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PREFACE

In the opening chapter by Victor Martinez-Luaces, two kinds of matrices
related to chemical problems are examined and an outline of their main
properties about their eigenvalues is exhibited in order to demonstrate that all
the ODE solutions are either stable or asymptotically stable. In chapter two by
Ivan Kyrchei, the Cramer rules for the weighted Moore-Penrose solutions of
left and right systems of quaternion linear equations are obtained. Next, in
chapter three, Tadeusz Antczak showcases numerous sets of saddle point
criteria for a new class of nonconvex nonsmooth discrete minimax fractional
programing problems. Marcia de F. B. Binelo, Airam T. Z. R. Sausen, Paulo S.
Sausen, and Manuel O. Binelo provide a summary of electric mathematical
models used for the prediction of batteries charge and discharge behavior in
chapter four. In chapter five, general methodology for the precise modeling
and performance assessment of launch vehicles dedicated to microsatellites is
proposed by M. Pontani, M. Palloney, and P. Teofilattoz. In chapter six,
Nodari Vakhania exemplifies ties and relationships among some optimization
problems such as scheduling and transportation issues. In chapter seven, a
geometry without using points in established by N. L. Bushwick, bringing the
book to a close.

In Chapter 1, two kinds of matrices related to chemical problems are
analyzed. Firstly, the focus will be put on first order chemical kinetics
mechanisms (FOCKM), which are modeled through ODE linear systems,
where their associated matrices (FOCKM-matrices) have a particular structure.
A summary of the main properties of their eigenvalues will be discussed in
this Chapter. Taking into account these results it is possible to prove that all
the ODE solutions are stable or asymptotically stable.

Complimentary Contributor Copy



viii Albert R. Baswell

The second class of problems to consider are mixing problems (MP), also
analyzed in previous works. These problems led to linear ODE systems, for
which the associated matrices (MP-matrices) have different structures depending
on whether or not there is recirculation of fluids. It can be observed that all the
matrix eigenvalues have a non-positive real part and if the mixing problem
involves three or less components, then all the eigenvalues have a negative real
part and so, the corresponding ODE solutions are asymptotically stable.

Both types of matrices (FOCKM and MP matrices) have similarities and
differences and the latter are important enough to obtain different qualitative
behaviors of the ODE solutions as analyzed in Chapter 1.

The theory of noncommutative column-row determinants (previously
introduced by the author) is extended to determinantal representations of the
weighted Moore-Penrose inverse over the quaternion skew field in Chapter 2.
To begin with, the authors introduce the weighted singular value
decomposition (WSVD) of a quaternion matrix.

Similarly as the singular value decomposition can be used for expressing
the Moore-Penrose inverse, Chapter 2 gives the representation of the weighted
Moore-Penrose inverse by WSVD. Using this representation, limit and
determinantal representations of the weighted Moore-Penrose inverse of a
quaternion matrix are derived within the framework of the theory of column-
row determinants. By using the obtained analogs of the adjoint matrix, the
authors get the Cramer rules for the weighted Moore-Penrose solutions of left
and right systems of quaternion linear equations, and for solutions of two-
sided restricted quaternion matrix equation in all cases with respect to
weighted matrices.

Numerical examples to illustrate the main results are given.

In Chapter 3, the authors present several sets of saddle point criteria for a
new class of nonconvex nonsmooth discrete minimax fractional programming

problems in which the involving functions are (‘P,CD,p)-univex and/or

(‘I’, D, p) -pseudounivex. The results extend and generalize the corresponding

results established earlier in the literature for such nonsmooth optimization
problems.

Battery behavior modeling, under different use conditions, can be
relatively complex due to the nonlinear nature of the charge and discharge
processes. Understanding these dynamics by leveraging mathematical models,
favors the development of more efficient batteries and also provides tools for
software developers to better manage device resources. A review of electrical
mathematical models used in the prediction of battery charge and discharge
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behavior is presented in Chapter 4. The class of electrical models has been
used in various battery modeling applications, including mobile devices and
electrical vehicles. The scientific investigation of such models is motivated by
their capacity to provide important electrical information such as current,
voltage, state of charge, and also some nonlinear aspects of the problem while
keeping a relatively low complexity. Six subclasses of electrical models
(Simple models, Thévenin-based models, Impedance-based models, Runtime-
based models, Combined models and Generic models) along with a discussion
of the main characteristics of each. This will demonstrate the evolution of
electrical models through successive modification and combination, resulting
in varying levels of accuracy and complexity.

Multistage launch vehicles of reduced size, such as "Super Strypi" or
"Sword", are currently investigated for the purpose of providing launch
opportunities for microsatellites. Chapter 5 proposes a general methodology
for the accurate modeling and performance evaluation of launch vehicles
dedicated to microsatellites. For illustrative purposes, the approach at hand is
applied to the Scout rocket, a micro-launcher used in the past. Aerodynamics
and propulsion are modeled with high fidelity through interpolation of
available data. Unlike the original Scout, the terminal optimal ascent path is
determined for the upper stage, using a firework algorithm in conjunction with
the Euler-Lagrange equations and the Pontryagin minimum principle.
Firework algorithms represent a recently-introduced heuristic technique, not
requiring any starting guess and inspired by the firework explosions in the
night sky. The numerically results prove that this methodology is easy-to-
implement, robust, precise and computationally effective, although it uses an
accurate aerodynamic and propulsive model.

Scheduling and transportation problems are important real-life problems
having a wide range of applications in production process, computer systems
and routing optimization when the goods are to be distributed to the customers
using scarce available resources. In Chapter 6, the authors illustrate ties and
relationships among some of these optimization problems. They consider
scheduling problem with release and due dates, batch scheduling and vehicle
routing problems. As the authors will show here, although these problems
seem to have a little in common, a closer look at their parametric and
structural properties can give us more insight into the “hidden” ties among
these problems that may lead to efficient solution methods.

The construction presented in Chapter 7, like systems of Aristotelian
continua presented elsewhere, is designed to establish a geometry without
using points. However, it goes further in that the foundation consists of
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elements that are completely abstract, rather than line segments whose
universe is a line. Furthermore, the result could be modified to represent
elements and spaces of multiple dimensions.
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Chapter 2

DETERMINANTAL REPRESENTATIONS OF
THE QUATERNION WEIGHTED
MOORE-PENROSE INVERSE
AND ITS APPLICATIONS

Ivan I. Kyrchei*
Pidstrygach Institute for Applied Problems
of Mechanics and Mathematics of NAS of Ukraine,
Lviv, Ukraine

Abstract

The theory of noncommutative column-row determinants (previously
introduced by the author) is extended to determinantal representations of
the weighted Moore-Penrose inverse over the quaternion skew field in
the chapter. To begin with, we introduce the weighted singular value de-
composition (WSVD) of a quaternion matrix. Similarly as the singular
value decomposition can be used for expressing the Moore-Penrose in-
verse, we give the representation of the weighted Moore-Penrose inverse
by WSVD. Using this representation, limit and determinantal representa-
tions of the weighted Moore-Penrose inverse of a quaternion matrix are
derived within the framework of the theory of column-row determinants.
By using the obtained analogs of the adjoint matrix, we get the Cramer
rules for the weighted Moore-Penrose solutions of left and right systems

*Corresponding Author Email: kyrchei@online.ua.
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36 Ivan I. Kyrchei

of quaternion linear equations, and for solutions of two-sided restricted
quaternion matrix equation in all cases with respect to weighted matrices.
Numerical examples to illustrate the main results are given.

1. Introduction

Let R and C be the real and complex number fields, respectively. Throughout
the paper, we denote the set of all m X n matrices over the quaternion skew field

2

H = {ag + a1 + azj + ask|i* = j* = k* = —1, ag, a1, as, a3 € R}

by H™*", and by H'"*™ the set of all m x n matrices over H with a rank 7.
Let M (n, H) be the ring of n x n quaternion matrices and I be the identity
matrix with the appropriate size. For A € H"*™, we denote by A*, rank A the
conjugate transpose (Hermitian adjoint) matrix and the rank of A. The matrix
A = (a;;) € H"*" is Hermitian if A* = A.

The definitions of the generalized inverse matrices can be extended to
quaternion matrices as follows.

The Moore-Penrose inverse of A € H™*", denoted by A, is the unique
matrix X € H™*™ satisfying the following equations [1],

AXA = A; (1)
XAX =X; (2)
(AX)" = AX; 3)
(XA)" = XA. 4)

Let Hermitian positive definite matrices M and N of order m and n, respec-
tively, be given. For A € H"™*", the weighted Moore-Penrose inverse of A
is the unique solution X = AL n of the matrix equations (1) and (2) and the
following equations in X [2]: ,

(3M) (MAX)* = MAX; (4N) (NXA)* = NXA.

