21 + x22)
1/2;

22. 〈L3 + 2X4〉 ⊕ 〈X3〉 :

x0 − u+ 2arctan
x2
x1

= ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = (x21 + x22)
1/2;
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23. 〈L3〉 ⊕ 〈X4〉 :

(x21 + x22)
1/2 = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = x3;

24. 〈L3 + αX3, α > 0〉 ⊕ 〈X4〉 :

x3 + α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = (x21 + x22)
1/2;

25. 〈P1〉 ⊕ 〈P2〉 :

x0 + u = ϕ(ω1, ω2),

ω1 = x3, ω2 = (x20 − x21 − x22 − u2)1/2;

26. 〈P1 −X3〉 ⊕ 〈P2〉 :

(x20 − x21 − x22 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = x3 −
x1

x0 + u
;

27. 〈P1〉 ⊕ 〈P2 −X2 − βX3, β > 0〉 :

x21
x0 + u

+
x22

x0 + u+ 1
+ 2u = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = x3 − β
x2

x0 + u+ 1
;

28. 〈P1〉 ⊕ 〈P2 −X2〉 :

x21
x0 + u

+
x22

x0 + u+ 1
+ 2u = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = x3;
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29. 〈P1 −X3〉 ⊕ 〈P2 − γX2, γ > 0〉 :

x21
x0 + u

+
x22

x0 + u+ γ
+ 2u = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 =
x1

x0 + u
− x3;

30. 〈P1 −X3〉 ⊕ 〈P2 − γX2 − βX3, β > 0, γ > 0〉 :

x21
x0 + u

+
x22

x0 + u+ γ
+ 2u = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 =
βx2

x0 + u+ γ
+

x1
x0 + u

− x3;

31. 〈P3〉 ⊕ 〈X1〉 :

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x2, ω2 = x0 + u;

32. 〈P3 − 2X0〉 ⊕ 〈X1〉 :

x0 − u+
1

6
(x0 + u)3 + x3(x0 + u) = ϕ(ω1, ω2),

ω1 = x2, ω2 = (x0 + u)2 + 4x3;

33. 〈P3 −X2〉 ⊕ 〈X1〉 :

x2 −
x3

x0 + u
= ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = (x20 − x23 − u2)1/2;

34. 〈P3〉 ⊕ 〈X4〉 :

x1 = ϕ(ω1, ω2),

ω1 = x2, ω2 = x0 + u;
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35. 〈P3 − 2X0〉 ⊕ 〈X4〉 :

(x0 + u)2 + 4x3 = ϕ(ω1, ω2),

ω1 = x1, ω2 = x2;

36. 〈P3 −X1〉 ⊕ 〈X4〉 :

x1 −
x3

x0 + u
= ϕ(ω1, ω2),

ω1 = x2, ω2 = x0 + u;

37. 〈X1〉 ⊕ 〈X4〉 :

x3 = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = x2.

From the invariants of the remaining five nonconjugate
subalgebras it is impossible to construct ansatzes, which re-
duce the eikonal equation. Let’s present bases elements of
those subalgebras as well as functional bases of invariants cor-
responding with them.

1. 〈L3〉 ⊕ 〈X4 −X0〉 :

ω1 = x0, ω2 = x3, ω3 = (x21 + x22)
1/2 .

2. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈X4 −X0〉 :

ω1 = x3, ω2 = (x21 + x22)
1/2, ω3 = x0 − α arctan

x1
x2

.

3. 〈L3 + αX3, α > 0〉 ⊕ 〈X4 −X0〉 :

ω1 = x0, ω2 = (x21 + x22)
1/2, ω3 = x3 + α arctan

x1
x2

.

55



4. 〈X0 +X4〉 ⊕ 〈X4 −X0〉 :

ω1 = x1, ω2 = x2, ω3 = x3 .

5. 〈X1〉 ⊕ 〈X4 −X0〉 :

ω1 = x0, ω2 = x2, ω3 = x3 .

2.2.2 Lie Algebras of the Type A2

The results of the classification of two-dimensional non-
conjugate subalgebras of the type A2 of the Lie algebra of the
group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains seven two-dimensional nonconjugate subalgebras of the
type A2.

However, we only have six ansatzes, which are invariant
with respect to two-dimensional nonconjugate subalgebras of
the type A2.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.

1. 〈−G, P3〉 :

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x1, ω2 = x2;

2.
〈
−G− 1

λ
L3, P3, λ > 0

〉
:

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = ln(x0 + u) + λ arctan

x1
x2

;
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3.
〈
−G− 1

λ
L3, X4, λ > 0

〉
:

ln(x0 + u) + λ arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = x3, ω2 = (x21 + x22)
1/2;

4. 〈−G− αX1, X4, α > 0〉 :

x1 − α ln(x0 + u) = ϕ(ω1, ω2),

ω1 = x2, ω2 = x3;

5.
〈
− 1

λ
(L3 + λG+ αX3), X4, α > 0, λ > 0

〉
:

ln(x0 + u) + λ arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = x3 + α arctan

x1
x2

;

6. 〈−G− αX1, P3, α > 0〉 :

x1 − α ln(x0 + u) = ϕ(ω1, ω2),

ω1 = x2, ω2 = (x20 − x23 − u2)1/2.

From the invariants of the remaining one nonconjugate
subalgebra it is impossible to construct ansatz, which reduces
the eikonal equation. Let’s present bases elements of this sub-
algebra and, corresponding to its, functional basis of invari-
ants.

〈−G, X4〉 :

ω1 = x1, ω2 = x2, ω3 = x3 .
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2.3 Classification of anzatzes for the
three-dimensional nonconjugate sub-
algebras of the Lie algebra of the Po-
incaré group P (1, 4)

In this section, we present the results of the classifica-
tion of ansatzes in the space M(1, 3) × R(u) for all three-
dimensional nonconjugate subalgebras of the Lie algebra of
the group P (1, 4).

2.3.1 Lie Algebras of the Type 3A1

The results of the classification of three-dimensional non-
conjugate subalgebras of the type 3A1 of the Lie algebra of
the group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains 31 three-dimensional nonconjugate subalgebras of the ty-
pe 3A1.

However, we only have 25 ansatzes, which are invariant
with respect to three-dimensional nonconjugate subalgebras
of the type 3A1.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.

1. 〈P1 − γX3, γ > 0〉 ⊕ 〈P2 −X2 − δX3, δ 6= 0〉 ⊕ 〈X4〉 :

x3(x0 + u)2 − (γx1 + x2δ − x3)(x0 + u)− γx1 = ϕ(ω),

ω = x0 + u;

2. 〈P1 − γX3, γ > 0〉 ⊕ 〈P2 −X2〉 ⊕ 〈X4〉 :

x3(x0 + u)2 − (γx1 − x3)(x0 + u)− γx1 = ϕ(ω),

ω = x0 + u;
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3. 〈P1〉 ⊕ 〈P2 −X2 − δX3, δ > 0〉 ⊕ 〈X4〉 :

x3(x0 + u)− x2δ + x3 = ϕ(ω), ω = x0 + u;

4. 〈P1 −X3〉 ⊕ 〈P2〉 ⊕ 〈X4〉 :

x3 −
x1

x0 + u
= ϕ(ω), ω = x0 + u;

5. 〈P3 −X2〉 ⊕ 〈X1〉 ⊕ 〈X4〉 :

x2 −
x3

x0 + u
= ϕ(ω), ω = x0 + u;

6. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈X3〉 :

x20 − x21 − x22 − u2 = ϕ(ω), ω = x0 + u;

7. 〈P3〉 ⊕ 〈X1〉 ⊕ 〈X2〉 :

x20 − x23 − u2 = ϕ(ω), ω = x0 + u;

8. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈P3〉 :

x20 − x21 − x22 − x23 − u2 = ϕ(ω), ω = x0 + u;

9. 〈P1〉 ⊕ 〈P2 −X2〉 ⊕ 〈X3〉 :

x20 − x21 − u2

x0 + u
− x22
x0 + u+ 1

= ϕ(ω), ω = x0 + u;

10. 〈P1〉 ⊕ 〈P2 − αX2, α > 0〉 ⊕ 〈P3 − γX3, γ 6= 0〉 :

2u+
x21

x0 + u
+

x22
x0 + u+ α

+
x23

x0 + u+ γ
= ϕ(ω),

ω = x0 + u;
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11. 〈P1〉 ⊕ 〈P2 − αX2, α > 0〉 ⊕ 〈P3〉 :

2u+
x21 + x23
x0 + u

+
x22

x0 + u+ α
= ϕ(ω), ω = x0 + u;

12. 〈X1〉 ⊕ 〈X2〉 ⊕ 〈X4〉 :

x0 + u = ϕ(ω), ω = x3;

13. 〈P1〉 ⊕ 〈P2 −X2〉 ⊕ 〈X4〉 :

x0 + u = ϕ(ω), ω = x3;

14. 〈L3〉 ⊕ 〈X3〉 ⊕ 〈X4〉 :

x0 + u = ϕ(ω), ω = (x21 + x22)
1/2;

15. 〈P3〉 ⊕ 〈X1〉 ⊕ 〈X4〉 :

x0 + u = ϕ(ω), ω = x2;

16. 〈L3〉 ⊕ 〈P3〉 ⊕ 〈X4〉 :

x0 + u = ϕ(ω), ω = (x21 + x22)
1/2;

17. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈X4〉 :

x0 + u = ϕ(ω), ω = x3;

18. 〈G〉 ⊕ 〈X2〉 ⊕ 〈X1〉 :

(x20 − u2)1/2 = ϕ(ω), ω = x3;

19. 〈G〉 ⊕ 〈L3〉 ⊕ 〈X3〉 :

(x20 − u2)1/2 = ϕ(ω), ω = (x21 + x22)
1/2;
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20. 〈P3 − 2X0〉 ⊕ 〈X1〉 ⊕ 〈X2〉 :

1

6
(x0 + u)3 + x3(x0 + u) + x0 − u = ϕ(ω),

ω = (x0 + u)2 + 4x3;

21. 〈G+ αX3, α > 0〉 ⊕ 〈X1〉 ⊕ 〈X2〉 :

x3 − α ln(x0 + u) = ϕ(ω), ω = x20 − u2;

22. 〈L3〉 ⊕ 〈P3 + C3〉 ⊕ 〈X0 +X4〉 :

(x23 + u2)1/2 = ϕ(ω), ω = (x21 + x22)
1/2;

23. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈X3〉 ⊕ 〈X4〉 :

x0 + u+ α arctan
x2
x1

= ϕ(ω), ω = (x21 + x22)
1/2;

24. 〈P3 − 2X0〉 ⊕ 〈X1〉 ⊕ 〈X4〉 :

(x0 + u)2 + 4x3 = ϕ(ω), ω = x2;

25. 〈L3〉 ⊕ 〈−P3 + 2X0〉 ⊕ 〈2X4〉 :

(x0 + u)2 + 4x3 = ϕ(ω), ω = (x21 + x22)
1/2.

From the invariants of the remaining six nonconjugate sub-
algebras it is impossible to construct the ansatzes, which re-
duce the eikonal equation.

Below, we present bases elements of those subalgebras and
their invariants.

1. 〈L3〉 ⊕ 〈X0 +X4〉 ⊕ 〈X4 −X0〉 : x3, (x
2
1 + x22)

1/2;
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2. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈X3〉 ⊕ 〈X4 −X0〉 :

(x21 + x22)
1/2, x0 + α arctan

x2
x1

;

3. 〈L3 + αX3, α > 0〉 ⊕ 〈X0 +X4〉 ⊕ 〈X4 −X0〉 :

(x21 + x22)
1/2, x3 + α arctan

x1
x2

;

4. 〈L3〉 ⊕ 〈X4 −X0〉 ⊕ 〈X3〉 : x0, (x
2
1 + x22)

1/2;

5. 〈X0〉 ⊕ 〈X1〉 ⊕ 〈X4〉: x2, x3;

6. 〈X1〉 ⊕ 〈X2〉 ⊕ 〈X4 −X0〉: x0, x3.

2.3.2 Lie Algebras of the Type A2 ⊕ A1

The results of the classification of three-dimensional non-
conjugate subalgebras of the type A2 ⊕A1 of the Lie algebra
of the group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains 10 three-dimensional nonconjugate subalgebras of the ty-
pe A2 ⊕A1.

However, we only have seven ansatzes, which are invariant
with respect to three-dimensional nonconjugate subalgebras
of the type A2 ⊕A1.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.

1. 〈−G, P3〉 ⊕ 〈X1〉 :

(x20 − x23 − u2)1/2 = ϕ(ω), ω = x2;

62



2. 〈−G, P3〉 ⊕ 〈L3〉 :

(x20 − x23 − u2)1/2 = ϕ(ω), ω = (x21 + x22)
1/2;

3. 〈− (G+ αX2) , P3, α > 0〉 ⊕ 〈X1〉 :

x2 − α ln(x0 + u) = ϕ(ω), ω = (x20 − x23 − u2)1/2;

4.
〈
− 1

λ
L3 −G, 2X4, λ > 0

〉
⊕ 〈X3〉 :

ln(x0 + u) + λ arctan
x1
x2

= ϕ(ω), ω = (x21 + x22)
1/2;

5. 〈− (G+ αX2) , X4, α > 0〉 ⊕ 〈X1〉 :

x2 − α ln(x0 + u) = ϕ(ω), ω = x3;

6. 〈− (G+ αX3) , X4, α > 0〉 ⊕ 〈L3 + βX3, β > 0〉 :

x3 − α ln(x0 + u) + β arctan
x1
x2

= ϕ(ω),

ω = (x21 + x22)
1/2;

7. 〈− (G+ αX3) , X4, α > 0〉 ⊕ 〈L3〉 :

x3 − α ln(x0 + u) = ϕ(ω), ω = (x21 + x22)
1/2.

From the invariants of the remaining three nonconjugate
subalgebras it is impossible to construct the ansatzes, which
reduce the eikonal equation.

Below, we present bases elements of those subalgebras and
their invariants.

1. 〈−G, X4〉 ⊕ 〈X1〉 : x2, x3;

2. 〈−G, X4〉 ⊕ 〈L3〉 : x3, (x21 + x22)
1/2;
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3. 〈−G, X4〉 ⊕ 〈L3 + αX3, α > 0〉 :

(x21 + x22)
1/2, x3 + α arctan

x1
x2

.

2.3.3 Lie Algebras of the Type A3,1

The results of the classification of three-dimensional non-
conjugate subalgebras of the type A3,1 of the Lie algebra of
the group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains 17 three-dimensional nonconjugate subalgebras of the ty-
pe A3,1.

However, we only have 16 ansatzes, which are invariant
with respect to three-dimensional nonconjugate subalgebras
of the type A3,1.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.