In particular, when M = I,,, and N = I,,, the matrix X satisfying the equations
(1), (2), (3M), (4N) is the Moore-Penrose inverse A .

It is known various representations of the weighted Moore-Penrose. In
particular, limit representations have been considered in [3,4]. Determinan-
tal representations of the complex (real) weighted Moore-Penrose have been
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Determinantal Representations of the Quaternion ... 37

derived by full-rank factorization in [5], by limit representation in [6] using
the method first introduced in [7], and by minors in [8]. A basic method for
finding the Moore-Penrose inverse is based on the singular value decompo-
sition (SVD). It is available for quaternion matrices, (see, e.g. [9, 10]). The
weighted Moore-Penrose inverse Ajw N € C™*™ can be explicitly expressed
by the weighted singular value decomi)osition (WSVD) which at first has been
obtained in [11] by Cholesky factorization. In [12], WSVD of real matrices
with singular weights has been derived using weighted orthogonal matrices and
weighted pseudoorthogonal matrices.

But why determinantal representations of generalized inverses are so im-
portant? When we return to the usual inverse, its determinantal representation
is the matrix with cofactors in entries that gives direct method of its finding and
makes it applicable in Cramer’s rule for systems of linear equations. The same
be wanted for generalized inverses. But there is not so unambiguous even for
complex or real matrices. Therefore, there are various determinantal representa-
tions of generalized inverses because of looking of their explicit more applicable
expressions (see, e.g. [13]).

The understanding of the problem for determinantal representing of general-
ized inverses as well as solutions and generalized inverse solutions of quaternion
matrix equations, only now begins to be decided due to the theory of column-
row determinants introduced in [10, 14]. Within the framework of the theory of
noncommutative column-row determinants and using SVD of quaternion matri-
ces, the limit and determinantal representations of the Moore-Penrose inverse
over the quaternion skew field have been obtained in [15].

Song at al. [16, 17] have studied the weighted Moore-Penrose inverse over
the quaternion skew field and obtained its determinantal representation within
the framework of the theory of column-row determinants as well. But WSVD of
quaternion matrices has not been considered and for obtaining a determinantal
representation there was used auxiliary matrices which different from A, and
weights M and N.

Weighted singular value decomposition (WSVD) and a representation of
the weighted Moore-Penrose inverse of a quaternion matrix by WSVD recently
have been derived by the author in [18]. The main goals of the chapter are
introducing WSVD of quaternion matrices and representation of the weighted
Moore-Penrose inverse over the quaternion skew field by WSVD, and then with
their help, obtaining its limit and determinantal representations. As applications
obtained determinantal representations, we give analogs of Cramer’s rule for
left and right systems of quaternion linear equations, the quaternion restricted
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38 Ivan I. Kyrchei

matrix equation AXB = D, and consequently, AX = D and XB = D.

It need to note that currently the theory of column-row determinants of
quaternion matrices is active developing. Within the framework of column-row
determinants, determinantal representations of various kind of generalized in-
verses, (generalized inverses) solutions of quaternion matrix equations recently
have been derived as by the author (see, e.g. [19-23]) so by other researchers
(see, e.g. [24-27]).

In this chapter we shall adopt the following notation.

Leta:={ay,...,ar} C{1,....m}and B := {f,..., 0k} C {1,...,n}
be subsets of the order 1 < k& < min {m,n}. By Aj denote the submatrix of
A determined by the rows indexed by «, and the columns indexed by 3. Then,
A ¢ denotes a principal submatrix determined by the rows and columns indexed
by a. If A € M (n,H) is Hermitian, then by |A%| denote the corresponding
principal minor of det A, since A & is Hermitian as well. For 1 < k < n, denote
byLyy :={a:a=(a,...,on), 1 <a; <...<a, <n}thecollection of
strictly increasing sequences of k integers chosen from {1,...,n}. For fixed
1 €aandj € G, let

I n{i} ={a:aclyymica}l, . {jt:={B:8€L,jcpl}

The chapter is organized as follows. We start with some basic concepts and
results from the theory of row-column determinants in Section 2. Some pro-
visions of quaternion matrices and quaternion vector spaces are considered in
Section 3. Weighted singular value decomposition and a representation of the
weighted Moore-Penrose inverse of quaternion matrices by WSVD are consid-
ered in Subsection 4.1, and its limit representations in Subsection 4.2. In Section
5, we give the determinantal representations of the weighted Moore-Penrose in-
verse in both different cases. In Subsection 5.1, the matrices N~ A*MA and
AN-LA*M are Hermitian, and they are non-Hermitian in Subsection 5.2. In
Section 6, we obtain explicit representation formulas of the weighted Moore-
Penrose solutions (analogs of Cramer’s rule) of the left and right systems of
linear equations over the quaternion skew field. In Section 7, we give analogs
of Cramer’s rule for the quaternion restricted matrix equation AXB = D, and
consequently, AX = D and XB = D. We consider all possible cases. In
Section 8, we give numerical examples to illustrate the main results.
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Determinantal Representations of the Quaternion ... 39

2. Preliminaries

For a quadratic matrix A = (a;;) € M (n, H) can be define n row determinants
and n column determinants as follows.
Suppose S, is the symmetric group on the set I,, = {1,...,n}.

Definition 2.1. [14] The ith row determinant of A = (a;;) € M (n,H) is
defined foralli = 1,...,n by putting

n—r
rdetiA = E (—1) (aiikl aiklik1+1 .. .aikl_Hli) . (aik,\ik,\+1 . aik1‘+11‘ik1‘)7
ogES,

0 = (Uiky ik +1 - Ty ty) (P Thott - - - Thatts ) - - - (Bl Tt - - -y, )

with conditions ig, < ip, < ... < iy, and iy, < ig,4sfort =2,...,rand
S = 1, ey lt.

Definition 2.2. [14] The jth column determinant of A = (a;;) € M (n, H) is
defined forall j = 1, ..., n by putting

n—r
cdet; A =" (=" (@4, jrrs, - Gigrin,) - (@ Gy iy Qs i, Gy
TESH

T = (Jrotly - Jhot 1Tk, ) - (kb - Jhat1Jk) (katty - Jhat17803) 5

with conditions, jk, < Jrys < ... < Jk,. and jJr, < Jr,+sfort =2,...,r and
S = 1, ey lt.

Suppose A%/ denotes the submatrix of A obtained by deleting both the ith
row and the jth column. Let a ; be the jth column and a; be the ith row of
A. Suppose A ; (b) denotes the matrix obtained from A by replacing its jth
column with the column b, and A; (b) denotes the matrix obtained from A by
replacing its ¢th row with the row b. We note some properties of column and
row determinants of a quaternion matrix A = (a;;), where i € I,,, j € J,, and
I,=J,={1,...,n}.

Proposition 2.1. [14]Ifb € H, then

rdet;A; (b-a; ) =b-rdet;A,
cdet; A ; (a; - b) = cdet; A - b,

foralli=1,...,n.
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Proposition 2.2. [14] If for A € M (n,H) there exists t € I, such that
agj = bj+cj forall j =1,...,n, then

rdet; A = rdet; A; (b) + rdet; A; (c),
cdet; A = cdet; Ay (b) 4 cdet; Ay (c),

where b = (by,...,b,), c = (c1,...,¢q) andforalli=1,...,n.

Proposition 2.3. [14] If for A € M (n,H) there exists t € J, such that
a;t =b;+ciforalli =1,...,n, then

rdet; A =rdet; A 4 (b) +rdet; A ;(c),
cdet; A = cdetj A 4 (b) + cdet; A 4 (c),

where b = (by,...,by)T, c=(c1,...,co)  andforallj =1,...,n.

n n
Remark 2.1. Let rdet; A = ) a;; - R;j and cdet; A = 3 L;j - a;; for all
j=1 i=1
i,j=1,...,n, where by R;; and L;; denote the right and left (ij)th cofactors
of A € M (n,H), respectively. It means that rdet; A can be expand by right
cofactors along the ith row and cdet;A can be expand by left cofactors along
the jth column, respectively, forallv,j =1,...,n.

The main property of the usual determinant is that the determinant of a non-
invertible matrix must be equal zero. But the row and column determinants
don’t satisfy it, in general. Therefore, these matrix functions can be consider as
some pre-determinants. The following theorem has a key value in the theory of
the column and row determinants.

Theorem 2.1. [14] If A = (a;;) € M (n,H) is Hermitian, then rdet; A =
... =rdet, A = cdet{A = - -- = cdet,, A € R.

Due to Theorem 2.1, we can define the determinant of a Hermitian matrix
A € M (n, H) by putting,

det A := rdet; A = cdet; A, (5)

forall7 =1,...,n. By using its row and column determinants, the determinant
of a quaternion Hermitian matrix has properties similar to the usual determinant.
These properties are completely explored in [14] and can be summarized in the
following theorems.
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Theorem 2.2. If the ith row of a Hermitian matrix A € M (n, H) is replaced
with a left linear combination of its other rows, i.e. a; = ci1a;, + ...+ cpay, ,
where ¢; € H foralll =1, ...,k and {i,i;} C I, then

rdet; A; (c1a,. + ...+ cpa;, ) = cdet; A, (cray,, + ...+ cpa;,. ) = 0.

Theorem 2.3. If the jth column of a Hermitian matrix A € M (n,H) is
replaced with a right linear combination of its other columns, i.e. a; =
ajci+...+ajcy wherecp € Hforalll = 1,... k and {j,5i} C Jy,
then

cdet; A j(ajc1+...+aj.cp) =rdet; Aj(ajci+...+ajcp) =0.

The following theorem about determinantal representation of an inverse ma-
trix of Hermitian follows immediately from these properties.

Theorem 2.4. [14] If a Hermitian matrix A € M (n, H) is such that det A #
0, then there exist a unique right inverse matrix (RA)~" and a unique left in-
verse matrix (LA)™, and (RA)™" = (LA)™' =: A~ which possess the
following determinantal representations:

Rll R21 . Rnl
- 1 Ris Ros -+ Rpo
A=
(RA) detA | --- - o ] (6)
Rln R2n e Rnn
Ly Lan Ln
- 1 L L N
LA) ' = 12 Lo "o ;
Lln L2n N Lnn

n n
where det A = z aij . Rij = z Lij . aij,
j=1 i=1
R [ rdetj Al (), i# G f —edet; A (a;), i# ),
S rdety A**, 1=17, S cdet, AJJ, 1=7.
The submatrix Az; (a.;) is obtained from A by replacing the jth column with
the ith column and then deleting both the ith row and column, Af] (aj.) is
obtained by replacing the ith row with the jth row, and then by deleting both the

jth row and column, respectively. I, = {1,...,n}, k = min{I, \ {i}}, forall
iji=1,...,n
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Theorem 2.5. [14] If an arbitrary column of A € H™*" is a right linear
combination of its other columns, or an arbitrary row of A* is a left linear
combination of its others, then det A*A = 0.

Theorem 2.6. [14] The right-linearly independence of columns of A € H™*"™

or the left-linearly independence of rows of A* is the necessary and sufficient
condition for det A*A # 0.

Theorem 2.7. If A € M (n, H), then det AA* = det A*A.

Definition 2.3. For A € M (n, H), the double determinant of A is defined by
putting, ddet A := det AA* = det A*A.

Theorem 2.8. The necessary and sufficient condition of invertibility of A €
M(n, H) is ddetA # 0. Then there exists A~* = (LA) ™' = (RA) ™", where

Lll L21 . Lnl
_ _ 1 L L ... L
(LA) ( ) ddetA ce e e
Lln L2n cee Lnn
RH RQl . Rnl
_ _ 1 R R ... R
RA 1:A* AA* 1 _ 12 22 n2
(RA) ( ) ddet A* e e e
Rln RQn cee Rnn

and

Lz‘j = Cdetj(A*A)‘j (a*z) s R ij = rdetz(AA*)z (a}“) s

foralli,j=1,...,n.

Moreover, the following criterion of invertibility of a quaternion matrix can
be obtained.

Theorem 2.9. If A € M (n, H), then the following statements are equivalent.
i) A isinvertible, i.e. A € GL (n,H);
ii) rows of A are left-linearly independent;
iii) columns of A are right-linearly independent;

iv) ddet A # 0.
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2.1. Some Provisions of Quaternion Matrices and Quaternion
Vector Spaces

Due to real-scalar multiplying on the right, quaternion column-vectors form
a right vector R-space, and, by real-scalar multiplying on the left, quater-
nion row-vectors form a left vector R-space. Moreover, we define right and
left quaternion vector spaces, denoted by H,. and H;, respectively, with corre-
sponding H-valued inner products (-, -) which satisfy, for every o, § € H, and
X,y,z € H,.(H;), the relations:

(x,y) = (y,x);

(x,x)>0€cR and [|x]?:= (x,x) =0 < x=0;

(ax + By, z) = a(x,z) + f(y,z) whenx,y,z € H;;
(x,ya+zf3) =a(x,y) + B(x,z) whenx,y,z€H,

<X7 ay + BZ> = <X7 Y>a+ <Y7 Z>B when X,y,z¢€ Hl-

It can be achieved by putting (x,y), = y;x1 + -+ + y,x, for x =
(zi)iyy = (yi)iey € Hp,and (X, y); = 217y + - - - + 2,7, forx,y € H;.

The right vector spaces H,. possess the Gram-Schmidt process which takes
a nonorthogonal set of linearly independent vectors S = {vy, ..., v} fork <n
and constructs an orthogonal (or orthonormal) basis S° = {uy, ..., uy} that
spans the same k-dimensional subspace of H, as S. To H,, the following pro-
jection operator is defined by

which orthogonally projects the vector v onto the line spanned by the vector u.
Then, the GramSchmidt process works as follows:

u; = vy, €1 =

The sequence uy, ..., Uy is the required system of orthogonal vectors, and the
normalized vectors e, ..., e, form an orthonormal set.
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The GramSchmidt process for the left vector spaces H; can be realize by
the same algorithm but with the projection operator
<u7 V>l
<u7 u>l
Definition 2.4. Suppose U € M (n, H) and U*U = UU* = 1, then the matrix
U is called unitary.

Projy(v) :=

Clear, that columns of U form a system of normalized vectors in H,., rows
of U* is a system of normalized vectors in H;.

We shall also need the following facts about eigenvalues of quaternion ma-
trices.

Due to the noncommutativity of quaternions, there are two types of eigen-
values. A quaternion ) is said to be a left eigenvalue of A € M (n, H) if

A -x=)\x ®)

and a right eigenvalue if
A-x=x-) ©))

for some nonzero quaternion column-vector x. Then, the set {\ € H|Ax =
Ax, x # 0 € H"} is called the left spectrum of A, denoted by o;(A). The right
spectrum is similarly defined by putting, 0,-(A) := {\ € H|Ax = x\, x #
0 € H"}.

The theory on the left eigenvalues of quaternion matrices has been investi-
gated in particular in [29-31]. The theory on the right eigenvalues of quaternion
matrices is more developed [32—37]. We consider this is a natural consequence
of the fact that quaternion column vectors form a right vector space for which
left eigenvalues from (8) seem to be “exotic” because of their multiplying from
the left. Left eigenvalues may appear natural in the equation

XA = Ax. (10)

Since xA = \x if and only if A*x* = x*), then the theory of such “natural”
left eigenvalues from (10) be identical to the theory of right eigenvalues from
(9). Similarly, the theory of right eigenvalues from x A = x\ is identical to the
theory of left eigenvalues from (8).

Now, we present the some known results from the theory of right eigenval-
ues (9) that will be applied hereinafter. Due to the above, henceforth, we will
avoid the “right” specification.
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In particular, it’s well known that if X is a nonreal eigenvalue of A, so is any
element in the equivalence class containing [A\],i.e. [A\] = {z|z = v Ay, u €
H, [Jull = 13

Theorem 2.10. [32] Any quaternion matrix A € M (n, H) has exactly n eigen-
values which are complex numbers with nonnegative imaginary parts.

Proposition 2.4. [34] Suppose that \+, . . ., A, are distinct eigenvalues for A €
M (n,H), no two of which are conjugate, and let vy, . . ., v,, be corresponding
eigenvectors. Then v1, . .., v, are (right) linearly independent.

Moreover, similarly to the complex case, the following theorem can be
proved.

Theorem 2.11. A matrix A € M(n, H) is diagonalizable if and only if A has
a set of n right-linearly independent eigenvectors. Furthermore, if \;, v1, for
1=1,...,n, are eigenpairs of A , then

A =PDP!,
where P = [vq,...,v,], D =diag[\1,..., Ay

Proof. (=) Since matrix A is diagonalizable, there exist an invertible ma-
trix P and a diagonal matrix D such that A = PDP~!. Then,

D =P 'AP. (11)

Since D € M(n, H) is diagonal, it has a right-linearly independent set of n right
eigenvectors, given by the column vectors of the identity matrix, i.e.,

De; = e;d;;, D =diagl[dy,...,du], IT=1el,...,ey].