1. 〈4X4, P1 −X2 − γX3, P2 +X1 − µX2 − δX3, γ > 0,

δ 6= 0, µ > 0〉 :

x3(x0 + u)2− (γx1 + x2δ− µx3)(x0 + u) + (δ− γµ)x1−

−x2γ + x3 = ϕ(ω), ω = x0 + u;

2. 〈4X4, P1 −X2 − γX3, P2 +X1 − µX2, γ > 0, µ > 0〉 :

x3(x0 + u)2 − (γx1 − µx3)(x0 + u)− γµx1 − x2γ + x3 =

= ϕ(ω), ω = x0 + u;

3. 〈4X4, P1 −X2, P2 +X1 − µX2 − δX3, δ > 0, µ 6= 0〉 :

x3(x0 + u)2 − (x2δ − µx3)(x0 + u) + δx1 + x3 = ϕ(ω),

ω = x0 + u;
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4. 〈4X4, P1 −X2, P2 +X1 − δX3, δ > 0〉 :

x3(x0+u)
2−x2δ(x0+u)+δx1+x3 = ϕ(ω), ω = x0+u;

5. 〈4X4, P1 −X2 − βX3, P2 +X1, β > 0〉 :

x3(x0+u)
2−βx1(x0+u)−βx2+x3 = ϕ(ω), ω = x0+u;

6. 〈4X4, P1 −X2, P2 +X1 − µX2, µ 6= 0〉 :

x3(x0 + u)2 + µx3(x0 + u) + x3 = ϕ(ω), ω = x0 + u;

7. 〈2µX4, P3 −X2, X1 + µX3, µ > 0〉 :

x2 −
x3 − µx1
x0 + u

= ϕ(ω), ω = x0 + u;

8. 〈2µX4, P3, X1 + µX3, µ > 0〉 :

x0 + u = ϕ(ω), ω = x2;

9. 〈2X4, P3 − L3, X3〉 :

x0 + u = ϕ(ω), ω = (x21 + x22)
1/2;

10. 〈2X4, P3 −X1, X3〉 :

x0 + u = ϕ(ω), ω = x2;

11. 〈−2αX4, L3 + αX3, P3, α > 0〉 :

x0 + u = ϕ(ω), ω = (x21 + x22)
1/2;

12. 〈4X4, P1 −X2, P2 +X1〉 :

x0 + u = ϕ(ω), ω = x3;

13. 〈2µX4, P3 − 2X0, X1 + µX3, µ > 0〉 :

(x0 + u)2 + 4x3 − 4µx1 = ϕ(ω), ω = x2;
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14. 〈2X4, P3 − L3 − 2αX0, X3, α > 0〉 :

2α arctan
x1
x2
− x0 − u = ϕ(ω), ω = (x21 + x22)

1/2;

15. 〈−2βX4, L3 + βX3, P3 − 2X0, β > 0〉 :

β arctan
x1
x2

+
1

4
(x0+u)

2+x3 = ϕ(ω), ω = (x21+x
2
2)

1/2;

16. 〈2X4, P3, X3〉 :

x2 = ϕ(ω1, ω2), ω1 = x0 + u, ω2 = x1;

From the invariants of the remaining one nonconjugate
subalgebra it is impossible to construct the ansatz, which re-
duces the eikonal equation.

Below, we present bases elements of the subalgebra and
its invariants.

〈2X4, P3 − 2X0, X3〉: x1, x2.

2.3.4 Lie Algebras of the Type A3,2

The results of the classification of three-dimensional non-
conjugate subalgebras of the type A3,2 of the Lie algebra of
the group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains three three-dimensional nonconjugate subalgebras of the
type A3,2.

However, we only have two ansatzes, which are invariant
with respect to three-dimensional nonconjugate subalgebras
of the type A3,2.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.
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1. 〈2βX4, P3, G+ αX1 + βX3, α > 0, β > 0〉 :

x1 − α ln(x0 + u) = ϕ(ω), ω = x2;

2.
〈
2αX4, λP3,

1

λ
L3 +G+

α

λ
X3, α > 0, λ > 0

〉
:

ln(x0 + u) + λ arctan
x1
x2

= ϕ(ω), ω = (x21 + x22)
1/2.

From the invariants of the remaining one nonconjugate
subalgebra it is impossible to construct the ansatz, which re-
duces the eikonal equation.

Below, we present bases elements of the subalgebra as well
as its invariants.

〈2αX4, P3, G+ αX3, α > 0〉: x1, x2.

2.3.5 Lie Algebras of the Type A3,3

The results of the classification of three-dimensional non-
conjugate subalgebras of the type A3,3 of the Lie algebra of
the group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains five three-dimensional nonconjugate subalgebras of the
type A3,3.

However, we only have four ansatzes, which are invariant
with respect to three-dimensional nonconjugate subalgebras
of the type A3,3.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.

1. 〈P1, P2, G〉 :

(x20 − x21 − x22 − u2)1/2 = ϕ(ω), ω = x3;
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2. 〈P1, P2, G+ αX3, α > 0〉 :

x3 − α ln(x0 + u) = ϕ(ω), ω = x20 − x21 − x22 − u2;

3.
〈
P3, X4,

1

λ
L3 +G,λ > 0

〉
:

ln(x0 + u) + λ arctan
x1
x2

= ϕ(ω), ω = (x21 + x22)
1/2;

4. 〈P3, X4, G+ αX1, α > 0〉 :

x1 − α ln(x0 + u) = ϕ(ω), ω = x2.

From the invariants of the remaining one nonconjugate
subalgebra it is impossible to construct the ansatz, which re-
duces the eikonal equation.

Below, we present bases elements of the subalgebra and
its invariants.

〈P3, X4, G〉: x1, x2.

2.3.6 Lie Algebras of the Type A3,4

The results of the classification of three-dimensional non-
conjugate subalgebras of the type A3,4 of the Lie algebra of
the group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains four three-dimensional nonconjugate subalgebras of the
type A3,4.

From the invariants of all four nonconjugate subalgebras
it is impossible to construct the ansatzes, which reduce the
eikonal equation.

Below, we present bases elements of those subalgebras and
their invariants.
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1. 〈X4, X0, G〉: x1, x2, x3;

2.
〈
X0, −X4, −

1

λ
L3 −G,λ > 0

〉
: x3, (x21 + x22)

1/2;

3. 〈X0, X4, − (G+ αX1) , α > 0〉: x2, x3;

4.
〈
X0, X4, −

L3

λ
−G− α

λ
X3, α > 0, λ > 0

〉
:

(x21 + x22)
1/2, x3 + α arctan

x1
x2

.

2.3.7 Lie Algebras of the Type Aa
3,5

The Lie algebra of the group P (1, 4) contains no noncon-
jugate subalgebras of the type Aa3,5.

2.3.8 Lie Algebras of the Type A3,6

The results of the classification of three-dimensional non-
conjugate subalgebras of the type A3,6 of the Lie algebra of
the group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains 18 three-dimensional nonconjugate subalgebras of the ty-
pe A3,6.

However, we only have 16 ansatzes, which are invariant
with respect to three-dimensional nonconjugate subalgebras
of the type A3,6.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.
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1. 〈P1 −X1, P2 −X2, −P3 + L3〉 :

x21 + x22
x0 + u+ 1

+
x23

x0 + u
+ 2u = ϕ(ω), ω = x0 + u;

2. 〈P1, −P2, − (L3 + αX3) , α > 0〉 :

x20 − x21 − x22 − u2 = ϕ(ω), ω = x0 + u;

3. 〈X1, −X2, P3 − L3〉 :

x20 − x23 − u2 = ϕ(ω), ω = x0 + u;

4. 〈P1, P2, −P3 + L3〉 :

x20 − x21 − x22 − x23 − u2 = ϕ(ω), ω = x0 + u;

5. 〈X1, −X2, − (L3 + 2X4)〉 :

x0 + u = ϕ(ω), ω = x3;

6. 〈P1, P2, L3 + 2X4〉 :

x0 + u = ϕ(ω), ω = x3;

7.
〈
X1, X2, L3 +

1

2
(P3 + C3)

〉
:

(x23 + u2)1/2 = ϕ(ω), ω = x0;

8.
〈
−X1, X2, −L3 −

λ

2
(P3 + C3), 0 < λ < 1

〉
:

(x23 + u2)1/2 = ϕ(ω), ω = x0;

70



9. 〈−X1, X2, − (L3 + λG) , λ > 0〉 :

(x20 − u2)1/2 = ϕ(ω), ω = x3;

10. 〈X1, −X2, − (L3 + αX3) , α > 0〉 :

u = ϕ(ω), ω = x0;

11. 〈X1, −X2, P3 − L3 − 2αX0, α > 0〉 :

(x0 + u)3 + 6αx3(x0 + u) + 6α2(x0 − u) = ϕ(ω),

ω = (x0 + u)2 + 4x3α;

12.
〈
X1, −X2, −L3 −

1

2
(P3 + C3)− α(X0 +X4),

α > 0〉 :

α arctan
x3
u
− x0 = ϕ(ω), ω = (x23 + u2)1/2;

13.
〈
X1, X2, L3 +

λ

2
(P3 + C3) + α(X0 +X4), α > 0,

0 < λ < 1〉 :

α arctan
x3
u
− λx0 = ϕ(ω), ω = (x23 + u2)1/2;

14. 〈X1, X2, L3 + λG+ αX3, α > 0, λ > 0〉 :

λx3 − α ln(x0 + u) = ϕ(ω), ω = (x20 − u2)1/2;

15. 〈X1, X2, L3〉 :

u = ϕ(ω1, ω2), ω1 = x0, ω2 = x3;
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16. 〈P1, P2, L3〉 :

x3 = ϕ(ω1, ω2), ω1 = x0 + u, ω2 = x20 − x21 − x22 − u2.

From the invariants of the remaining two nonconjugate
subalgebras it is impossible to construct the ansatzes, which
reduce the eikonal equation.

Below, we present bases elements of those subalgebras and
their invariants.

1.
〈
−X3, X4 −X0, −

L3

λ
− 1

2
(P3 + C3) , 0 < λ < 1

〉
:

x0, (x
2
1 + x22)

1/2;

2.
〈
X3, X4 −X0,

L3

λ
+

1

2
(P3 + C3) +

α

λ
(X0 +X4),

α > 0, 0 < λ < 1〉:

(x21 + x22)
1/2, α arctan

x1
x2
− x0.

2.3.9 Lie Algebras of the Type Aa
3,7

The results of the classification of three-dimensional non-
conjugate subalgebras of the type Aa3,7 of the Lie algebra of
the group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains two three-dimensional nonconjugate subalgebras of the
type Aa3,7.

Consequently, we have two ansatzes, which are invariant
with respect to three-dimensional nonconjugate subalgebras
of the type Aa3,7.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.
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1. 〈P1, P2, L3 + λG, λ > 0〉 :

(x20 − x21 − x22 − u2)1/2 = ϕ(ω), ω = x3;

2. 〈P1, P2, L3 + λG+ αX3, α > 0, λ > 0〉 :

λx3 − α ln(x0 + u) = ϕ(ω), ω = x20 − x21 − x22 − u2.

2.3.10 Lie Algebras of the Type A3,8

The results of the classification of three-dimensional non-
conjugate subalgebras of the type A3,8 of the Lie algebra of
the group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains one three-dimensional nonconjugate subalgebra of the
type A3,8.

Consequently, we have one ansatz, which is invariant with
respect to three-dimensional nonconjugate subalgebra of the
type A3,8.

Below, we present bases elements of that subalgebra and
an ansatz corresponding with it.

〈P3, G, −C3〉 :

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2), ω1 = x1, ω2 = x2.

2.3.11 Lie Algebras of the Type A3,9

The results of the classification of three-dimensional non-
conjugate subalgebras of the type A3,9 of the Lie algebra of
the group P (1, 4) can be formulated as follows:

Proposition. The Lie algebra of the group P (1, 4) con-
tains two nonconjugate subalgebras of the type A3,9.
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Consequently, we have two ansatzes, which are invariant
with respect to three-dimensional nonconjugate subalgebras
of the type A3,9.

Below, we present bases elements of those subalgebras and
ansatzes corresponding with them.

1.
〈
−1

2

(
L3 +

1

2
(P3 + C3)

)
,
1

2

(
L2 +

1

2
(P2 + C2)

)
,

1

2

(
L1 +

1

2
(P1 + C1)

)〉
:

(x21 + x22 + x23 + u2)1/2 = ϕ(ω), ω = x0;

2. 〈−L3, −L2, −L1〉 :

u = ϕ(ω1, ω2), ω1 = x0, ω2 = (x21 + x22 + x23)
1/2.
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Chapter 3

Classification of symmetry
reductions for the eikonal
equation

The eikonal equations in the spaces of different dimensions
and different types have many applications in the geometric
optics, acoustics of inhomogeneous media, theories of gravity,
theoretical physics, etc. The details on this theme can be
found in [67–78](see also the references therein).

Those equations have also been studied by different meth-
ods. Some details can be found in [79–104] (see also the ref-
erences therein).

In this chapter, we consider the eikonal equation of the
form as follows:(

∂u

∂x0

)2

−
(
∂u

∂x1

)2

−
(
∂u

∂x2

)2

−
(
∂u

∂x3

)2

= 1,

where u = u(x), x = (x0, x1, x2, x3) ∈M(1, 3).

In 1982, Fushchych and Shtelen [53] proved that the max-
imally extensive local (in sense of Lie) invariance group of
this equation was a conformal group C(1, 4) of the (4 + 1)
-dimensional Poincaré-Minkowski space with the metric
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s2 = x20 − x21 − x22 − x23 − u2, x4 = u.

It is known that the group C(1, 4) contains, as a subgroup,
the group P (1, 4).

In order to perform symmetry reduction as well as to con-
struct classes of independent invariant solutions for this equa-
tion, we used the nonconjugate subgroups of the group P (1, 4).

In this chapter, we present the results of the classification
of symmetry reductions of the eikonal equation for all noncon-
jugate subalgebras of dimensions 1, 2 and 3 of the Lie algebra
of the Poincaré group P (1, 4).

The results are obtained using structural properties of low-
dimensional (dimL ≤ 3) nonconjugate subalgebras of the Lie
algebra of the group P (1, 4) [44] as well as the results of the
classification of ansatzes for the eikonal equation (see Chapter
2). Some classes of the invariant solutions for the equation
under consideration are also presented.

3.1 Classification of symmetry reduc-
tions using one-dimensional noncon-
jugate subalgebras of the Lie algebra
of the Poincaré group P (1, 4)

In this section, we present the results of the classification
of symmetry reductions of the eikonal equation for all non-
conjugate subalgebras of the Lie algebra of the group P (1, 4)
of dimension 1.