So, the pair d;;, e; is an eigenvalue-eigenvector pair of D, forall: = 1,... n.
Due to e;d;; = d;;e; and using (11), we have

ezd“ = d”ez = Dei = P_IAPei. (12)
By multiplying the extreme members of (12) by P on the left, we obtain
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It means that the vectors v; = Pe; are right eigenvectors of A with eigenvalue

d;; for all i = 1,...,n. Since the matrix P = [vy, ..., v,] is invertible, then,

by Theorem 2.9, the eigenvectors vy, . . ., v, is right-linearly independent.
(<) Let \;, vi, be eigenvalue-eigenvector pairs of A, fori = 1,...,n.

Consider the matrix P = [vq, ..., v;,,]. Computing the product, we obtain

AP =A vy, ...,V =[AvVL, .., AV, = [ViA, ., v\

Since the eigenvector set {v1,...,v,} is right-linearly independent, then, by
Theorem 2.9, P is invertible. There exists P~!, and

P AP =P '[vidi,..., v\ = [P'vid, ., PThvA,
Since P~'P =1, then P~ !v; = e; foralli = 1,...,n. So,
P 1AP = [e/\1,....e \,] = diag [, ..., A\

Denoting D = diag [\1,. .., \a], we conclude that P~!AP = D, or equiva-
lently, A = PDP~!. [

Corollary 2.1. [34]If A € M (n, H) has n non-conjugate eigenvalues, then it
can be diagonalized in the sense that there is a P € G L,,(H) for which PAP~!
is diagonal.

Those eigenvalues hy + kii, . . ., by, + kyi, where k; > 0 and Ay, k: € R for
allt =1,...,n, are said to be the standard eigenvalues of A.

Theorem 2.12. [32] Let A € M (n,H). Then there exists a unitary matrix
U such that U*AU is an upper triangular matrix with diagonal entries hq +
kii, ..., hy + kpi which are the standard eigenvalues of A.

Corollary 2.2. [36] Let A € M (n,H) with the standard eigenvalues hy +
kii, ..., hy + kpi. Then o = [hy + k1i] U - - - U [hy, + ki)

Corollary 2.3. [36] A € M (n,H) is normal if and only if there exists an
unitary matrix U € M (n, H) such that

U*AU = diag{A1, ..., A},

where \; = h; + k;i € C is standard eigenvalues foralli =1, ..., n.
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Corollary 24. Let A € M (n,H) be given. Then, A is Hermitian if and
only if there are a unitary matrix U € M (n,H) and a real diagonal matrix
D = diag (A1, Ao, ..., Ap) such that A = UDU¥, where A1, ..., \, are right
eigenvalues of A.

The right (9) and left (8) eigenvalues are in general unrelated [38], but it is
not for Hermitian matrices. Suppose A € M (n, H) is Hermitian and A\ € R
is its right eigenvalue, then A - x = x - A = A - x. This means that all right
eigenvalues of a Hermitian matrix are its left eigenvalues as well. For real left
eigenvalues, A € R, the matrix A\I — A is Hermitian.

Definition 2.5. Ift € R, then for a Hermitian matrix A the polynomial pa (t) =
det (tI — A) is said to be the characteristic polynomial of A.

Lemma 2.1. [14]If A € M (n, H) is Hermitian, then pa (t) = t" — dt" ! +
dot"2 — ...+ (=1)"d,, where dy, is the sum of principle minors of A of order
k,1<k<n,andd, = det A.

The roots of the characteristic polynomial of a Hermitian matrix are its real
left eigenvalues, which are its right eigenvalues as well.

Definition 2.6. Let A € H"*" be a Hermitian matrix and w(A) = 7 be the
number of positive eigenvalues of A, v(A) = v be the number of negative
eigenvalues of A, and §(A) = § be the number of zero eigenvalues of A. Then
the ordered triple w = (7, v, ) will be called the inertia of A. We shall write
w=1InA.

We have [9, 10] the following theorem about the singular value decomposi-
tion (SVD) of quaternion matrices and their Moore-Penrose inverses.

Theorem 2.13. (SVD) Let A € H"*"™. There exist unitary quaternion matrices

V € H™ ™ and W € H"™"™ such that A = VEW* where 3 = <E)) g) €
H™ ", and D = diag (01,02,...,0,),01 > 09 > ... > 0, > 0, and o2 is the
nonzero eigenvalues of A*A foralli = 1,...,r. Then AT = WXTV* where

1
»f = <D0 g) € Hpm,

Due to Theorem 2.13, the limit and determinantal representations of the
Moore-Penrose inverse over the quaternion skew field have been obtained as
follows.
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Lemma 2.2. [I4]If A € H™*" and Al is its Moore-Penrose inverse, then
Af = lim A (AA” + o)t = lim (A*A + o)t A*, where a € Ry.
a— a—

Theorem 2.14. [14] If A € H"*™, then the Moore-Penrose inverse At =

(azj) € H™™™ possess the following determinantal representations:

S cdet; ((A*A).i (a*]>> g

ol 25t _ ’ (13)
> |ara) ]
56(]7‘, n
or
Z{ }rdetj ((AA¥); (aF)) &
T aclrmij
ol = (14)
J ZI: [(AA*) o
ac ,m

Definition 2.7. A Hermitian matrix A € H" " is called positive (semi)definite
if x*Ax > 0(> 0) for any nonzero vector x € H".

For quaternion positive definite matrices, the following properties from the
set of complex matrices can be obviously expanded. Their proofs are similar
to the proofs in the complex case, then we list their without complete profs but

with some comments.

Proposition 2.5. Let A € H"*" be a positive definite matrix. Then following
properties are equivalent.

1. Allits eigenvalues are positive.

2. Its leading principal minors are all positive.

3. The associated sesquilinear form is an inner product.
4. It is the Gram matrix of linearly independent vectors.

5. It has a unique Cholesky decomposition.
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Proof.

1.

By Corollary 2.4 there exists an unitary matrix U such that A = U*DU,
where right eigenvalues Aq, ..., \,, are real. Then x*Ax = (Ux)" DUx.
By the one-to-one change of variable y = Ux, y*Ay > 0, for any
nonzero vector y € H" when D is positive definite, It means each el-
ement of the main diagonal of D — that is, every eigenvalue of A — is
positive.

Since all leading principal submatrices of a Hermitian matrix are Her-
mitian, then we can define leading principal minors as determinants of
Hermitian submatrices in terms of (5).

. Let the sesquilinear form by A be defined the function (-, -),. 4 from H" x

H" to H such that (x,y), 4 := y*Ax for all x,y € H". By (2.1), the
form is an inner product on H if and only if (x, x),, 4 is real and positive
for all nonzero x; that is if and only if A is positive definite.

Let x4, ...,x, be a set of n linearly independent vectors of H* with an
inner product (-, -),. It can be verified that the Gram matrix A of those
entries, defined by a;; = (z;, z;),, is always positive definite.

. There exists a unique lower triangular matrix L, with real and strictly

positive diagonal elements, such that A = LL* . This factorization is
called the Cholesky decomposition of A.

Every positive definite matrix A € H™*™ has a unique square root defined
by Az. It means, if A = UDU* then A2 = UD2U*.

Lemma 2.3. [14] Let A € H™"™, then A*A and AA* are both positive
(semi)definite, and r nonzero eigenvalues of A*A and A A* coincide.

Proof. The proof of the second part immediately follows from the singular value
decomposition of A € H**"™.[]

Definition 2.8. A square matrix Q € H™*™ is called H-weighted unitary (uni-
tary with weight H ) if Q*HQ = 1,,,, where 1,,, is the identity matrix.

The following well-known two facts (see, e.g. [39]) on positive definite and
Hermitian matrices and their product obviously can be extended to quaternion
matrices.
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Lemma 2.4. Let A € H" " be positive definite and B € H"*" be Hermitian
matrices, respectively. Then AB is a diagonalizable matrix, it’s all eigenvalues
are real, and InAB = InA.

Lemma 2.5. Let A € H"™"™ be positive definite and B € H"*"™ be Hermi-
tian matrices, respectively. Then there exists nonsingular C € H™*™ such that
C*AC =1, and C*BC = A, where A is a diagonal matrix.

3. Weighted Singular Value Decomposition and
Representations of the Weighted Moore-Penrose
Inverse of Quaternion Matrices

3.1. Representations of the Weighted Moore-Penrose Inverse of
Quaternion Matrices by WSVD

Denote A¥ = N-'A*M. Now, we prove the following theorem about the
weighted singular value decomposition (WSVD) of quaternion matrices. A sim-
ilar theorem for real matrices was independently proved by Loan [11] using the
Cholesky decomposition, and by Galba [12], where WSVD of A € R™*" with
positive definite weights B and C has been described as A = UDV'C. Our
method of proving different from analogous for real matrices in [11], and has
more similar manner to [12].

Theorem 3.1. Let A € H"*", and M and N be positive definite matrices
of order m and n, respectively. Then there exist U € H™*™, 6 V ¢ H™"
satisfying U*MU = 1,,, and VN~V = 1,, such that

A =UDV*, (15)

X 0
00
and o? is the nonzero eigenvalues of APA or AAY which coincide.

where D = < ), ¥ = diag(o1,09,...,0.), 01 > 09 > ... > 0, > 0

Proof. First, consider A*A = N"1A*MA.. Since A"MA = (M%A)*AM%,
then, by Lemma 2.3, A*M A is Hermitian positive semidefinite, and by Lemma
2.4 all eigenvalues of A*A are nonnegative. Denote them by o2, where oy >
.>o, > 0.
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Denote L = AfA. Since LN~!' = N-'TA*MAN~™! is Hermitian and
there exists a nonsingular V- € H™*" such that VXN~V = I,,, then by Lemma
2.5,

VLN 1V = A, (16)

where V is unitary with weight N~!, and A is a diagonal matrix.

It follows from L = N~1VAV* = (V*)"! AV* that A = X2, where X2
is diagonal with eigenvalues of A*A on the principal diagonal, ¢ = o? for
alli = 1,...,n. Since rank L. = rank A = r, then the number of nonzero
diagonal elements of 7 is equal 7. Also, we note that

VLN 'V = V*N1A*MAN-1V =
VIAC(UHTTuTtA (v =320 (17)
Consider the following matrix,
P = M2AN"'V € H™*", (18)
By virtue of (16),
PP = (V*N—lA*M%) M:AN-V = 52, (19)

Let us introduce the following m x n matrix D € H™*",

0
D:<O O), 20)

where 3 € H"*" is a diagonal matrix with o1 > 09 > ... > o, > 0 on the
principal diagonal. Then,

P = M>UD. Q1)

By (18) and (21), we have M3AN~'V = M2UD. Due to the equality
(N=1V) ™ = V¥, it follows (15).

Now we shall prove (15), where ai2 is the nonzero eigenvalues of AA! =
AN-'A*M. Since AN"'A* and M are respectively Hermitian positive
semidefinite and definite, then by by Lemma 2.4 all eigenvalues of AA¥ are
nonnegative. Primarily, denote them by 71-2, where 77 > ... > 7, > 0, and
denote Q = AA’. Since MQ = MAN-'A*M is Hermitian and there exists
a nonsingular U € H"*" such that U*MU = I,,,, then by Lemma 2.5,

U*MQU = Q, (22)
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where U is unitary with weight M, and €2 is a diagonal matrix.

It follows from Q = UQU*M = UQU ! that @ = X3, where X3 is
diagonal with eigenvalues of AA* on the principal diagonal, 72 = 72 for all
i = 1,...,m. Since rank Q = rank A = r, then the number of nonzero
diagonal elements of X2 is equal 7. Also, we have

U*MQU = UUMAN 'A*MU =
U'A (V) IvTIA (U) Tt =32 (23)

Comparing (17) and (23), and due to Lemma 2.3, we have that r nonzero eigen-

values of AA¥ coincide with 7 nonzero eigenvalues of A*A, ie. o2 = 72 for
alle=1,...,7.
Consider the following matrix,
S = U'MAN"3 ¢ H™*". (24)
By virtue of (22),
SS* = U'MAN"3 (N—%A*MU) -2 25)
Consider again the matrix D € H™*" from (20). Then,
S=DV*N2. (26)

By (24) and (26), we have U*MAN~> = DV*N~2. From this, due to
(U*M) ! = U, we again obtain (15).0]

Now, we prove the following theorem about a representation of AM N by
WSVD of A € H™*" with weights M and N.

Theorem 3.2. Let A € H"*", M and N be positive definite matrices of
order m and n, respectively. There exist U € H™*™, V € H"™ " satis-
fying UMU = 1,, and VN7V = 1,, such that A = UDV?*, where
D = < f)] 8 ) Then the weighted Moore-Penrose inverse A}Lw’ N can be
represented

1o

—1
Al y=N V< 0 0

) U*M, 27)

where ¥ = diag(oy, 09, ..., 0,), 01 > 02 > ... > 0, > 0 and o? is the nonzero
eigenvalues of A* A or AAY, which coincide.
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Proof. To prove the theorem it is enough to show that X = AM N expressed by
(27) satisfies the equations (1), (2), (3N), and (4M).

_ = 0 I ="' o0 . = 0 .
1)AXA7U(O O)VN V( o O)UMU(O O)V =A,

-1
Q)XAX:N—1V<2 0)U*MU(2 O)V*x

0 O 0 0
>t o
—1 * o
N V< 0 O)UM_X,
* 2 O * —1 2_1 O * *_
(3M) (MAX) 7(MU( o O)VN V( o O)UM) =
I o0 o = 0 I =t o0 o
MU(O O>mmeM MU(O O)VN V( o O)UMf
MAX,
. _ >t o0 . s 0 S
(4N) (NXA) :(NN 1V( o O)UMU(O O)V) =
—1 I o . —1 ="' o . > 0 . _
NN V(O 0>WLV = NN V( o O)UMU(O O)V =
NXA.

]
3.2. Limit Representations of the Weighted Moore-Penrose Inverse
Over the Quaternion Skew Field

Due to [3] the following limit representation can be extended to H. We give the
proof of the following lemma that different from ( [3], Corollary 3.4.) and based
on WSVD.

Lemma 3.1. Let A € H™*", and M and N be positive definite matrices of
order m and n, respectively. Then

Al v = lim (AT + AfA)TTAL (28)

where A¥ = N~YA*M, X € R, and R, is the set of all positive real numbers.
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Proof. By Theorems 3.1 and 3.2, respectively, we have

(0 At i (20
A_U<O O)V,AM’N_N V<O O)UM,

where ¥ = diag(oy,02,...,0,), 01 > 09 > ... > 0, > 0 and 67 € R is the
nonzero eigenvalues of N~ A*MA.. Consider the matrix

X 0
o= (5 o).

where D = (0y5) € H"*"™ is such that 011 > 022 > ... > 0pp > Oppiryl =
...=04q=0,¢=min{n, m}. Then

0 =1 o
* = T =
o= (o o) 7= (% o)
and A = UDV*, Af = N'VD*U*M, A}, , = N"'VDIU*M. Since
N~V = (V*)~1, then we have

M+ APA = M\I+ N 'VD*U'MUDV* = A\ + (V*)"'D*DV* =
(V7 Y(AI 4 D?)V*.
Further,
A+ APA) LAY = (V)L AT+ DY) VN IVD*U'M =
N~'V(A\I+ D?)"'D*U*M.

Consider the matrix

o1
Rl 0

1 o

Itis obviously that lim (A + D2)"' D = DT. Then,

lim N'V(\I+ D?)'D*U*M = N7'vDIU'M = A, .
>\—>0 9
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The lemma is proofed.[]
The following lemma gives another limit representation of A}Lw N

Lemma 3.2. Let A € H™", and M and N be positive definite matrices of
order m and n, respectively. Then

Al = lim AF(A+ AA%) ",

where AF = N7TA*M, \ € R,.

Proof. The proof is similar to the proof of Lemma 3.1 by using the fact from
Theorem 3.1 that the nonzero eigenvalues of A*A and A A coincide.(]
It is evidently the following corollary.

Corollary 3.1. If A € H™*™, then the following statements are true.
. -1
i) Ifrank A = n, then A}LW’N = (AﬁA) AP,

. —1
ii) Ifrank A = m, then A}LW’N = Af (AAﬁ) .

o A
iii) Ifrank A =n =m, thenAM’N—A L

4. Determinantal Representations of the Weighted
Moore-Penrose Inverse Over the Quaternion Skew
Field

Even though the eigenvalues of A*A and A A? are real and nonnegative, they
are not Hermitian in general. Therefor, we consider two cases, when A?A and
A A both or one of them are Hermitian, and when they are non-Hermitian.

4.1. The Case of Hermitian A*A and A A’
Let (A*A) € H"*" be Hermitian. It means that (AfA)* = (A¥A). Since N~!

and M are Hermitian, then
(NTTA*MA)* = A*MAN! = N 'A*MA.