In Chapter 2, we have presented 19 ansatzes, which are
invariant with respect to the one-dimensional nonconjugate
subalgebras of the type A1.

By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
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of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reduction to PDEs

1. 〈G〉 :

Ansatz

(x20 − u2)1/2 = ϕ(ω1, ω2, ω3),

ω1 = x1, ω2 = x2, ω3 = x3.

Reduced equation

ϕ2
1 + ϕ2

2 + ϕ2
3 − 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2, ω3) = −(1− c22 − c23)1/2ω1 + c2ω2 + c3ω3 + c1.

Solution of the eikonal equation

(x20 − u2)1/2 = −(1− c22 − c23)1/2x1 + c2x2 + c3x3 + c1.

In what follows,

ϕi =
∂ϕ

∂ωi
, i = 1, 2, 3.

2. 〈G+ αX1, α > 0〉 :

Ansatz

x1 − α ln(x0 + u) = ϕ(ω1, ω2, ω3),

ω1 = x2, ω2 = x3, ω3 = (x20 − u2)1/2.

Reduced equation

ω3

(
ω3(ϕ

2
1 + ϕ2

2 − ϕ2
3 + 1)− 2αϕ3

)
= 0.
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Solutions of the reduced equation

ω3 = 0, ϕ(ω1, ω2, ω3) = c1ω1 + c2ω2 +

+α ln

(
2α(
√

(c21 + c22 + 1)ω2
3 + α2 + α)

ω2
3

)
−

−
√

(c21 + c22 + 1)ω2
3 + α2 + c3.

Solutions of the eikonal equation

α ln

2α
(√

(c21 + c22 + 1)(x20 − u2) + α2 + α
)

x0 − u

−
−
√

(c21 + c22 + 1)(x20 − u2) + α2 − x1 + c1x2 + c2x3 + c3,

u = ±x0.

3. 〈L3 + λG, λ > 0〉 :

Ansatz

(x20 − u2)1/2 = ϕ(ω1, ω2, ω3),

ω1 = x3, ω2 = (x21 + x22)
1/2,

ω3 = ln(x0 + u) + λ arctan
x1
x2
.

Reduced equation

(λ2ϕϕ2
3 + ϕω2

2(ϕ
2
1 + ϕ2

2 − 1) + 2ω2
2ϕ3)ϕ = 0.

Solution of the reduced equation

ϕ = 0.

Solution of the eikonal equation

x20 − u2 = 0.
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4.
〈
L3 +

1

2
(P3 + C3)

〉
:

Ansatz

u2 + x23 = ϕ(ω1, ω2, ω3),

ω1 = x0, ω2 = x21 + x22, ω3 = arctan
x1
x2
− arctan

x3
u
.

Reduced equation

ϕ
(
4ϕω2

2ϕ
2
2 − ϕω2ϕ

2
1 + 4ϕ2ω2 + (ϕ+ ω2)ϕ

2
3

)
= 0.

Solution of the reduced equation

ϕ = 0.

Solution of the eikonal equation

u2 + x23 = 0.

5.
〈
L3 +

λ

2
(P3 + C3), 0 < λ < 1

〉
:

Ansatz

(u2 + x23)
1/2 = ϕ(ω1, ω2, ω3),

ω1 = x0, ω2 = (x21 + x22)
1/2,

ω3 = λ arctan
x1
x2
− arctan

x3
u
.

Reduced equation

ϕ4(ϕ2ω2
2(ϕ

2
1 − ϕ2

2 − 1)− (ω2
2 + λ2ϕ2)ϕ2

3) = 0.

Solution of the reduced equation

ϕ = 0.

Solution of the eikonal equation

u2 + x23 = 0.
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6. 〈L3 + λG+ αX3, α > 0, λ > 0〉 :

Ansatz

(x20 − u2)1/2 = ϕ(ω1, ω2, ω3),

ω1 = (x21 + x22)
1/2, ω2 = α ln(x0 + u)− λx3,

ω3 = x3 + α arctan
x1
x2
.

Reduced equation

ϕ
(
ϕω2

1((λϕ2 − ϕ3)
2 + ϕ2

1 − 1) + α2ϕϕ2
3 + 2αω2

1ϕ2

)
=

= 0.

Solution of the reduced equation

ϕ = 0.

Solutions of the eikonal equation

u = ±x0.

7.
〈
L3 +

λ

2
(P3 + C3) + α(X0 +X4), α > 0, 0 < λ < 1

〉
:

Ansatz

u2 + x23 = ϕ(ω1, ω2, ω3),

ω1 = x21 + x22, ω2 = x0 − α arctan
x1
x2
,

ω3 = λx0 − α arctan
x3
u
.

Reduced equation

4ϕω2
1ϕ

2
1+(α2−ω1)ϕϕ

2
2−(λ2ϕ−α2)ω1ϕ

2
3−2λω1ϕϕ3ϕ2+

+4ω1ϕ
2 = 0.
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Solution of the reduced equation

ϕ = 0.

Solution of the eikonal equation

u2 + x23 = 0.

8.
〈
L3 +

1

2
(P3 + C3) + α(X0 +X4), α > 0

〉
:

Ansatz

u2 + x23 = ϕ(ω1, ω2, ω3),

ω1 = x21 + x22, ω2 = x0 − α arctan
x1
x2
,

ω3 = x0 − α arctan
x3
u
.

Reduced equation(
4ϕω2

1ϕ
2
1 + (α2 − ω1)ϕϕ

2
2 + ω1(α

2 − ϕ)ϕ2
3−

−2ω1ϕϕ2ϕ3 + 4ω1ϕ
2
)
ϕ = 0.

Solution of the reduced equation

ϕ = 0.

Solution of the eikonal equation

u2 + x23 = 0.

It should be noted that the next results are obtained
with the help of nonconjugate subalgebras of the type
A1 of the Lie algebra of the extended Galilei group
G̃(1, 3) ⊂ P (1, 4).
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9. 〈L3〉 :

Ansatz

u = ϕ(ω1, ω2, ω3),

ω1 = x0, ω2 = x3, ω3 = (x21 + x22)
1/2.

Reduced equation

ϕ2
1 − ϕ2

2 − ϕ2
3 − 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2, ω3) = (c22 + c23 + 1)1/2ω1 + c2ω2 + c3ω3 + c1.

Solution of the eikonal equation

u = (c22 + c23 + 1)1/2x0 + c2x3 + c3(x
2
1 + x22)

1/2 + c1.

10. 〈L3 − P3〉 :

Ansatz

arctan
x1
x2

+
x3

x0 + u
= ϕ(ω1, ω2, ω3),

ω1 = x0 + u, ω2 = (x21 + x22)
1/2, ω3 = (x20− x23− u2)1/2.

Reduced equation

ω3ω
2
1

(
2ω3

1ω
2
2ϕ1ϕ3 − ω2

1ω
2
2ω3(ϕ

2
2 − ϕ2

3)−

−(ω2
1 + ω2

2)ω3

)
= 0.

Solutions of the reduced equation

ω1 = 0, ω3 = 0.

Solutions of the eikonal equation

u = −x0, x20 − x23 − u2 = 0.
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11. 〈L3 + α(X0 +X4), α > 0〉 :

Ansatz

u = ϕ(ω1, ω2, ω3),

ω1 = x3, ω2 = (x21 + x22)
1/2, ω3 = x0 − α arctan

x1
x2
.

Reduced equation

ω2
2(ϕ

2
1 + ϕ2

2) + (α2 − ω2
2)ϕ

2
3 + ω2

2 = 0.

Solution of the reduced equation

ϕ(ω1, ω2, ω3) = −i((c21 − c23 + 1)ω2
2 + c23α

2)1/2 + c3ω3 +

+iαc3 arctanh

(
c3α

((c21 − c23 + 1)ω2
2 + c23α

2)1/2

)
+ c1ω1 +

+c4.

Solution of the eikonal equation

u = iαc3 arctanh
c3α

((c21 − c23 + 1)(x21 + x22) + c23α
2)1/2

−

−i
(
(c21 − c23 + 1)(x21 + x22) + c23α

2
)1/2

+

+c3

(
x0 − α arctan

x1
x2

)
+ c1x3 + c4.

12. 〈L3 + αX3, α > 0〉 :

Ansatz

u = ϕ(ω1, ω2, ω3),

ω1 = x0, ω2 = x21 + x22, ω3 = x3 + α arctan
x1
x2
.

Reduced equation

ω2ϕ
2
1 − 4ω2

2ϕ
2
2 − (α2 + ω2)ϕ

2
3 − ω2 = 0.

83



Solution of the reduced equation
ϕ(ω1, ω2, ω3) = ((c21 − c23 − 1)ω2 − c23α2)1/2 −

−αc3 arctan
((c21 − c23 − 1)ω2 − c23α2)1/2

c3α
+

+c1ω1 + c3ω3 + c4.

Solution of the eikonal equation

u =
√

(c21 − c23 − 1)(x21 + x22)− α2c23 + c3α arctan
x1
x2
−

−c3α arctan

(√
(c21 − c23 − 1)(x21 + x22)− α2c23

c3α

)
+

+c3x3 + c1x0 + c4.

13. 〈L3 + 2X4〉 :

Ansatz
x0 − u+ 2arctan

x2
x1

= ϕ(ω1, ω2, ω3),

ω1 = x0 + u, ω2 = (x21 + x22)
1/2, ω3 = x3.

Reduced equation
ω2
2(4ϕ1 + ϕ2

2 + ϕ2
3) + 4 = 0.

Solution of the reduced equation

ϕ(ω1, ω2, ω3) = 2i
√

(c1 + c23)ω
2
2 + 1−

−2i arctanh
(√

(c1 + c23)ω
2
2 + 1

)
+ c1ω1 + 2c3ω3 + c4.

Solution of the eikonal equation

x0 − u+ 2arctan
x2
x1

= 2i
√

(c23 + c1)(x21 + x22) + 1−

−2i arctanh
(√

(c23 + c1)(x21 + x22) + 1
)
+ c1(x0 + u) +
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+c3x3 + c4.

14. 〈L3 − P3 + 2αX0, α > 0〉 :

Ansatz

(x0 + u)2 + 4x3α = ϕ(ω1, ω2, ω3),

ω1 = (x21 + x22)
1/2, ω2 = 2α arctan

x1
x2
− x0 − u,

ω3 = 2(x0 + u)3 + 12α2(x0 − u) + 12αx3(x0 + u).

Reduced equation

ω2
1ϕ

2
1+4α2ϕ2

2−144α2ϕω2
1ϕ

2
3+48α2ω2

1ϕ2ϕ3+16α2ω2
1 = 0.

15. 〈P3〉 :

Ansatz

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2, ω3),

ω1 = x1, ω2 = x2, ω3 = x0 + u.

Reduced equation

ϕ(ϕϕ2
1 + ϕϕ2

2 + 2ω3ϕ3 − ϕ) = 0.

Solution of the reduced equation

ϕ = 0.

Solution of the eikonal equation

x20 − x23 − u2 = 0.

16. 〈P3 − 2X0〉 :

Ansatz
1

6
(x0 + u)3 + x3(x0 + u) + x0 − u = ϕ(ω1, ω2, ω3),
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ω1 = x1, ω2 = x2, ω3 = (x0 + u)2 + 4x3.

Reduced equation

ϕ2
1 + ϕ2

2 + 16ϕ2
3 − ω3 = 0.

Solution of the reduced equation

ϕ(ω1, ω2, ω3) = c1ω1 + c2ω2 −
1

6
(ω3 − c21 − c22)3/2 + c3.

Solution of the eikonal equation
1

6
(x0 + u)3 + x3(x0 + u) + x0 − u =

= −1

6

(
(x0 + u)2 + 4x3 − c21 − c22

)3/2
+ c1x1 + c2x2 + c3.

17. 〈P3 −X1〉 :

Ansatz

x1(x0 + u)− x3 = ϕ(ω1, ω2, ω3),

ω1 = x2, ω2 = x0 + u, ω3 = x23 + 2u(x0 + u).

Reduced equation

ϕ2
1 + 4ω2ϕ2ϕ3 + 4(ω2

2 + ω3)ϕ
2
3 − 4ϕϕ3 + ω2

2 + 1 = 0.

18. 〈X0 +X4〉 :

Ansatz

u = ϕ(ω1, ω2, ω3),

ω1 = x1, ω2 = x2, ω3 = x3.

Reduced equation

ϕ2
1 + ϕ2

2 + ϕ2
3 + 1 = 0.
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Solution of the reduced equation

ϕ(ω1, ω2, ω3) = i(c22 + c23 + 1)1/2ω1 + c2ω2 + c3ω3 + c1.

Solution of the eikonal equation

u = i(c22 + c23 + 1)1/2x1 + c2x2 + c3x3 + c1.

In one case, the reduced equation is a two-dimensional
PDE.

19. 〈X4〉 :

Ansatz

x3 = ϕ(ω1, ω2, ω3),

ω1 = x1, ω2 = x2, ω3 = x0 + u.

Reduced equation

ϕ2
1 + ϕ2

2 + 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2, ω3) = −i(c22 + 1)1/2ω1 + c2ω2 + c1 + f(ω3).

Solution of the eikonal equation

x3 = −i(c22 + 1)1/2x1 + c2x2 + c1 + f(x0 + u),

where f is an arbitrary smooth function.

There are no reductions

From the invariants of the remaining one nonconjugate
subalgebra it is impossible to construct an ansatz, which re-
duces the eikonal equation. More details on this theme can
be found in Chapter 2.
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3.2 Classification of symmetry reduc-
tions using two-dimensional noncon-
jugate subalgebras of the Lie algebra
of the Poincaré group P (1, 4)

In this section, we present the results of the classification
of symmetry reductions of the eikonal equation for all non-
conjugate subalgebras of the Lie algebra of the group P (1, 4)
of dimension 2.

3.2.1 Lie Algebras of the Type 2A1

In Chapter 2, we have presented 37 ansatzes, which are
invariant with respect to the two-dimensional nonconjugate
subalgebras of the type 2A1.

By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reduction to PDEs

1. 〈G〉 ⊕ 〈L3〉 :

Ansatz

(x20 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x3, ω2 = (x21 + x22)
1/2.

Reduced equation

ϕ2
1 + ϕ2

2 − 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = (1− c22)1/2ω1 + c2ω2 + c1.
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Solution of the eikonal equation

(x20 − u2)1/2 = (1− c22)1/2x3 + c2(x
2
1 + x22)

1/2 + c1.

In what follows,

ϕi =
∂ϕ

∂ωi
, i = 1, 2.

2. 〈G+ αX3, α > 0〉 ⊕ 〈L3〉 :

Ansatz

x3 − α ln(x0 + u) = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (x20 − u2)1/2.