So, to the matrix (A*A) be Hermitian the matrices N~! and (A*MA) should
be commutative. Similarly, to (AA*) be Hermitian the matrices M and
(AN~!A*) should be commutative.

Denote by aj‘jj and ag‘ the jth column and the ith row of Af respectively.
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Lemma 4.1. If A € H"", thenrank (A*A) (a@) <r.

)
Proof. Let’s lead elementary transformations of the matrix (A*A) . (a#j)

right-multiplying it by elementary unimodular matrices P; (—a jk), k # 7.
The matrix P, (—a;i) has —ajy in the (i, k) entry, 1 in all diagonal en-
tries, and O in others. It is the matrix of an elementary transformation. Right-
multiplying a matrix by P, x, (—ajk), where k # j, means adding to k-th col-
umn its ¢-th column right-multiplying on —a;;. Then we get

> agkam agj ey agkakn

(= =

(AﬁA)_(aﬁj).HPik(—aM):
o ki > aflkam .. aflj S aikakn

(= =

ith

The obtained matrix has the following factorization.

> a%kakl o aﬁj Y a?kakn
k#j k#j
y ﬁ ay
Yoaap ... Apj - > ay, Gk
=y =y
ith
ail ... 0 ... Qpl
= | %1 %2 - Dm 0 ... 1 ...0 jth.
a?@l a?ﬁ a?%m A 0 mm,
ith
a1l . 0 ... Qp1
Denote by A := | 0 1 0 jth. The matrix A is ob-

ami ... O et Qmn

ith

tained from A by replacing all entries of the jth row and of the ith col-
umn with zeroes except that the (j,4)th entry equals 1. Elementary trans-
formations of a matrix do not change its rank and a rank of a matrix prod-

uct does not exceed ranks of factors. It follows that rank (AﬁA) (a#j) <

1

Complimentary Contributor Copy



Determinantal Representations of the Quaternion ... 57

min {rank Al rankA}. It is obviously that rank A > rank A = rank Af.
This completes the proof. [J
The following lemma can be proved similarly.

Lemma 4.2, If A € Hy", then rank (AA%) _ (a;) <.

Analogues of the characteristic polynomial are considered in the following
lemmas.

Lemma 4.3. If A € H™ ", t € R, and (A*A) is Hermitian, then

cdet; (tI + AﬁA) ‘ (a@) = cgij)t”_l + Cgij)t”—Q ot ng), (29)

7

where cq(fj) = cdet; (AﬁA).i (aj‘jj) and

D= Y Cdeti((AﬁA)‘,(aﬁj))g

By nli} '
forallk=1,...n—1,4i=1,...,.nandj=1,...,m.

Proof. Denote by b ; the ith column of the Hermitian matrix A*A =: (bi5) 5 -
Consider the Hermitian matrix (tI+ A*A) . (b;) € H"™". It differs from

K

(tI+ A*A) in an entry b;;. Taking into account Lemma 2.1, we obtain

det ({1+APA) (b)) =dit" + dot" 24y (30)
where d, = > det (AﬁA)g is the sum of all principal minors of order
BGJk,n{i}

k that contain the ith column for all k = 1,...,n — 1 and d,, = det (A*A).
Therefore, we have

> a%zali
!

> agzali
b ;= l

= E a#lalh
l

> aizali
!
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where aj‘jl is the Ith column-vector of Af for all [ = 1,...,m. Taking into

account Theorem 2.1, Remark 2.1 and Proposition 2.1, on the one hand we
obtain

det (tI + AﬁA) (b.3) = cdet; (tI + AﬁA) (b.;) =

= Zl:cdeti (tI + AﬁA)l (a#la“) = Zl:cde‘;: (tI + AﬁA)‘i (aw - ay
(31)

On the other hand having changed the order of summation, we get for all k£ =
1,...,n—1

di = Z det (AﬁA) g: Z cdet; (AﬁA> g:

5€Jk,n{i} 5€Jk,n{i}

> D edet; ((A%A) (afan)) =

5€Jk n{z l

Z Z cdet; ((AﬁA)‘i (aj‘jl)) g-a“. (32)

l 5€Jk,n{i}

By substituting (31) and (32) in (30), and equating factors at a;; when | = 7,
we obtain the equality (29). [
The following lemma can be proved similarly.

Lemma4.4. If A €¢ H™" " and t € R, and A A is Hermitian, then
rdet; (1 + AAR); (af) = D=1 g piym=2 4 oy ),
where ) = rdet; (AAR); ( ) and

i = Y rdet; ((AAR); (&) 4

aclrm{j}
forallk=1,...n—14i=1,...,.nandj=1,...,m

The following theorem introduces the determinantal representations of the
weighted Moore-Penrose by analogs of the classical adjoint matrix.

Denote the (ij)th entry of A N by a1E forall:i = 1,...,nand j =
1,...,m.

Complimentary Contributor Copy



Determinantal Representations of the Quaternion ... 59

Theorem 4.1. Let A € H"*". IfAﬁA or AA! are Hermitian, then the
weighted Moore-Penrose inverse A}Lw N = (afj) € H™ ™ possess the fol-
lowing determinantal representations, respectively,

S cdet; ((AﬁA) . (aﬂ-)) g

of, = e tl - : (33)
> |asa) ]
/EGJT, n
or
> rdet; ((AAR);.(a])) &
of, = o€kmi} (34)
' > (AAg]

CXGIT, m

Proof. At first we prove (33). By Lemma 3.1, AT = lim (AL+ AfA) T AY

Let A*A is Hermitian. Then the matrix ()\I + AﬁA) € H™*™ is a full-rank
Hermitian matrix for VA € R,. Taking into account Theorem 2.4 it has an
inverse, which we represent as a left inverse matrix

Ly Loy ... Ly
-1 1 L L ... L
AT AﬁA) _ 12 Lo2 n2 |
(Ar+ QM+ AFAY | oo
Ly, Loy ... Lpy

where L;; is a left (i7)th cofactor of ol + APA. Then we have

(AI+ A%A) ' A?

NgEN

VAR ; - f
2 Li1az, Z_: Lirag, Z_: Liay,,
k=1 ﬁ k=1 ﬁ k=1 ﬁ
_ 1 Z Lk2ak1 z Lk2ak2 Z LkQCLkm
det(A\I+AfA) | K=T k=1 k=1
= ﬁ - ﬁ = ﬁ
Z Lknakl Z LknakQ Z Lknakm
k=1 k=1 k=1
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Using the definition of a left cofactor, we obtain

cdet; (AI+A%A) | (a?)) cdety (AI+AFA) | (ah)
det(A\I+A*A) o det(AI+A*A)
A}Lw N = lim cee e
’ R (AL+AfA) (aﬁl) cdet, (AT+AFA) (aﬁm)
det(AI—i—AﬁA) o det(AI—i—AﬁA)

(35)
By Lemma 2.1, we have det ()\I + AﬁA) =N d AL doAN" 2 4 d,,

where dj, = %: ‘ (AﬁA) g‘ is a sum of principal minors of A*A of order k
for all k = 1[,3%.%7;1 —1landd, = det A*A. Since rank A*A = rank A = r
andd, =d,_1 =---=dy41 = 0, it follows that

det (AL+ AA) = X"+ di X"+ doA" 2 4 dp A"
Using (29), we have

cdet; (AT + A*A) (a#j) = =ty L) yn—2 (i)

forallt=1,...,nand j = 1,..., m, where
(i) _ )’
ck” = Z | cdet; ((AﬁA).i (a'j)>5
BGJk,n{z}

forallk=1,...,n—1and cq(fj) = cdet; (AﬁA)‘i (a#j).
Now we prove that c,(jj) = 0,whenk >r+1forall: =1,...,n, and
j = 1,...,m. By Lemma 4.1 rank (AﬁA)‘i (aﬂ) < r, then the matrix

J
(AfA) . (aﬁ.) has no more r right-linearly independent columns.
.1 -J
B

Consider ((AﬁA) F (a#j) >ﬁ’ when (3 € Jj, ,{i}. Itis a principal submatrix
of ( AFA) y (a#j) of order k > r + 1. Deleting both its ¢th row and column, we
obtain a principal submatrix of order & — 1 of A*A. We denote it by M. The
following cases are possible.

Let Kk = 4+ 1 and det M # 0. In this case all columns of M are
right-linearly independent. The addition of all of them on one coordinate to
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1

B
columns of ((AﬁA) (aj‘j j))ﬁ keeps their right-linear independence. Hence,
B
they are basis in a matrix ((AﬁA) P (aj'jj))ﬁ’ and the ith column is the right
linear combination of its basic columns. From this by Theorem 2.5, we get

cdet; ((AﬁA) P (aﬂ))i =0,when 3 € Jy,{i}and k > r + 1.

If k = r+1and detM = 0, than p, (p < k), columns are ba-

B8
sis in M and in ((AﬁA)‘i (aﬂ))ﬁ. Then by Theorem 2.5, we obtain

cdet; ((AﬁA) y (aﬂ))i = 0 as well.

If £ > r 4 1, then by Theorem 2.6 it follows that det M = 0 and p, (p <

B
k — 1), columns are basis in the both matrices M and ((AﬁA) ; (aﬂ))ﬁ.
B
Therefore, by Theorem 2.5, we obtain cdet; ((AﬁA) P (a#j))ﬁ =0.

B
Thus in all cases, we have cdet; ((AﬁA) y (aﬂ))ﬁ = 0, when 3 €
Jen{ttandr +1 <k <n,andforalli=1,...,nandj =1,...,m,

D=3 () ()]0

ﬁejk,n{i}

cffj) = cdet; (AﬁA)‘

() =0

Hence, cdet; (AL + AFA) (aﬁj) = (W yn=1y D \n=2 .y () ynr

forallt =1,...,nandj = 1, ..., m. By substituting these values in the matrix
from (35), we obtain

cgu))\"_l—l—...—l-cﬁu))\"_T cglm))\"_l—l—...—l-cglm))\”_T
i a+di A\ 14 Fd AT A d AP dp AT
AM,N_}}E%) =
cgnl))\"_1+...+c$"1))\”_T cgnm))\"_l—l—...—l-cgnm))\"_T
AN d A1 fd A AN Fd A1 d AT
(11) (1m)
Cr Cr
T - T
cg‘nl) cs‘nm)
T - T
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Here

iD= S cdety ((AﬁA) (aﬂ-))z

BEJIr, n{i}

andd, = > ‘(AﬁA)g‘. Thus, we have obtained the determinantal repre-
/EGJT, n

sentation of AM ~ by (33).

The determinantal representation of AM n by (34) can be proved similarly.
O

Corollary 4.1. I[frank A = n < m, and (A*A) is Hermitian, then we get the
following representation of A}Lw N= (afj) € Hnxm,
cdet; (AFA) ; (aj‘jj)

YT T det(AFA)

or the determinantal representation (33) can be applicable as well.

(36)

Proof. By Corollary 3.1, A}Lw N = (AﬁA)_1 Af. Considering Hermitian
(AFA) 1 as a left inverse by (7), we obtain

4 il
i~ det(AFA)

where Ly, is the (ki)th cofactor of det(AFA) = cdet;(AfA). By its definition,
Yk Lkiaij = cdet;(AFA) ; (a#j). From this, (36) follows immediately. (]

Corollary 4.2. Ifrank A = m, and (A A¥) is Hermitian, then

rdet; (AAY); (a?)
W T det(AAF)

or the determinantal representation (34) can be applicable as well.

a

(37)

Proof. By Corollary 3.1, A}LW’N = Af (AAﬁ)_l. Considering (AAﬁ)_1 as a
right inverse by (6), we get the following representation

of = Dk a?kRjk
W det(AFA)’
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where R, is the (jk)th cofactor of det(A A*) = rdet;(A A®). By its definition,
Yk agkRjk = rdetj(AAﬁ)j‘(ag‘). From this, (37) follows immediately. [J

We also can obtain determinantal representations of the projection matrices
A}Lw’ NA and AA}LW’  in the following corollaries.

Corollary 4.3. If A € H™ " and A* A is Hermitian, then the projection matrix
A}Lw NA =P = (p;j), ... possess the following determinantal representation,

(i) ifr <min{m,n}orr =m <n,

> cdet; ((AFA) ,(d;) ]
i = BeIr, n{i} '
1] —

) (38)

> |(ara) ]
ﬁeJr,n

where d j is the jth column of AP'A € H™" andforalli,j=1,...,n;
(ii) ifr =mn,
o Cdetz(AﬁA)z (d])
Pii = T et (AFA)

Proof.

() If A € H™", A*A is Hermitian, and 7 < min {m,n} orr = m <
n, we can represent AT by (33). Right-multiplying it by A gives the

following presentation of an entry p;; of A}w, NA =P = (pij), >

ST cdet; ((AﬁA).z‘ (aﬁk»Z

BEJIr, n{i}

: > [aza]
/EGJT, n

Dij = ROVES

2. D cdet; ((AﬁA) i (aﬁk))z © Qg

 Bedna{i} k

B
> |asay
/EGJT, n

Since Zaﬁkakj = d_, where d ; denote the jth column of AfA €
k
H™>" then it follows (38).
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(i) If A € H™ ", A*A is Hermitian, and 7 = n, we can represent A by
(36). Right-multiplying it by A gives the following presentation of an
entry p;; of AMNA =P = (pij)

nxn’

n . ; #
cdeti(APA) i (%) cqet,(A%A) (d)

Po= 2 dot(AFA) M T T det(ARA)

O
The following corollary can be proved by analogy.

Corollary 4.4. If A € H™ " and (AA¥) € H™™ is Hermitian, then the pro-
Jjection matrix AA}LW’ N = Q= (aij),,«,, POssess the following determinantal
representation,

(i) ifr <min{m,n}orr=n <m,

S rdet;((AAF); (gi))&
a€lr, m{j}

b= > |(AAF) g ’

CXGIT, m

where g;_is the ith row of (AA%) € H™ ™ and foralli,j =1,...,m.

(ii) ifr =m,
_ rdet;(AAY); (gi)
% = T qet (A AR

4.2. The Case of Non-Hermitian A’A and AA?

In this subsection we derive determinantal representations of the weighted
Moore-Penrose inverse of A € H™ " when (AA¥) € H™ ™ and (A*A) ¢

H™*™ are non-Hermitian.
First, let (A*A) € H™*" be non-Hermitian and rank(A*A) < n. Consider

(AT + A*A)~1A*. We have,

AL+ A*A)TTA = AT+ NT'TA'MA) 'A = (N T'(AN + A*MA)) 'A% =
(AN + A*MA) 'A*M =N"?(A+ N ?A*MAN %) 'N"7A"M =

N_% (A"‘ (NI%AN_%)*1\/I%AN_%)_1 (N_%A*M%) M% (39)
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Since by Lemma 2.2

* —1 +
lim (A+ (M%AN—%) M%AN—%) (N—%A*M%) - (M%AN—%) ,
(40)
then combining (40) and (39), we obtain the well-known representation of the
weighted Moore-Penrose inverse(see, e.g., [40]),

N[

Al —N3 (M%AN_%>TM (A1)
M,N :

1 _1 ~
Denote M7 = <m§;)>, N3 = <n(] 2)>, and A 1= M3AN"3 =
~ T~
(@) € H™ ", then N"3A'M? = A* = (ay), (MEAN")' = AT =
(EL’Tj) . By determinantal representing (13) for AT, we obtain

S e (((MPaN-) (MEAN)) (mbant) )

ZiT — BEJr,n{i} =
’ (mian-t) (mian-2)) 5
BeJd
> cdeti<<(M%AN‘%)*<M%AN‘% ) (ntam?) _)g
5€Jr,n{i} .1 .J
‘( M%AN—%)* M%AN—%)) g‘
J

denote the j-th column of (M%AN_%),

) _denote the j-th column of (N_%A*M%) forallj=1,...,m.
J

-~

1 1 1 1
Since ), (n_ﬁa*mﬁ) mp; = (n_ﬁa*m) , then for the weighted Moore-
N g
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: T _ (.1 nxm
Penrose inverse A mn = \a;) € H , we have

(A*A)Z‘

where a j := (n_%a*m> “denote jth column of A = (@) := (N_%A*M)
J
foralle=1,...,n,5=1,...,m.

If rank(A*A) = n, then by Corollary 3.1, Al = (AfA)1A! =
(af;). So. Al y = (NTA'MA)'NTIA'M = (A'MA)'A™M.
Since A*MA is Hermitian, then we can use the determinantal representation
of a Hermitian inverse matrix (7). Denote A*M =: A = (a);; € H"*™. So,
we have

BETr, n

. > i1 Liidk; _ cdet;(A*MA) ,; (a,)
4~ det(A*MA) det(A"MA)

where a ; is the jth column of A*M forall j = 1,...,m.