Reduced equation

ω2

(
ω2(ϕ

2
1 − ϕ2

2 + 1)− 2αϕ2

)
= 0.

Solutions of the reduced equation

ϕ(ω1, ω2) = α ln

2α
(√

(c21 + 1)ω2
2 + α2 + α

)
ω2
2

−
−
√

(c21 + 1)ω2
2 + α2 + c1ω1 + c2, ω2 = 0.

Solutions of the eikonal equation

x3 − α ln(x0 + u) = −
√

(c21 + 1)(x20 − u2) + α2 +

+α ln

2α
(√

(c21 + 1)(x20 − u2) + α2 + α
)

x20 − u2

+

+c1
√
x21 + x22 + c2, x20 − u2 = 0.
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3. 〈G〉 ⊕ 〈L3 + αX3, α > 0〉 :

Ansatz

x3 + α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (x20 − u2)1/2.

Reduced equation

(ϕ2
1 − ϕ2

2 + 1)ω2
1 + α2 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = α arctan
α√

(c22 − 1)ω2
1 − α2

+

+
√

(c22 − 1)ω2
1 − α2 + c2ω2 + c1.

Solution of the eikonal equation

x3 +α arctan
x1
x2

= α arctan
α√

(c22 − 1)(x21 + x22)− α2
+

+c2(x
2
0 − u2)1/2 +

√
(c22 − 1)(x21 + x22)− α2 + c1.

4. 〈G+ αX3, α > 0〉 ⊕ 〈L3 + βX3, β > 0〉 :

Ansatz

(x20 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x3−α ln(x0+u)−β arctan
x2
x1
, ω2 = (x21+x

2
2)

1/2.

Reduced equation

ϕ
(
ϕω2

2(ϕ
2
1 + ϕ2

2 − 1)− 2αω2
2ϕ1 + β2ϕϕ2

1

)
= 0.

Solution of the reduced equation

ϕ = 0.
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Solution of the eikonal equation

x20 − u2 = 0.

5. 〈L3 + λG, λ > 0〉 ⊕ 〈X3〉 :

Ansatz

(x21 + x22)
1/2 = ϕ(ω1, ω2),

ω1 = (x20 − u2)1/2, ω2 = ln(x0 + u) + λ arctan
x1
x2
.

Reduced equation

ω1(λ
2ω1ϕ

2
2 − ϕ2ω1ϕ

2
1 − 2ϕ2ϕ1ϕ2 + ϕ2ω1) = 0.

Solution of the reduced equation

ω1 = 0.

Solution of the eikonal equation

x20 − u2 = 0.

6. 〈G〉 ⊕ 〈X1〉 :

Ansatz

(x20 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x2, ω2 = x3.

Reduced equation

ϕ2
1 + ϕ2

2 − 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = (1− c22)1/2ω1 + c2ω2 + c1.

Solution of the eikonal equation

(x20 − u2)1/2 = (1− c22)1/2x2 + c2x3 + c1.
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7. 〈G+ αX2, α > 0〉 ⊕ 〈X1〉 :

Ansatz

x3 = ϕ(ω1, ω2),

ω1 = (x20 − u2)1/2, ω2 = x2 − α ln(x0 + u).

Reduced equation

ω1

(
(ϕ2

1 − ϕ2
2 − 1)ω1 − 2αϕ1ϕ2

)
= 0.

Solutions of the reduced equation

ω1 = 0, ϕ(ω1, ω2) = αc2 arctanh
αc2√

(c22 + 1)ω2
1 + c22α

2
+

+αc2 ln(ω1) + c2ω2 −
√

(c22 + 1)ω2
1 + c22α

2 + c1.

Solutions of the eikonal equation

x20 − u2 = 0, x3 +
√

(c22 + 1)(x20 − u2) + α2c22 =

= αc2 arctanh
αc2√

(c22 + 1)(x20 − u2) + α2c22
+

+
αc2
2

ln
x0 − u
x0 + u

+ c2x2 + c1.

8. 〈L3〉 ⊕ 〈P3 + C3〉 :

Ansatz

(u2 + x23)
1/2 = ϕ(ω1, ω2),

ω1 = x0, ω2 = (x21 + x22)
1/2.

Reduced equation

(ϕ2
1 − ϕ2

2 − 1)ϕ2 = 0.

Solutions of the reduced equation

ϕ(ω1, ω2) = (c22 + 1)1/2ω1 + c2ω2 + c1, ϕ = 0.
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Solutions of the eikonal equation

(u2 + x23)
1/2 = (c22 + 1)1/2x0 + c2(x

2
1 + x22)

1/2 + c1,

u2 + x23 = 0.

9. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈P3 + C3〉 :

Ansatz

x0 − α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (u2 + x23)

1/2.

Reduced equation

((ϕ2
1 + ϕ2

2 − 1)ω2
1 + α2)ω2

2 = 0.

Solutions of the reduced equation

ϕ(ω1, ω2) =
√

(1− c22)ω2
1 − α2 +

+α arctan
α√

(1− c22)ω2
1 − α2

+ c2ω2 + c1, ω2 = 0.

Solutions of the eikonal equation

x0−α arctan
x1
x2

= α arctan
α√

(1− c22)(x21 + x22)− α2
+

+c2
√
u2 + x23 +

√
(1− c22)(x21 + x22)− α2 + c1,

u2 + x23 = 0.

10. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈P3 + C3 + 2β(X0 +X4),

β > 0〉 :

Ansatz

α arctan
x1
x2

+ β arctan
x3
u
− x0 = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (u2 + x23)

1/2.
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Reduced equation

ω4
2

(
ω2
1ω

2
2(ϕ

2
1 + ϕ2

2 − 1) + β2ω2
1 + α2ω2

2

)
= 0.

Solution of the reduced equation

ω2 = 0.

Solution of the eikonal equation

u2 + x23 = 0.

11.
〈
L3 +

1

2
(P3 + C3)

〉
⊕ 〈X0 +X4〉 :

Ansatz

arctan
x1
x2
− arctan

x3
u

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (u2 + x23)

1/2.

Reduced equation

ω4
2

(
ω2
1ω

2
2(ϕ

2
1 + ϕ2

2) + ω2
1 + ω2

2

)
= 0.

Solution of the reduced equation

ω2 = 0.

Solution of the eikonal equation

u2 + x23 = 0.

12.
〈
L3 +

λ

2
(P3 + C3), 0 < λ < 1

〉
⊕ 〈X0 +X4〉 :

Ansatz

λ arctan
x1
x2
− arctan

x3
u

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (u2 + x23)

1/2.

94



Reduced equation

ω4
2

(
ω2
1ω

2
2(ϕ

2
1 + ϕ2

2) + ω2
1 + λ2ω2

2

)
= 0.

Solution of the reduced equation

ω2 = 0.

Solution of the eikonal equation

u2 + x23 = 0.

It should be noted that the next results are obtained
with the help of nonconjugate subalgebras of the type
2A1 of the Lie algebra of the extended Galilei group
G̃(1, 3) ⊂ P (1, 4).

13. 〈L3〉 ⊕ 〈P3〉 :

Ansatz

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = (x21 + x22)
1/2.

Reduced equation

ϕ(ϕϕ2
2 + 2ω1ϕ1 − ϕ) = 0.

Solution of the reduced equation

ϕ = 0.

Solution of the eikonal equation

x20 − x23 − u2 = 0.

14. 〈L3 − P3〉 ⊕ 〈X4〉 :

Ansatz

x0 + u = ϕ(ω1, ω2),

95



ω1 = (x21 + x22)
1/2, ω2 = arctan

x1
x2

+
x3

x0 + u
.

Reduced equation

ϕ2(ϕ2ω2
1ϕ

2
1 + ϕ2ϕ2

2 + ω2
1ϕ

2
2) = 0.

Solution of the reduced equation

ϕ = 0.

Solution of the eikonal equation

u = −x0.

15. 〈L3〉 ⊕ 〈X0 +X4〉 :

Ansatz

u = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = x3.

Reduced equation

ϕ2
1 + ϕ2

2 + 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = i(c22 + 1)1/2ω1 + c2ω2 + c1.

Solution of the eikonal equation

u = i(c22 + 1)1/2(x21 + x22)
1/2 + c2x3 + c1.

16. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈X4〉 :

Ansatz

x0 + u− α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = x3, ω2 = (x21 + x22)
1/2.
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Reduced equation

ω2
2(ϕ

2
1 + ϕ2

2) + α2 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = c1ω1 + i
√
c21ω

2
2 + α2 −

−iα arctanh
α√

c21ω
2
2 + α2

+ c2.

Solution of the eikonal equation

u = α arctan
x1
x2

+ i
√
c21(x

2
1 + x22) + α2 −

−iα arctanh
α√

c21(x
2
1 + x22) + α2

− x0 + c1x3 + c2.

17. 〈L3 + αX3, α > 0〉 ⊕ 〈X0 +X4〉 :

Ansatz

x3 + α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = u, ω2 = (x21 + x22)
1/2.

Reduced equation

(ϕ2
1 + ϕ2

2 + 1)ω2
2 + α2 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = iα arctanh
α√

(c21 + 1)ω2
2 + α2

−

−i
√

(c21 + 1)ω2
2 + α2 + c1ω1 + c2.

Solution of the eikonal equation

u =
α

c1
arctan

(
x1
√

(c21 + 1)(x21 + x22) + α2 − iαx2
x2
√

(c21 + 1)(x21 + x22) + α2 + iαx1

)
+
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+
i

c1

√
(c21 + 1)(x21 + x22) + α2 +

x3
c1

+ c2.

18. 〈L3 + 2X4〉 ⊕ 〈X3〉 :

Ansatz

x0 − u+ 2arctan
x2
x1

= ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = (x21 + x22)
1/2.

Reduced equation

(ϕ2
2 + 4ϕ1)ω

2
2 + 4 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = c1ω1 − 2i
√
c1ω2

2 + 1 +

+2i arctanh
1√

c1ω2
2 + 1

+ c2.

Solution of the eikonal equation

x0 − u+ 2arctan
x2
x1

= 2i arctanh
1√

c1(x21 + x22) + 1
−

−2i
√
c1(x21 + x22) + 1 + c1(x0 + u) + c2.

19. 〈L3 − P3 + 2αX0, α 6= 0〉 ⊕ 〈X4〉 :

Ansatz

x0 + u− 2α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (x0 + u)2 + 4αx3.

Reduced equation

ω2
1(ϕ

2
1 + 16α2ϕ2

2) + 4α2 = 0.
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Solution of the reduced equation

ϕ(ω1, ω2) = 2iα
√

4c22ω
2
1 + 1−

−2iα arctanh

(
1√

4c22ω
2
1 + 1

)
+ c2ω2 + c1.

Solution of the eikonal equation

x0 + u− 2α arctan
x1
x2

= 2iα
√

4c22(x
2
1 + x22) + 1−

−2iα arctanh
1√

4c22(x
2
1 + x22) + 1

+

+c2
(
(x0 + u)2 + 4αx3

)
+ c1.

20. 〈L3 + 2X4〉 ⊕ 〈P3 − 2βX0, β > 0〉 :

Ansatz

(x0 + u)2 + 4βx3 = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2,

ω2 = 4β arctan
x1
x2
− 2β(x0 − u)−

1

3β
(x0 + u)3 −

−2x3(x0 + u).

Reduced equation

ω2
1ϕ

2
1 + 4(4β2 − ϕω2

1)ϕ
2
2 + 16β2ω2

1 = 0.

21. 〈L3 + 2X4〉 ⊕ 〈P3〉 :

Ansatz
x23

x0 + u
+ 2arctan

x1
x2

+ 2u = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = x0 + u.
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Reduced equation

ω4
2

(
(ϕ2

1 − 4ϕ2 + 4)ω2
1 + 4

)
= 0.

Solutions of the reduced equation

ω2 = 0, ϕ(ω1, ω2) = 2
√

(c2 − 1)ω2
1 − 1 +

+2 arctan
1√

(c2 − 1)ω2
1 − 1

+ c2ω2 + c1.

Solutions of the eikonal equation

u = −x0,
x23

x0 + u
+ 2arctan

x1
x2

+ 2u =

= 2
√

(c2 − 1)(x21 + x22)− 1 +

+2 arctan

(
1√

(c2 − 1)(x21 + x22)− 1

)
+ c2(x0 + u) + c1.

22. 〈L3〉 ⊕ 〈P3 − 2X0〉 :

Ansatz
1

6
(x0 + u)3 + x3(x0 + u) + x0 − u = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = (x0 + u)2 + 4x3.

Reduced equation

ϕ2
1 + 16ϕ2

2 − ω2 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = c1ω1 −
1

6
(ω2 − c21)3/2 + c2.

Solution of the eikonal equation
1

6
(x0 + u)3 + x3(x0 + u) + x0 − u =
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= c1
√
x21 + x22 −

1

6

(
(x0 + u)2 + 4x3 − c21

)3/2
+ c2.

23. 〈P1〉 ⊕ 〈P2〉 :

Ansatz

x0 + u = ϕ(ω1, ω2),

ω1 = x3, ω2 = (x20 − x21 − x22 − u2)1/2.

Reduced equation

ω2(ω2ϕ
2
1 − ω2ϕ

2
2 + 2ϕϕ2) = 0.

Solution of the reduced equation

ω2 = 0.

Solution of the eikonal equation

x20 − x21 − x22 − u2 = 0.

24. 〈P1 −X3〉 ⊕ 〈P2〉 :

Ansatz

(x20 − x21 − x22 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = x3 −
x1

x0 + u
.

Reduced equation

ω2
1ϕ
(
(ϕω2

1 + ϕ)ϕ2
2 + 2ω3

1ϕ1 − ϕω2
1

)
= 0.

Solutions of the reduced equation

ω1 = 0, ϕ = 0.

Solutions of the eikonal equation

u = −x0, x20 − x21 − x22 − u2 = 0.
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25. 〈P1 −X3〉 ⊕ 〈P2 − γX2 − βX3, β > 0, γ > 0〉 :

Ansatz
x21

x0 + u
+

x22
x0 + u+ γ

+ 2u = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 =
βx2

x0 + u+ γ
+

x1
x0 + u

− x3.

Reduced equation

(ω1 + γ)2ω2
1

(
(ω1 + γ)2

(
4(1− ϕ1)ω

2
1 + (ω2

1 + 1)ϕ2
2

)
+

+β2ω2
1ϕ

2
2

)
= 0.

Solutions of the reduced equation

ω1 = 0, ω1+γ = 0, ϕ(ω1, ω2) = −
c22
ω1
× (β2 + 1)ω1 + γ

ω1 + γ
+

+(c22 + 1)ω1 + 2c2ω2 + c1.

Solutions of the eikonal equation

u = −x0, u = −x0 − γ,
x1(x1 − 2c2)

x0 + u
+

+
(x2 − βc2)2 + c22
x0 + u+ γ

+
γc22

(x0 + u)(x0 + u+ γ)
−

−(c22 + 1)(x0 + u) + 2c2x3 + 2u+ c1 = 0.

26. 〈P1 −X3〉 ⊕ 〈P2 − γX2, γ > 0〉 :

Ansatz
x21

x0 + u
+

x22
x0 + u+ γ

+ 2u = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 =
x1

x0 + u
− x3.
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Reduced equation

ω2
1(ω1 + γ)4

(
(ω2

1 + 1)ϕ2
2 + 4ω2

1(1− ϕ1)
)
= 0.

Solutions of the reduced equation

ω1 = 0, ω1 + γ = 0,

ϕ(ω1, ω2) = (c22 + 1)ω1 −
c22
ω1

+ 2c2ω2 + c1.

Solutions of the eikonal equation

u = −x0, u = −x0 − γ,
(x1 − c2)2

x0 + u
+

x22
x0 + u+ γ

+

+2u = (c22 + 1)(x0 + u)− 2c2x3 + c1.

27. 〈P1〉 ⊕ 〈P2 −X2 − βX3, β > 0〉 :

Ansatz
x21

x0 + u
+

x22
x0 + u+ 1

+ 2u = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = x3 − β
x2

x0 + u+ 1
.

Reduced equation

(ω1 + 1)2ω4
1

(
((ω1 + 1)2 + β2)ϕ2

2−

−4(ω1 + 1)2(ϕ1 − 1)
)
= 0.

Solutions of the reduced equation

ω1 + 1 = 0, ω1 = 0,

ϕ(ω1, ω2) =

(
c22
4

+ 1

)
ω1 + c2ω2 −

β2c22
4

(ω1 + 1) + c1.
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Solutions of the eikonal equation

u = −1− x0, u = −x0,
x21

x0 + u
+ 2u =

(
c22
4

+ 1

)
×

×(x0 + u)− (βc2 + 2x2)
2

4(x0 + u+ 1)
+ c2x3 + c1.

28. 〈P1〉 ⊕ 〈P2 −X2〉 :

Ansatz
x21

x0 + u
+

x22
x0 + u+ 1

+ 2u = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = x3.

Reduced equation

(ω1 + 1)4ω4
1(ϕ

2
2 − 4ϕ1 + 4) = 0.

Solutions of the reduced equation

ω1 + 1 = 0, ω1 = 0,

ϕ(ω1, ω2) =

(
c22
4

+ 1

)
ω1 + c2ω2 + c1.

Solutions of the eikonal equation

u = −1− x0, u = −x0,
x21

x0 + u
+

x22
x0 + u+ 1

+ 2u =

=

(
c22
4

+ 1

)
(x0 + u) + c2x3 + c1.

29. 〈P3〉 ⊕ 〈X1〉 :

Ansatz

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x2, ω2 = x0 + u.
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Reduced equation

ϕ(ϕϕ2
1 + 2ω2ϕ2 − ϕ) = 0.

Solution of the reduced equation

ϕ = 0.

Solution of the eikonal equation

x20 − x23 − u2 = 0.

30. 〈P3 −X2〉 ⊕ 〈X1〉 :

Ansatz

x2 −
x3

x0 + u
= ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = (x20 − x23 − u2)1/2.

Reduced equation

ω2
1ω2(2ω

3
1ϕ1ϕ2 + ω2

1ω2(ϕ
2
2 − 1)− ω2) = 0.

Solutions of the reduced equation

ω1 = 0, ω2 = 0.

Solutions of the eikonal equation

u = −x0, x20 − x23 − u2 = 0.

31. 〈P3 − 2X0〉 ⊕ 〈X4〉 :

Ansatz

(x0 + u)2 + 4x3 = ϕ(ω1, ω2),

ω1 = x1, ω2 = x2.

Reduced equation

ϕ2
1 + ϕ2

2 + 16 = 0.
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Solution of the reduced equation

ϕ(ω1, ω2) = ±i
√
c22 + 16 ω1 + c2ω2 + c1.

Solution of the eikonal equation

u = ±
√
c2x2 − 4x3 − i

√
c22 + 16 x1 + c1 − x0.

32. 〈P3 − 2X0〉 ⊕ 〈X1〉 :

Ansatz
1

6
(x0 + u)3 + x3(x0 + u) + x0 − u = ϕ(ω1, ω2),

ω1 = x2, ω2 = (x0 + u)2 + 4x3.

Reduced equation

ϕ2
1 + 16ϕ2

2 − ω2 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = c1ω1 +
1

6
(ω2 − c21)3/2 + c2.

Solution of the eikonal equation
1

6
(x0 + u)3 + x3(x0 + u) + x0 − u = c1x2 +

+
1

6

(
(x0 + u)2 + 4x3 − c21

)3/2
+ c2.

Reduction to ODEs

1. 〈L3〉 ⊕ 〈X4〉 :

Ansatz

(x21 + x22)
1/2 = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = x3.
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Reduced equation

ϕ2
2 + 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = −iω2 + f(ω1).

Solution of the eikonal equation

(x21 + x22)
1/2 = −ix3 + f(x0 + u),

where f is an arbitrary smooth function.

2. 〈L3 + αX3, α > 0〉 ⊕ 〈X4〉 :

Ansatz

x3 + α arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = (x21 + x22)
1/2.

Reduced equation

ω2
2(ϕ

2
2 + 1) + α2 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = −i
√
α2 + ω2

2 + iα arctanh
α√

α2 + ω2
2

+

+f(ω1).

Solution of the eikonal equation

x3 + α arctan
x1
x2

= −i
√
α2 + x21 + x22 +

+iα arctanh
α

α2 + x21 + x22
+ f(x0 + u),

where f is an arbitrary smooth function.
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3. 〈P3 −X1〉 ⊕ 〈X4〉 :

Ansatz

x1 −
x3

x0 + u
= ϕ(ω1, ω2),

ω1 = x2, ω2 = x0 + u.

Reduced equation

ω2
2

(
ω2
2(ϕ

2
1 + 1) + 1

)
= 0.

Solutions of the reduced equation

ω2 = 0, ϕ(ω1, ω2) = −iω1

√
1

ω2
2

+ 1 + f(ω2).

Solutions of the eikonal equation

u = −x0, x1 −
x3

x0 + u
= −ix2

√
1

(x0 + u)2
+ 1 +

+f(x0 + u),

where f is an arbitrary smooth function.

4. 〈P3〉 ⊕ 〈X4〉 :

Ansatz

x1 = ϕ(ω1, ω2),

ω1 = x2, ω2 = x0 + u.

Reduced equation

ϕ2
1 + 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = iω1 + f(ω2).
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Solution of the eikonal equation

x1 = ix2 + f(x0 + u),

where f is an arbitrary smooth function.

5. 〈X1〉 ⊕ 〈X4〉 :

Ansatz

x3 = ϕ(ω1, ω2),

ω1 = x0 + u, ω2 = x2.

Reduced equation

ϕ2
2 + 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = −iω2 + f(ω1).

Solution of the eikonal equation

x3 = −ix2 + f(x0 + u),

where f is an arbitrary smooth function.

There are no reductions

From the invariants of the remaining five nonconjugate
subalgebras it is impossible to construct ansatzes, which re-
duce the eikonal equation. The details on this theme can be
found in Chapter 2.

3.2.2 Lie Algebras of the Type A2

In Chapter 2, we have presented six ansatzes, which are
invariant with respect to two-dimensional nonconjugate sub-
algebras of the type A2.
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By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reduction to PDEs

1. 〈−G, P3〉 :

Ansatz

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2),

ω1 = x1, ω2 = x2.

Reduced equation

(ϕ2
1 + ϕ2

2 − 1)ϕ2 = 0.

Solutions of the reduced equation

ϕ(ω1, ω2) = −
√

1− c22 ω1 + c2ω2 + c1, ϕ = 0.

Solutions of the eikonal equation

(x20 − x23 − u2)1/2 = −
√

1− c22x1 + c2x2 + c1,

x20 − x23 − u2 = 0.

2.
〈
−G− 1

λ
L3, P3, λ > 0

〉
:

Ansatz

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = ln(x0 + u) + λ arctan

x1
x2
.

Reduced equation

ϕ(λ2ϕϕ2
2 + ϕω2

1ϕ
2
1 − ϕω2

1 + 2ω2
1ϕ2) = 0.
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Solution of the reduced equation

ϕ = 0.

Solution of the eikonal equation

x20 − x23 − u2 = 0.

3.
〈
−G− 1

λ
L3, X4, λ > 0

〉
:

Ansatz

ln(x0 + u) + λ arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = x3, ω2 = (x21 + x22)
1/2.

Reduced equation

ω2
2(ϕ

2
1 + ϕ2

2) + λ2 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = iλ arctanh
λ√

c21ω
2
2 + λ2

−

−i
√
c21ω

2
2 + λ2 + c1ω1 + c2.

Solution of the eikonal equation

ln(x0 + u) = iλ arctanh
λ√

c21(x
2
1 + x22) + λ2

−

−i
√
c21(x

2
1 + x22) + λ2 − λ arctan x1

x2
+

+c1x3 + c2.

4. 〈−G− αX1, X4, α > 0〉 :

Ansatz

x1 − α ln(x0 + u) = ϕ(ω1, ω2),
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ω1 = x2, ω2 = x3.

Reduced equation

ϕ2
1 + ϕ2

2 + 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = i(c22 + 1)1/2ω1 + c2ω2 + c1.

Solution of the eikonal equation

x1 − α ln(x0 + u) = i(c22 + 1)1/2x2 + c2x3 + c1.

5.
〈
− 1

λ
(L3 + λG+ αX3), X4, α > 0, λ > 0

〉
:

Ansatz

ln(x0 + u) + λ arctan
x1
x2

= ϕ(ω1, ω2),

ω1 = (x21 + x22)
1/2, ω2 = x3 + α arctan

x1
x2
.

Reduced equation

ω2
1(ϕ

2
1 + ϕ2

2) + (αϕ2 − λ)2 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = −i(αc2 − λ) arctanh
αc2 − λ√

c22ω
2
1 + (αc2 − λ)2

+

+i
√
c22ω

2
1 + (αc2 − λ)2 + c2ω2 + c1.

Solution of the eikonal equation

ln(x0 + u) = i
√
c22(x

2
1 + x22) + (αc2 − λ)2 −

−i(αc2 − λ) arctanh
αc2 − λ√

c22(x
2
1 + x22) + (αc2 − λ)2

+

+(αc2 − λ) arctan
x1
x2

+ c2x3 + c1.

112



6. 〈−G− αX1, P3, α > 0〉 :

Ansatz

x1 − α ln(x0 + u) = ϕ(ω1, ω2),

ω1 = x2, ω2 = (x20 − x23 − u2)1/2.

Reduced equation

ω2

(
ω2(ϕ

2
1 − ϕ2

2 + 1)− 2αϕ2

)
= 0.

Solutions of the reduced equation

ω2 = 0, ϕ(ω1, ω2) = α ln

(
2α

√
(c21 + 1)ω2

2 + α2 + α

ω2
2

)
−

−
√

(c21 + 1)ω2
2 + α2 + c1ω1 + c2.

Solutions of the eikonal equation

x20 − x23 − u2 = 0, x1 − α ln(x0 + u) =

= α ln

(
2α

√
(c21 + 1)(x20 − x23 − u2) + α2 + α

x20 − x23 − u2

)
−

−
√

(c21 + 1)(x20 − x23 − u2) + α2 + c1x2 + c2.

There are no reductions

From the invariants of the remaining one nonconjugate
subalgebra it is impossible to construct ansatz, which reduces
the eikonal equation. The details on this theme can be found
in Chapter 2.
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3.3 Classification of symmetry reduc-
tions using three-dimensional non-
conjugate subalgebras of the Lie al-
gebra of the Poincaré group P (1, 4)

In this section, we present the results of the classification
of symmetry reductions of the eikonal equation for all non-
conjugate subalgebras of the Lie algebra of the group P (1, 4)
of dimension 3.

3.3.1 Lie Algebras of the Type 3A1

In Chapter 2, we have presented 25 ansatzes, which are
invariant with respect to three-dimensional nonconjugate sub-
algebras of the type 3A1.

By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reductions to algebraic equations

The invariants of five subalgebras allow us to construct
the ansatzes, which reduce the eikonal equation to algebraic
equations.

1. 〈P1 − γX3, γ > 0〉 ⊕ 〈P2 −X2 − δX3, δ 6= 0〉 ⊕ 〈X4〉 :

Ansatz

x3(x0 + u)2 − (γx1 + x2δ − x3)(x0 + u)− γx1 = ϕ(ω),

ω = x0 + u.
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Reduced equation
ω4 + 2ω3 + (γ2 + δ2 + 1)ω2 + 2γ2ω + γ2 = 0.

Solution of the eikonal equation
(x0 + u)4 + 2(x0 + u)3 + (γ2 + δ2 + 1)(x0 + u)2 +

+2γ2(x0 + u) + γ2 = 0.

2. 〈P1 − γX3, γ > 0〉 ⊕ 〈P2 −X2〉 ⊕ 〈X4〉 :
Ansatz
x3(x0 + u)2 − (γx1 − x3)(x0 + u)− γx1 = ϕ(ω),

ω = x0 + u.

Reduced equation
(ω + 1)2(ω2 + γ2) = 0.

Solutions of the eikonal equation
u = −1− x0, (x0 + u)2 + γ2 = 0.

3. 〈P1〉 ⊕ 〈P2 −X2 − δX3, δ > 0〉 ⊕ 〈X4〉 :
Ansatz
x3(x0 + u)− x2δ + x3 = ϕ(ω), ω = x0 + u.

Reduced equation
ω2 + 2ω + δ2 − 1 = 0

Solution of the eikonal equation
(x0 + u)2 + 2(x0 + u) + δ2 + 1 = 0.

As we see, the left hand sides of the Ansatzes (1)–(3) are
polinomials in invariant ω = x0 + u. The reduced equa-
tions are also polinomials in ω, but with the constant
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coefficients. The solutions of the eikonal equation are
also polinomials in variable x0 + u with the constant
coefficients.

4. 〈P1 −X3〉 ⊕ 〈P2〉 ⊕ 〈X4〉 :

Ansatz

x3 −
x1

x0 + u
= ϕ(ω), ω = x0 + u.

Reduced equation

(1 + ω2)ω2 = 0.

Solutions of the reduced equation

1 + ω2 = 0, ω = 0.

Solutions of the eikonal equation

1 + (x0 + u)2 = 0, u = −x0.

5. 〈P3 −X2〉 ⊕ 〈X1〉 ⊕ 〈X4〉 :

Ansatz

x2 −
x3

x0 + u
= ϕ(ω), ω = x0 + u.

Reduced equation

(ω2 + 1)ω2 = 0.

Solutions of the reduced equation

ω2 + 1 = 0, ω = 0.

Solutions of the eikonal equation

(x0 + u)2 + 1 = 0, u = −x0.
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It should be noted that subalgebras (1)–(5) belong to
the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).

Reductions to linear ODEs

The invariants of six subalgebras allow us to construct the
ansatzes, which reduce the eikonal equation to linear ODEs.

1. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈X3〉 :
Ansatz

x20 − x21 − x22 − u2 = ϕ(ω), ω = x0 + u.

Reduced equation

ωϕ′ − ϕ = 0.

Solution of the reduced equation

ϕ(ω) = c1ω.

Solution of the eikonal equation

x20 − x21 − x22 − u2 = c1(x0 + u).

2. 〈P3〉 ⊕ 〈X1〉 ⊕ 〈X2〉 :
Ansatz

x20 − x23 − u2 = ϕ(ω), ω = x0 + u.

Reduced equation

ωϕ′ − ϕ = 0.

Solution of the reduced equation

ϕ(ω) = c1ω.
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Solution of the eikonal equation

x20 − x23 − u2 = c1(x0 + u).

3. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈P3〉 :
Ansatz

x20 − x21 − x22 − x23 − u2 = ϕ(ω), ω = x0 + u.

Reduced equation

ωϕ′ − ϕ = 0.

Solution of the reduced equation

ϕ(ω) = c1ω.

Solution of the eikonal equation

x20 − x21 − x22 − x23 − u2 = c1(x0 + u).

Let us note, that in the cases (1)–(3) we obtained the
same reduced equations.

4. 〈P1〉 ⊕ 〈P2 −X2〉 ⊕ 〈X3〉 :

Ansatz
x20 − x21 − u2

x0 + u
− x22
x0 + u+ 1

= ϕ(ω), ω = x0 + u.

Reduced equation

ϕ′(ω + 1)4ω4 = 0.

Solutions of the reduced equation

ϕ(ω) = c1, ω + 1 = 0, ω = 0.
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Solutions of the eikonal equation

x20 − x21 − u2

x0 + u
− x22
x0 + u+ 1

= c1,

u = −1− x0, u = −x0.

5. 〈P1〉 ⊕ 〈P2 − αX2, α > 0〉 ⊕ 〈P3 − γX3, γ 6= 0〉 :

Ansatz

2u+
x21

x0 + u
+

x22
x0 + u+ α

+
x23

x0 + u+ γ
= ϕ(ω),

ω = x0 + u.

Reduced equation

ω4(ω + γ)4(ω + α)4(ϕ′ − 1) = 0.

Solutions of the reduced equation

ω = 0, ω + γ = 0, ω + α = 0, ϕ(ω) = ω + c.

Solutions of the eikonal equation

u = −x0, u = −x0 − γ, u = −x0 − α,

2u+
x21

x0 + u
+

x22
x0 + u+ α

+
x23

x0 + u+ γ
= x0 + u+ c.

6. 〈P1〉 ⊕ 〈P2 − αX2, α > 0〉 ⊕ 〈P3〉 :

Ansatz

2u+
x21 + x23
x0 + u

+
x22

x0 + u+ α
= ϕ(ω), ω = x0 + u.

The reduced equation

ω4(ω + α)4(ϕ′ − 1) = 0.
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Solutions of the reduced equation

ω = 0, ω + α = 0, ϕ(ω) = ω + c.

Solutions on the eikonal equation

u = −x0, u = −x0 − α,

2u+
x21 + x23
x0 + u

+
x22

x0 + u+ α
= x0 + u+ c.

It should be noted that subalgebras (1)–(6) belong to the
Lie algebra of the extended Galilei group G̃(1, 3) ⊂ P (1, 4).

Reductions to equations, which can be splitted on two
linear ODEs

Taking into account the invariants of nine nonconjugate
subalgebras, we constructed the ansatzes, which reduced the
eikonal equation to those, which could be splitted on two lin-
ear ODEs.

1. 〈X1〉 ⊕ 〈X2〉 ⊕ 〈X4〉 :

Ansatz

x0 + u = ϕ(ω), ω = x3.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.
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2. 〈P1〉 ⊕ 〈P2 −X2〉 ⊕ 〈X4〉 :
Ansatz

x0 + u = ϕ(ω), ω = x3.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.

3. 〈L3〉 ⊕ 〈X3〉 ⊕ 〈X4〉 :
Ansatz

x0 + u = ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.

4. 〈P3〉 ⊕ 〈X1〉 ⊕ 〈X4〉 :
Ansatz

x0 + u = ϕ(ω), ω = x2.
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Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.

5. 〈L3〉 ⊕ 〈P3〉 ⊕ 〈X4〉 :
Ansatz

x0 + u = ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.

6. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈X4〉 :
Ansatz

x0 + u = ϕ(ω), ω = x3.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.
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Solution of the eikonal equation

u = c1 − x0.

Let us note that, in the cases (1)–(6), we obtained the
same reduced equations. The solutions of the eikonal
equation are also the same.

7. 〈G〉 ⊕ 〈X2〉 ⊕ 〈X1〉 :
Ansatz

(x20 − u2)1/2 = ϕ(ω), ω = x3.

Reduced equation

(ϕ′ − 1)(ϕ′ + 1) = 0.

Solutions of the reduced equation

ϕ(ω) = εω + c1, ε = ±1.

Solutions of the eikonal equation

(x20 − u2)1/2 = εx3 + c1, ε = ±1.

8. 〈G〉 ⊕ 〈L3〉 ⊕ 〈X3〉 :
Ansatz

(x20 − u2)1/2 = ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

(ϕ′ − 1)(ϕ′ + 1) = 0.

Solutions of the reduced equation

ϕ(ω) = εω + c1, ε = ±1.
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Solutions of the eikonal equation

(x20 − u2)1/2 = ε(x21 + x22)
1/2 + c1, ε = ±1.

9. 〈P3 − 2X0〉 ⊕ 〈X1〉 ⊕ 〈X2〉 :
Ansatz

1

6
(x0 + u)3 + x3(x0 + u) + x0 − u = ϕ(ω),

ω = (x0 + u)2 + 4x3.

Reduced equation

16(ϕ′)2 − ω = 0.

Solutions of the reduced equation

ϕ(ω) =
ε

6
ω3/2 + c1, ε = ±1.

Solutions of the eikonal equation
1

6
(x0 + u)3 + x3(x0 + u) + x0 − u =

=
ε

6

(
(x0 + u)2 + 4x3

)3/2
+ c1, ε = ±1.

Reductions to nonlinear ODEs

From the invariants of five nonconjugate subalgebras we
constructed the ansatzes, which reduced the eikonal equation
to nonlinear ODEs.

1. 〈G+ αX3, α > 0〉 ⊕ 〈X1〉 ⊕ 〈X2〉 :
Ansatz

x3 − α ln(x0 + u) = ϕ(ω), ω = x20 − u2.
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Reduced equation

4ω(ϕ′)2 + 4αϕ′ − 1 = 0.

Solutions of the reduced equation

ϕ(ω) = ε(α2+ω)1/2−εαarctanh(α
2 + ω)1/2

α
−α

2
ln(ω)+

+c1, ε = ±1.

Solutions of the eikonal equation

x3−α ln(x0+u) = ε(α2+x20−u2)1/2−
α

2
ln(x20−u2)−

−εαarctanh(α
2 + x20 − u2)1/2

α
+ c1, ε = ±1.

2. 〈L3〉 ⊕ 〈P3 + C3〉 ⊕ 〈X0 +X4〉 :

Ansatz

(x23 + u2)1/2 = ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

(1 + (ϕ′)2)ϕ2 = 0.

Solutions of the reduced equation

ϕ(ω) = iεω + c1, ε = ±1; ϕ = 0.

Solutions of the eikonal equation

(x23 + u2)1/2 = iε(x21 + x22)
1/2 + c1, ε = ±1; x23 + u2 = 0.

3. 〈L3 + α(X0 +X4), α > 0〉 ⊕ 〈X3〉 ⊕ 〈X4〉 :

Ansatz

x0 + u+ α arctan
x2
x1

= ϕ(ω), ω = (x21 + x22)
1/2.
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Reduced equation

ω2(ϕ′)2 + α2 = 0.

Solutions of the reduced equation

ϕ(ω) = iεα ln(ω) + c1, ε = ±1.

Solutions of the eikonal equation

x0 + u+ α arctan
x2
x1

= i
εα

2
ln(x21 + x22) + c1, ε = ±1.

4. 〈P3 − 2X0〉 ⊕ 〈X1〉 ⊕ 〈X4〉 :
Ansatz

(x0 + u)2 + 4x3 = ϕ(ω), ω = x2.

Reduced equation

(ϕ′)2 + 16 = 0.

Solutions of the reduced equation

ϕ(ω) = 4iεω + c1, ε = ±1.

Solutions of the eikonal equation

(x0 + u)2 + 4x3 = 4iεx2 + c1, ε = ±1.

5. 〈L3〉 ⊕ 〈−P3 + 2X0〉 ⊕ 〈2X4〉 :
Ansatz

(x0 + u)2 + 4x3 = ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

(ϕ′)2 + 16 = 0.
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Solutions of the reduced equation

ϕ(ω) = 4iεω + c1, ε = ±1.

Solutions of the eikonal equation

(x0 + u)2 + 4x3 = 4iε(x21 + x22)
1/2 + c1, ε = ±1.

There are no reductions

From the invariants of the remaining six nonconjugate sub-
algebras it is impossible to construct the ansatzes, which re-
duce the eikonal equation. The details on this theme can be
found in Chapter 2.

3.3.2 Lie Algebras of the Type A2 ⊕ A1

In Chapter 2, we have presented seven ansatzes, which
are invariant with respect to three-dimensional nonconjugate
subalgebras of the type A2 ⊕A1.

By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reductions to equations, which can be splitted on two
linear ODEs

Taking into account the invariants of two nonconjugate
subalgebras, we constructed the ansatzes, which reduced the
eikonal equation to those, which could be splitted on two lin-
ear ODEs.

1. 〈−G, P3〉 ⊕ 〈X1〉 :
Ansatz

(x20 − x23 − u2)1/2 = ϕ(ω), ω = x2.
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Reduced equation

(ϕ′ − 1)(ϕ′ + 1)ϕ2 = 0.

Solutions of the reduced equation

ϕ(ω) = εω + c1, ϕ = 0, ε = ±1.

Solutions of the eikonal equation

(x20−x23−u2)1/2 = εx2+c1, x20−x23−u2 = 0, ε = ±1.

2. 〈−G, P3〉 ⊕ 〈L3〉 :
Ansatz

(x20 − x23 − u2)1/2 = ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

(ϕ′ − 1)(ϕ′ + 1)ϕ2 = 0.

Solutions of the reduced equation

ϕ(ω) = εω + c1, ϕ = 0, ε = ±1.

Solutions of the eikonal equation

(x20 − x23 − u2)1/2 = ε(x21 + x22)
1/2 + c1,

x20 − x23 − u2 = 0, ε = ±1.

It should be noted that subalgebras (1) and (2) do not be-
long to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).

Reductions to nonlinear ODEs

From the invariants of five nonconjugate subalgebras we
constructed the ansatzes, which reduced the eikonal equation
to nonlinear ODEs.
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1. 〈− (G+ αX2) , P3, α > 0〉 ⊕ 〈X1〉 :
Ansatz

x2 − α ln(x0 + u) = ϕ(ω), ω = (x20 − x23 − u2)1/2.

Reduced equation

ω
(
ω(ϕ′)2 + 2αϕ′ − ω

)
= 0.

Solutions of the reduced equation

ω = 0, ϕ(ω) = ε(α2 + ω2)1/2 − α ln(ω)−

−εαarctanh α

(α2 + ω2)1/2
+ c1, ε = ±1.

Solutions of the eikonal equation

x20 − x23 − u2 = 0, x2 − α ln(x0 + u) =

= ε(x20 − x23 − u2 + α2)1/2 − α

2
ln(x20 − x23 − u2)−

−εαarctanh α

(x20 − x23 − u2 + α2)1/2
+ c1, ε = ±1.

2.
〈
− 1

λ
L3 −G, 2X4, λ > 0

〉
⊕ 〈X3〉 :

Ansatz

ln(x0 + u) + λ arctan
x1
x2

= ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

ω2(ϕ′)2 + λ2 = 0.

Solutions of the reduced equation

ϕ(ω) = iελ ln(ω) + c1, ε = ±1.
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Solutions of the eikonal equation

ln(x0+u)+λ arctan
x1
x2

= i
ελ

2
ln(x21+x

2
2)+c1, ε = ±1.

3. 〈− (G+ αX2) , X4, α > 0〉 ⊕ 〈X1〉 :

Ansatz

x2 − α ln(x0 + u) = ϕ(ω), ω = x3.

Reduced equation

(ϕ′)2 + 1 = 0.

Solutions of the reduced equation

ϕ(ω) = iεω + c1, ε = ±1.

Solutions of the eikonal equation

x2 − α ln(x0 + u) = iεx3 + c1, ε = ±1.

4. 〈− (G+ αX3) , X4, α > 0〉 ⊕ 〈L3 + βX3, β > 0〉 :

Ansatz

x3 − α ln(x0 + u) + β arctan
x1
x2

= ϕ(ω),

ω = (x21 + x22)
1/2.

Reduced equation

ω2(ϕ′)2 + ω2 + β2 = 0.

Solutions of the reduced equation

ϕ(ω) = iε(ω2 + β2)1/2 − iεβarctanh β

(ω2 + β2)1/2
+ c1,

ε = ±1.
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Solutions of the eikonal equation

x3 − α ln(x0 + u) + β arctan
x1
x2

=

= −iεβarctanh β

(x21 + x22 + β2)1/2
+

+iε(x21 + x22 + β2)1/2 + c1, ε = ±1.

5. 〈− (G+ αX3) , X4, α > 0〉 ⊕ 〈L3〉 :

Ansatz

x3 − α ln(x0 + u) = ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

(ϕ′)2 + 1 = 0.

Solutions of the reduced equation

ϕ(ω) = iεω + c1, ε = ±1.

Solutions of the eikonal equation

x3 − α ln(x0 + u) = iε(x21 + x22)
1/2 + c1, ε = ±1.

It should be noted that subalgebras (1)–(5) do not belong
to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).

There are no reductions

From the invariants of the remaining three nonconjugate
subalgebras it is impossible to construct the ansatzes, which
reduce the eikonal equation. The details on this theme can be
found in Chapter 2.
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3.3.3 Lie Algebras of the Type A3,1

In Chapter 2, we have presented 16 ansatzes, which are
invariant with respect to three-dimensional nonconjugate sub-
algebras of the type A3,1.

By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reductions to algebraic equations

Taking into account the invariants of seven nonconjugate
subalgebras, we constructed the ansatzes, which reduced the
eikonal equation to algebraic equations.

1. 〈4X4, P1 −X2 − γX3, P2 +X1 − µX2 − δX3,

γ > 0, δ 6= 0, µ > 0〉 :

Ansatz

x3(x0 + u)2 − (γx1 + x2δ − µx3)(x0 + u) +

+(δ − γµ)x1 − x2γ + x3 = ϕ(ω), ω = x0 + u.

Reduced equation

ω4 + 2µω3 + (γ2 + µ2 + δ2 + 2)ω2 + 2µ(γ2 + 1)ω +

+(γµ− δ)2 + γ2 + 1 = 0.

Solution of the eikonal equation

(x0 + u)4 + 2µ(x0 + u)3 + (γ2 + µ2 + δ2 + 2)(x0 + u)2 +

+2µ(γ2 + 1)(x0 + u) + (γµ− δ)2 + γ2 + 1 = 0.
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2. 〈4X4, P1 −X2 − γX3, P2 +X1 − µX2, γ > 0, µ > 0〉 :

Ansatz

x3(x0 + u)2 − (γx1 − µx3)(x0 + u)− γµx1 − x2γ + x3 =

= ϕ(ω), ω = x0 + u.

Reduced equation

ω4+2µω3+(γ2+µ2+2)ω2+2µ(γ2+1)ω+γ2(µ2+1)+1 =

= 0.

Solution of the eikonal equation

(x0 + u)4 + 2µ(x0 + u)3 + (γ2 + µ2 + 2)(x0 + u)2 +

+2µ(γ2 + 1)(x0 + u) + γ2(µ2 + 1) + 1 = 0.

3. 〈4X4, P1 −X2, P2 +X1 − µX2 − δX3, δ > 0, µ 6= 0〉 :

Ansatz

x3(x0 + u)2 − (x2δ − µx3)(x0 + u) + δx1 + x3 = ϕ(ω),

ω = x0 + u.

Reduced equation

ω4 + 2µω3 + (δ2 + µ2 + 2)ω2 + 2µω + δ2 + 1 = 0.

Solution of the eikonal equation

(x0 + u)4 + 2µ(x0 + u)3 + (δ2 + µ2 + 2)(x0 + u)2 +

+2µ(x0 + u) + δ2 + 1 = 0.
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4. 〈4X4, P1 −X2, P2 +X1 − δX3, δ > 0〉 :

Ansatz

x3(x0+u)
2−x2δ(x0+u)+δx1+x3 = ϕ(ω), ω = x0+u.

Reduced equation

(ω2 + 1)(ω2 + δ2 + 1) = 0.

Solutions of the eikonal equation

(x0 + u)2 + 1 = 0, (x0 + u)2 + δ2 + 1 = 0.

5. 〈4X4, P1 −X2 − βX3, P2 +X1, β > 0〉 :

Ansatz

x3(x0+u)
2−βx1(x0+u)−βx2+x3 = ϕ(ω), ω = x0+u.

Reduced equation

(ω2 + 1)(ω2 + β2 + 1) = 0.

Solutions of the eikonal equation

(x0 + u)2 + 1 = 0, (x0 + u)2 + β2 + 1 = 0.

As we see, the left hand sides of the Ansatzes (1)–(5)
are polinomials in invariant ω = x0 + u. The reduced
equations are also polinomials in variable ω, but with
the constant coefficients. The solutions of the eikonal
equation are also polinomials in variable x0 + u with
the constant coefficients.
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6. 〈4X4, P1 −X2, P2 +X1 − µX2, µ 6= 0〉 :

Ansatz

x3(x0 + u)2 + µx3(x0 + u) + x3 = ϕ(ω), ω = x0 + u.

Reduced equation

(ω2 + µω + 1)2 = 0.

Solution of the eikonal equation

u = −1

2

(
µ+ (µ2 − 4)1/2

)
− x0.

7. 〈2µX4, P3 −X2, X1 + µX3, µ > 0〉 :

Ansatz

x2 −
x3 − µx1
x0 + u

= ϕ(ω), ω = x0 + u.

Reduced equation

ω2(ω2 + µ2 + 1) = 0.

Solutions of the reduced equation

ω = 0, ω2 + µ2 + 1 = 0.

Solutions of the eikonal equation

u = −x0, (x0 + u)2 + µ2 + 1 = 0.

It should be noted that subalgebras (1)–(7) belong to the
Lie algebra of the extended Galilei group G̃(1, 3) ⊂ P (1, 4).

Reductions to equations, which can be splitted on two
linear ODEs

Taking into account the invariants of five nonconjugate
subalgebras, we constructed the ansatzes, which reduced the
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eikonal equation to those, which could be splitted on two lin-
ear ODEs.

1. 〈2µX4, P3, X1 + µX3, µ > 0〉 :

Ansatz

x0 + u = ϕ(ω), ω = x2.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.

2. 〈2X4, P3 − L3, X3〉 :

Ansatz

x0 + u = ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.
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3. 〈2X4, P3 −X1, X3〉 :

Ansatz

x0 + u = ϕ(ω), ω = x2.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.

4. 〈−2αX4, L3 + αX3, P3, α > 0〉 :

Ansatz

x0 + u = ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.

5. 〈4X4, P1 −X2, P2 +X1〉 :

Ansatz

x0 + u = ϕ(ω), ω = x3.
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Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.

Let us note that, in the cases (1)–(5), we obtained the
same reduced equation. The solutions of the eikonal equation
are also the same.

It should be noted that subalgebras (1)–(5) belong to the
Lie algebra of the extended Galilei group G̃(1, 3) ⊂ P (1, 4).

Reductions to nonlinear ODEs

From the invariants of four nonconjugate subalgebras, we
constructed the ansatzes, which reduced the eikonal equation
to nonlinear ODEs.

1. 〈2µX4, P3 − 2X0, X1 + µX3, µ > 0〉 :

Ansatz

(x0 + u)2 + 4x3 − 4µx1 = ϕ(ω), ω = x2.

Reduced equation

(ϕ′)2 + 16(µ2 + 1) = 0.

Solutions of the reduced equation

ϕ(ω) = 4iε(µ2 + 1)1/2ω + c1, ε = ±1.

Solutions of the eikonal equation

u = 2
(
iεx2

√
µ2 + 1 + µx1 − x3 + c1

)1/2
− x0, ε = ±1.
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2. 〈2X4, P3 − L3 − 2αX0, X3, α > 0〉 :

Ansatz

2α arctan
x1
x2
− x0 − u = ϕ(ω), ω = (x21 + x22)

1/2.

Reduced equation

ω2(ϕ′)2 + 4α2 = 0.

Solutions of the reduced equation

ϕ(ω) = 2iεα ln(ω) + c1, ε = ±1.

Solutions of the eikonal equation

u = 2α arctan
x1
x2

+ iεα ln(x21 + x22)− x0 + c1, ε = ±1.

3. 〈−2βX4, L3 + βX3, P3 − 2X0, β > 0〉 :

Ansatz

β arctan
x1
x2

+
1

4
(x0+u)

2+x3 = ϕ(ω), ω = (x21+x
2
2)

1/2.

Reduced equation

ω2(ϕ′)2 + ω2 + β2 = 0.

Solutions of the reduced equation

ϕ(ω) = iε
√
ω2 + β2 − iεβarctanh β√

ω2 + β2
+ c1,

ε = ±1.

Solutions of the eikonal equation

β arctan
x1
x2

+
1

4
(x0 + u)2 = iε

√
x21 + x22 + β2 −
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−iεβarctanh β√
x21 + x22 + β2

− x3 + c1, ε = ±1.

4. 〈2X4, P3, X3〉 :

Ansatz

x2 = ϕ(ω1, ω2), ω1 = x0 + u, ω2 = x1.

Reduced equation

ϕ2
2 + 1 = 0.

Solution of the reduced equation

ϕ(ω1, ω2) = iω2 + f(ω1).

Solution of the eikonal equation

x2 = ix1 + f(x0 + u),

where f is an arbitrary smooth function.

It should be noted that subalgebras (1)–(4) belong to the
Lie algebra of the extended Galilei group G̃(1, 3) ⊂ P (1, 4).

There are no reductions

From the invariants of the remaining one nonconjugate
subalgebra it is impossible to construct the ansatz, which re-
duces the eikonal equation. The details on this theme can be
found in Chapter 2.

3.3.4 Lie Algebras of the Type A3,2

In Chapter 2, we have presented two ansatzes, which are
invariant with respect to three-dimensional nonconjugate sub-
algebras of the type A3,2.

By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
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of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reductions to nonlinear ODEs

From the invariants of two nonconjugate subalgebras, we
constructed the ansatzes, which reduced the eikonal equation
to nonlinear ODEs.

1. 〈2βX4, P3, G+ αX1 + βX3, α > 0, β > 0〉 :

Ansatz

x1 − α ln(x0 + u) = ϕ(ω), ω = x2.

Reduced equation

(ϕ′)2 + 1 = 0.

Solutions of the reduced equation

ϕ(ω) = iεω + c1, ε = ±1.

Solutions of the eikonal equation

x1 − α ln(x0 + u) = iεx2 + c1, ε = ±1.

2.
〈
2αX4, λP3,

1

λ
L3 +G+

α

λ
X3, α > 0, λ > 0

〉
:

Ansatz

ln(x0 + u) + λ arctan
x1
x2

= ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

ω2(ϕ′)2 + λ2 = 0.
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Solutions of the reduced equation

ϕ(ω) = iελ ln(ω) + c1, ε = ±1.

Solutions of the eikonal equation

ln(x0+u)+λ arctan
x1
x2

= iε
λ

2
ln(x21+x

2
2)+ c1, ε = ±1.

It should be noted that subalgebras (1) and (2) do not be-
long to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).

There are no reductions

From the invariants of the remaining one nonconjugate
subalgebra it is impossible to construct the ansatz, which re-
duces the eikonal equation. The details on this theme can be
found in Chapter 2.

3.3.5 Lie Algebras of the Type A3,3

In Chapter 2, we have presented four ansatzes, which are
invariant with respect to three-dimensional nonconjugate sub-
algebras of the type A3,3.

By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reductions to equations, which can be splitted on
two linear ODEs

Taking into account the invariants of one nonconjugate
subalgebra, we constructed the ansatz, which reduced the
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eikonal equation to that, which could be splitted on two linear
ODEs.

〈P1, P2, G〉 :

Ansatz
(x20 − x21 − x22 − u2)1/2 = ϕ(ω), ω = x3.

Reduced equation
(ϕ′ − 1)(ϕ′ + 1)ϕ2 = 0.

Solutions of the reduced equation
ϕ(ω) = εω + c, ε = ±1, ϕ = 0.

Solutions of the eikonal equation

(x20 − x21 − x22 − u2)1/2 = εx3 + c1, ε = ±1,

x20 − x21 − x22 − u2 = 0.

It should be noted that subalgebra do not belong to the
Lie algebra of the extended Galilei group G̃(1, 3) ⊂ P (1, 4).

Reductions to nonlinear ODEs

From the invariants of three subalgebras, we constructed
the ansatzes, which reduced the eikonal equation to nonlinear
ODEs.

1. 〈P1, P2, G+ αX3, α > 0〉 :

Ansatz

x3 − α ln(x0 + u) = ϕ(ω), ω = x20 − x21 − x22 − u2.

Reduced equation

4ω (ϕ′)2 + 4αϕ′ − 1 = 0.
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Solutions of the reduced equation

ϕ(ω) = ε(α2 + ω)1/2 − iεα arctan
(α2 + ω)1/2

iα
−

−α
2
lnω + c, ε = ±1.

Solutions of the eikonal equation

x3 − α ln(x0 + u) = ε(x20 − x21 − x22 − u2 + α2)1/2 −

−iεα arctan
(x20 − x21 − x22 − u2 + α2)1/2

iα
−

−α
2
ln(x20 − x21 − x22 − u2) + c, ε = ±1.

2.
〈
P3, X4,

1

λ
L3 +G,λ > 0

〉
:

Ansatz

ln(x0 + u) + λ arctan
x1
x2

= ϕ(ω), ω = (x21 + x22)
1/2.

Reduced equation

ω2(ϕ′)2 + λ2 = 0.

Solutions of the reduced equation

ϕ(ω) = iελ ln(ω) + c, ε = ±1.

Solutions of the eikonal equation

ln(x0 + u) + λ arctan
x1
x2

= iε
λ

2
ln(x21 + x22) + c, ε = ±1.
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3. 〈P3, X4, G+ αX1, α > 0〉 :

Ansatz

x1 − α ln(x0 + u) = ϕ(ω), ω = x2.

Reduced equation

(ϕ′)2 + 1 = 0.

Solutions of the reduced equation

ϕ(ω) = iεω + c, ε = ±1.

Solutions of the eikonal equation

x1 − α ln(x0 + u) = iεx2 + c1, ε = ±1.

It should be noted that subalgebras (1)–(3) do not belong
to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).

There are no reduction

From the invariants of the remaining one nonconjugate
subalgebra it is impossible to construct the ansatz, which re-
duces the eikonal equation. The details on this theme can be
found in Chapter 2.

3.3.6 Lie Algebras of the Type A3,4

From the invariants of all four nonconjugate subalgebras
it is impossible to construct the ansatzes, which reduce the
eikonal equation. More details on this theme can be found in
Chapter 2.

It should be noted that those subalgebras do not belong
to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).
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3.3.7 Lie Algebras of the Type Aa
3,5

The Lie algebra of the group P (1, 4) contains no noncon-
jugate subalgebras of the type Aa3,5.

3.3.8 Lie Algebras of the Type A3,6

In Chapter 2, we have presented 16 ansatzes, which are
invariant with respect to three-dimensional nonconjugate sub-
algebras of the type A3,6.

By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reductions to linear ODEs

The invariants of four subalgebras allow us to construct the
ansatzes, which reduce the eikonal equation to linear ODEs.

1. 〈P1 −X1, P2 −X2, −P3 + L3〉 :

Ansatz

x21 + x22
x0 + u+ 1

+
x23

x0 + u
+ 2u = ϕ(ω), ω = x0 + u.

Reduced equation

ω4(ω + 1)4(ϕ′ − 1) = 0.

Solutions of the reduced equation

ω + 1 = 0, ω = 0, ϕ(ω) = ω + c1.
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Solutions of the eikonal equation

u = −1− x0, u = −x0,
x21 + x22
x0 + u+ 1

+
x23

x0 + u
+ 2u =

= x0 + u+ c1.

2. 〈P1, −P2, − (L3 + αX3) , α > 0〉 :

Ansatz

x20 − x21 − x22 − u2 = ϕ(ω), ω = x0 + u.

Reduced equation

ωϕ′ − ϕ = 0

Solution of the reduced equation

ϕ(ω) = cω.

Solution of the eikonal equation

x20 − x21 − x22 − u2 = c(x0 + u).

3. 〈X1, −X2, P3 − L3〉 :

Ansatz

x20 − x23 − u2 = ϕ(ω), ω = x0 + u.

Reduced equation

ωϕ′ − ϕ = 0.
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Solution of the reduced equation

ϕ(ω) = c1ω.

Solution of the eikonal equation

x20 − x23 − u2 = c1(x0 + u).

4. 〈P1, P2, −P3 + L3〉 :

Ansatz

x20 − x21 − x22 − x23 − u2 = ϕ(ω), ω = x0 + u.

Reduced equation

ωϕ′ − ϕ = 0.

Solution of the reduced equation

ϕ(ω) = c1ω.

Solution of the eikonal equation

x20 − x21 − x22 − x23 − u2 = c1(x0 + u).

It should be noted that subalgebras (1)–(4) belong to the
Lie algebra of the extended Galilei group G̃(1, 3) ⊂ P (1, 4).

Reductions to equations, which can be splitted on two
linear ODEs

Taking into account the invariants of seven nonconjugate
subalgebras, we constructed the ansatzes, which reduced the
eikonal equation to those, which could be splitted on two lin-
ear ODEs.
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1. 〈X1, −X2, − (L3 + 2X4)〉 :

Ansatz

x0 + u = ϕ(ω), ω = x3.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.

2. 〈P1, P2, L3 + 2X4〉 :

Ansatz

x0 + u = ϕ(ω), ω = x3.

Reduced equation

(ϕ′)2 = 0.

Solution of the reduced equation

ϕ(ω) = c1.

Solution of the eikonal equation

u = c1 − x0.

3.
〈
X1, X2, L3 +

1

2
(P3 + C3)

〉
:

Ansatz

(x23 + u2)1/2 = ϕ(ω), ω = x0.
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Reduced equation

(ϕ′ − 1)(ϕ′ + 1)ϕ2 = 0.

Solutions of the reduced equation

ϕ(ω) = εω + c1, ε = ±1, ϕ = 0.

Solutions of the eikonal equation

(x23 + u2)1/2 = εx0 + c, ε = ±1, x23 + u2 = 0.

4.
〈
−X1, X2, −L3 −

λ

2
(P3 + C3), 0 < λ < 1

〉
:

Ansatz

(x23 + u2)1/2 = ϕ(ω), ω = x0.

Reduced equation

(ϕ′ − 1)(ϕ′ + 1)ϕ2 = 0.

Solutions of the reduced equation

ϕ(ω) = εω + c1, ε = ±1, ϕ = 0.

Solutions of the eikonal equation

(x23 + u2)1/2 = εx0 + c1, ε = ±1, x23 + u2 = 0.

5. 〈−X1, X2, − (L3 + λG) , λ > 0〉 :

Ansatz

(x20 − u2)1/2 = ϕ(ω), ω = x3.

Reduced equation

(ϕ′ − 1)(ϕ′ + 1) = 0.
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Solutions of the reduced equation

ϕ(ω) = εω + c1, ε = ±1.

Solutions of the eikonal equation

(x20 − u2)1/2 = εx3 + c1, ε = ±1.

6. 〈X1, −X2, − (L3 + αX3) , α > 0〉 :

Ansatz

u = ϕ(ω), ω = x0.

Reduced equation

(ϕ′ − 1)(ϕ′ + 1) = 0.

Solutions of the reduced equation

ϕ(ω) = εω + c1, ε = ±1.

Solutions of the eikonal equation

u = εx0 + c1, ε = ±1.

7. 〈X1, −X2, P3 − L3 − 2αX0, α > 0〉 :

Ansatz

(x0 + u)3 + 6αx3(x0 + u) + 6α2(x0 − u) = ϕ(ω),

ω = (x0 + u)2 + 4x3α.

Reduced equation

4(ϕ′)2 − 9ω = 0.

Solutions of the reduced equation

ϕ(ω) = εω3/2 + c, ε = ±1.
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Solutions of the eikonal equation

(x0 + u)3 + 6αx3(x0 + u) + 6α2(x0 − u) =

= ε
(
(x0 + u)2 + 4αx3

)3/2
+ c1, ε = ±1.

Reductions to nonlinear ODEs

From the invariants of three nonconjugate subalgebras, we
constructed the ansatzes, which reduced the eikonal equation
to nonlinear ODEs.

1.
〈
X1,−X2,−L3 −

1

2
(P3 + C3)− α(X0 +X4), α > 0

〉
:

Ansatz

α arctan
x3
u
− x0 = ϕ(ω), ω = (x23 + u2)1/2.

Reduced equation

ω4
(
ω2(ϕ′)2 − ω2 + α2

)
= 0.

Solutions of the reduced equation

ω = 0, ϕ(ω) = ε
√
ω2 − α2 − iεαarctanh iα√

ω2 − α2
+

+c, ε = ±1.

Solutions of the eikonal equation

x23 + u2 = 0, α arctan
x3
u
− x0 = ε

√
x23 + u2 − α2 −

−iεαarctanh iα√
x23 + u2 − α2

+ c, ε = ±1.
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2.
〈
X1, X2, L3 +

λ

2
(P3 + C3) + α(X0 +X4), α > 0,

0 < λ < 1〉 :

Ansatz

α arctan
x3
u
− λx0 = ϕ(ω), ω = (x23 + u2)1/2.

Reduced equation

ω4
(
ω2(ϕ′)2 − λ2ω2 + α2

)
= 0.

Solutions of the reduced equation

ω = 0, ϕ(ω) = ε
√
λ2ω2 − α2 −

−iεαarctanh iα√
λ2ω2 − α2

+ c, ε = ±1.

Solutions of the eikonal equation

α arctan
x3
u
− λx0 = ε

√
λ2(x23 + u2)− α2 −

−iεαarctanh iα√
λ2(x23 + u2)− α2

+ c, ε = ±1,

x23 + u2 = 0.

3. 〈X1, X2, L3 + λG+ αX3, α > 0, λ > 0〉 :

Ansatz

λx3 − α ln(x0 + u) = ϕ(ω), ω = (x20 − u2)1/2.

Reduced equation

ω(ω(ϕ′)2 + 2αϕ′ − λ2ω) = 0.
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Solutions of the reduced equation

ω = 0, ϕ(ω) = ε
√
λ2ω2 + α2−εαarctanh α√

λ2ω2 + α2
−

−α ln(ω) + c1, ε = ±1.

Solutions of the eikonal equation

x20−u2 = 0, λx3−α ln(x0+u) = ε
√
λ2(x20 − u2) + α2−

−εαarctanh α√
λ2(x20 − u2) + α2

− α

2
ln(x20 − u2) + c1,

ε = ±1.

It should be noted that subalgebras (1)–(3) do not belong
to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).

Reductions to PDEs

From the invariants of two nonconjugate subalgebras, we
constructed the ansatzes, which reduced the eikonal equation
to PDEs.

1. 〈X1, X2, L3〉 :

Ansatz

u = ϕ(ω1, ω2), ω1 = x0, ω2 = x3.

Reduced equation

ϕ2
1 − ϕ2

2 − 1 = 0.

Solutions of the reduced equation

ϕ(ω1, ω2) = ε
√
c22 + 1ω1 + c2ω2 + c1 + c2, ε = ±1.
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Solutions of the eikonal equation

u = ε
√
c22 + 1x0 + c2x3 + c1 + c2, ε = ±1.

2. 〈P1, P2, L3〉 :

Ansatz

x3 = ϕ(ω1, ω2), ω1 = x0 + u, ω2 = x20 − x21 − x22 − u2.

The reduced equation

4ω2ϕ
2
2 + 4ω1ϕ1ϕ2 − 1 = 0.

Solutions of the reduced equation

ϕ(ω1, ω2) = c1 lnω1 − ε(ω2 + c21)
1/2 +

+iεc1 arctan

√
ω2 + c21
ic1

− c1
2
lnω2 + c2, ε = ±1.

Solutions of the eikonal equation

x3 = c1 ln(x0 + u)− ε(x20 − x21 − x22 − u2 + c21)
1/2 +

+iεc1 arctan

√
x20 − x21 − x22 − u2 + c21

ic1
−

−c1
2
ln(x20 − x21 − x22 − u2) + c2, ε = ±1.

As we see, in the above two cases, the reduced equations
are PDEs. The reason is that the subalgebras corresponding
to them have rank 2. Therefore, they have three invariants.
As a rule, the ansatzes, which can be constructed with the
help of those invariants, reduce the eikonal equation to PDEs.

It should be noted that subalgebras (1) and (2) belong
to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).
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There are no reductions

From the invariants of the remaining two nonconjugate
subalgebras it is impossible to construct the ansatzes, which
reduce the eikonal equation. The details on this theme can be
found in Chapter 2.

3.3.9 Lie Algebras of the Type Aa
3,7

In Chapter 2, we have presented two ansatzes, which are
invariant with respect to three-dimensional nonconjugate sub-
algebras of the type Aa3,7.

By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reductions to equations, which can be splitted on two
linear ODEs

Taking into account the invariants of one nonconjugate
subalgebra, we constructed the ansatz, which reduced the
eikonal equation to that, which could be splitted on two linear
ODEs.

〈P1, P2, L3 + λG, λ > 0〉 :

Ansatz

(x20 − x21 − x22 − u2)1/2 = ϕ(ω), ω = x3.

Reduced equation

(ϕ′ − 1)(ϕ′ + 1)ϕ2 = 0.

Solutions of the reduced equation

ϕ(ω) = εω + c1, ε = ±1, ϕ = 0.
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Solutions of the eikonal equation

(x20−x21−x22−u2)1/2 = εx3+c1, ε = ±1, x20−x21−x22−u2 = 0.

It should be noted that the subalgebra do not belongs
to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).

Reductions to nonlinear ODEs

From the invariants of one nonconjugate subalgebra, we
constructed the ansatz, which reduced the eikonal equation
to nonlinear ODE.

〈P1, P2, L3 + λG+ αX3, α > 0, λ > 0〉 :

Ansatz

λx3 − α ln(x0 + u) = ϕ(ω), ω = x20 − x21 − x22 − u2.

The reduced equation

4ω (ϕ′)2 + 4αϕ′ − λ2 = 0.

Solutions of the reduced equation

ϕ(ω) = ε(λ2ω + α2)1/2 − iεα arctan

√
λ2ω + α2

iα
− α

2
lnω +

+c, ε = ±1.

Solutions of the eikonal equation

λx3 − α ln(x0 + u) = ε(λ2(x20 − x21 − x22 − u2) + α2)1/2 −

−iεα arctan

√
λ2(x20 − x21 − x22 − u2) + α2

iα
−

−α
2
ln(x20 − x21 − x22 − u2) + c, ε = ±1.
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It should be noted that the subalgebra do not belongs
to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).

3.3.10 Lie Algebras of the Type A3,8

In Chapter 2, we have presented only one ansatz, which
is invariant with respect to three-dimensional nonconjugate
subalgebra of the type A3,8.

By now, we performed the symmetry reduction of the
eikonal equation to differential equation with a fewer number
of independent variables using this ansatz. Some invariant
solutions are constructed.

Below, we present the results obtained.

Reductions to PDEs

From the invariants of one nonconjugate subalgebra, we
constructed the ansatz, which reduced the eikonal equation
to PDE.

〈P3, G, −C3〉 :

Ansatz

(x20 − x23 − u2)1/2 = ϕ(ω1, ω2), ω1 = x1, ω2 = x2.

Reduced equation

ϕ2(ϕ2
1 + ϕ2

2 − 1) = 0.

Solutions of the reduced equation

ϕ(ω1, ω2) = 0, ϕ(ω1, ω2) = ε
√

1− c22 ω1 + c2ω2 + c1,

ε = ±1.
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Solutions of the eikonal equation

x20 − x23 − u2 = 0, (x20 − x23 − u2)1/2 = ε(1− c22)1/2x1 + c2x2 +

+c1, ε = ±1.

As we see, the reduced equation is PDEs. As above, the
reason is that the corresponding subalgebra has rank 2.

It should be noted that the subalgebra do not belongs
to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).

3.3.11 Lie Algebras of the Type A3,9

In Chapter 2, we have presented two ansatzes, which are
invariant with respect to three-dimensional nonconjugate sub-
algebras of the type A3,9.

By now, we performed the symmetry reduction of the
eikonal equation to differential equations with a fewer number
of independent variables using those ansatzes. Some classes
of invariant solutions are constructed.

Below, we present the results obtained.

Reductions to equations, which can be splitted on two
linear ODEs

Taking into account the invariants of one nonconjugate
subalgebra, we constructed the ansatz, which reduced the
eikonal equation to that, which could be splitted on two linear
ODEs.〈
−1

2

(
L3 +

1

2
(P3 + C3)

)
,
1

2

(
L2 +

1

2
(P2 + C2)

)
,

1

2

(
L1 +

1

2
(P1 + C1)

)〉
:
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Ansatz

(x21 + x22 + x23 + u2)1/2 = ϕ(ω), ω = x0.

Reduced equation

(ϕ′ − 1)(ϕ′ + 1)ϕ2 = 0.

Solutions of the reduced equation

ϕ(ω) = εω + c1, ε = ±1, ϕ = 0.

Solutions of the eikonal equation

(x21+x
2
2+x

2
3+u

2)1/2 = εx0+c1, ε = ±1, x21+x
2
2+x

2
3+u

2 = 0.

It should be noted that the subalgebra do not belongs
to the Lie algebra of the extended Galilei group G̃(1, 3) ⊂
P (1, 4).

Reductions to PDEs

From the invariants of one nonconjugate subalgebra, we
constructed the ansatz, which reduced the eikonal equation
to PDE.

〈−L3, −L2, −L1〉 :

Ansatz

u = ϕ(ω1, ω2), ω1 = x0, ω2 = (x21 + x22 + x23)
1/2.

Reduced equation

ϕ2
1 − ϕ2

2 − 1 = 0.

Solutions of the reduced equation

ϕ(ω1, ω2) = ε
√
c22 + 1ω1 + c2ω2 + c1, ε = ±1.
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Solutions of the eikonal equation

u = ε(c22 + 1)1/2x0 + c2(x
2
1 + x22 + x23)

1/2 + c1, ε = ±1.

As we see, the reduced equation is PDEs. As above, the
reason is that the corresponding subalgebra has rank 2.

It should be noted that the subalgebra belongs to the Lie
algebra of the extended Galilei group G̃(1, 3) ⊂ P (1, 4).
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