Now, let (AAf) € H™ ™ be non-Hermitian and rank(AAf) < m. By
determinantal representing (14) for AT, we similarly obtain

5 wety (MEANE) (MEAN)) (ntarmd) ) g

~ GITm j
=t _ o€l {5}

i

ae[r, m

where (n_%a*m%) denote the sth row of (N_

7.

N
E
N
N———
s
=
o
=
~.
I
<]
s
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. -3 1 1 1 1
Since ) n,,* (n_2a*m2) = (n_2a*m2)
k k. i

, then we get

n m 1 1
I _ —2~t 2
aj; = N AMy; =
ko1

$ rden (((MEAN-1) (MEAN-2)") (ntam?) )

a€l, n{l} 1

Z 1 1 1 1\ * 77?,12]- =
1 > ‘((MiAN—i) (MiAN—i) )g
acl, m
> % rden ((AA7) (@) m?
U acl, m{l} l a
P
a€l,, @
where, in this case, a; := (n_la*m%). denote ith row of A — (a;;) =
1

(N—IA*M%) foralli=1,....,n,j=1,...,m.

If rank(AAf) = m, then by Corollary 3.1, Al . = Af(AA%HL
So, Al, v = NTTA*M (AN"'TA*M) " = N"'A* (AN"1A*)"" . Since
AN~ A* is Hermitian and full-rank, then we can use the determinantal repre-

sentation of a Hermitian inverse matrix (6). Denote N"'A* =: (@);; € H"*™.
So, we have

= Dl il _ e, (ANAY) @)
Y det(AN-1A¥) It (AN-TA")

where a;_is the ithrow of N~1A* foralli =1,...,n.
Thus, we have proved the following theorem.

Theorem 4.2. Let A € H"*".

(i) If A*A is non-Hermitian, then the weighted Moore-Penrose inverse

AR4 N= (afj) € H"*™ possess the determinantal representations

(a) ifr <n
ot = zk:ngk_%)ﬁe%i{i} cdets ((A*A) k (a‘j)ﬁ (42)
ij = B )
ﬁezJ;,n (A A)ﬁ‘
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where @ j is the jth column ofN_%A*M;

(b) ifr=mn
¢ _ cdeti(A*MA), (@)

Y T T det(A*MA)

where @ j is the jth column of A*M forall j = 1,...,m.

(43)

(ii) If AA¥ is non-Hermitian, then A}Lw’ N= (afj) possess the determinantal

representation
(a) ifr <m,
~~ ey 1
> rdety ((AA*) (54)) -ml(j?)
t I o€l m{l} L. a
az‘j = Z ‘(AA )a 5 (44)
ae[r, m @

where a;_is the ith row ofN_lA*M%;
(D) ifr =m,
T rdetj(AN_lA*)j‘(ﬁi‘)
4T T det(AN-1AY)

a (45)

where @;_ is the ith row of N"YA* foralli =1,...,n.

Remark 4.1. To give determinantal representations of AR4 N over the complex
field it is enough in Theorem 4.1 substitute all row-column determinants by
usual determinants.

5. Cramer’s Rule for Systems of Quaternion Linear
Equations with Restrictions

Consider a right system of linear equations over the quaternion skew field,
Ax=D (46)

where A € H™*" is a coefficient matrix, b € H™*! is a column of constants,
and x € H™*! is a unknown column. Due to [16], we have the following
theorem that characterizes the weighted Moore-Penrose solution of (46).
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Theorem 5.1. [16] The right system of linear equations (46) with restriction
x € R, (A% 47)

has the unique solution x = A}Lw’ Nb-

The following theorems give analogs of Cramer’s rule for solutions of the
system (46) with the restriction (47).

Theorem 5.2. Let A € H"™*" and A*A € H" " be Hermitian.

(i) Ifrank A = r < m < n, then the solutionx = (Z1,...,%,)"T € H™!
of (46) possess the following determinantal representations

Y cdet; ((A%A) | (F))”

. X B
G = B€Jr n{i} - ’ (48)
> |aza) g
/EGJT, n
where f = Afb € H"*!,
(ii) Ifrank A = n, then
cdet; (A*A) . (f
= (A%A) , (F) (49)

det AFA

Proof. (i) If rank A = r < m < n, then by Theorem 4.1 we can represent
AMN by (33). By component-wise of X = AMNb, we have

B

> cdet; ((AﬂA)'i (a%))

5o - BETr, n{i} Ié; o
i ; > ‘(AﬂA)g‘ b
BEIr, n
_ 5€J§{i};Cdeti <(AﬂA) <a#j))Z' b _ 5eJ§{i}Cdeti ((A%4) . (D) 5
2 \wA)g\ ) ‘(AﬁA)g‘ )

BETr, n BEIr, n

where f = Afband foralli=1,...,n.
(ii) If rank A = n, then A}w, n can be represented by (36). Representing A'b
by component-wise directly gives (49). [J
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Theorem 5.3. Let A € H™*" and A*A € H™ " be non-Hermitian.
(i) Ifrank A = r < m < n, then the solutionx = (Z1,...,%,)"7 € H™!
of (46) possess the following determinantal representation
_1 -~
St S cdet ((A*A) (B)
_ kK pedy, ni} K

> |(&4)3

ﬁeJr, n

€T; =

)

1

where £ = (N_%AﬁM> b € H"¥! and ngk_a) is the (ik)th entry of
N_%foralli,k =1,...,n

(ii) Ifrank A = n, then
cdet;(A*MA) ,; ()
Ti=
! det(A*MA)
where f = A*Mb € H ! forallj =1,...,m.
Proof. The proof is similar to the proof of Theorem 5.2 using component-wise
representations of AL ~ by (42) in the (i) point and by (43) in the (ii) point,
respectively. [
Consider a left system of linear equations over the quaternion skew field,
xA =D (50)

where A € H™ " is a coefficient matrix, b € H!'*™ is a row of constants,
and x € H'¥™ is a unknown row. The following theorem characterizes the
weighted Moore-Penrose solution of (50).

Theorem 5.4. The left system of linear equations (50) with restriction X €
Ri(AY) has the unique solution X = bA}LW N-

Theorem 5.5. Let A € H™*"™ and AA! € H™ ™ be Hermitian.

(i) Ifrank A = r < n < m, then the restricted solution X = (Z1,...,%m)
of (50) possess the following determinantal representation

Y. rdet; ((AAﬁ)j‘ (g))a
~ a€lr, m{j} N

e > |(AAF) g ’
OéGIr,m

where g = b Af € HI*™,
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(ii) Ifrank A = m, then

o rdet; (AAﬁ)j‘ (8)

YT T et AAE

Proof. The proof is similar to the proof of Theorem 5.2 using component-wise
representations of A}w, n by (34) in the (i) point, and (37) in the (ii) point,
respectively. [

Theorem 5.6. Let A € H™*" and AAY € H™ ™ be non-Hermitian.

(i) If rank A = k < n < m, then the solutionx = (&1,...,%Tm) of (50)
possess the following determinantal representation

o ZZ:CXGI;”{Z} rdet; ((AA*)L (g))Zml%j
. > |(aa) ,
o€l m o

1
whereg = b (N_lAﬁM%) € HYX™ and ml(]?) is the (1j)th entry ofM%

foralll,j =1,...,m.
(ii) Ifrank A = m, then

o rdet;(AN"tA%); (g)
YT T det(AN-1AY)

where g = bNTLA* € H>™,
Proof. The proof is similar to the proof of Theorem 5.2 using component-wise

representations of A}w, N by (44) in the (i) point, and (45) in the (ii) point,
respectively. [

6. Cramer’s Rule for Two-sided Restricted
Quaternion Matrix Equation

Definition 6.1. For an arbitrary matrix over the quaternion skew field, A €
H™*" we denote by
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e R.(A) = {y ¢ H"™! . y = Ax, x € H"*!}, the column right space
of A,

o N.(A) = {x € H™! : Ax = 0}, the right null space of A,
e RY(A)={y c H>*": y =xA, x € H'*™}, the row left space of A,
o Vi(A) = {x € H>*™: xA = 0}, the left null space of A.
Itis easy to see, if A € H"*", then R, ®N, = H™*! and R; SN, = H' >,
Suppose that A € H™*", B € HP*Y. Denote
R (A,B) = N,(Y) = {Y = AXB : X"*4},
N (A,B) := R,(X) = {X"*P: AXB = 0},
RiA,A ) =R)(Y)={Y = AXB : X"¥4},
Ni(A,B) := N(X) = {X"*P: AXB = 0}.
Lemma 6.1. /28] Suppose that A € H"*", B € H,Y, M, N, P, and Q
are Hermitian positive definite matrices of order m, n, p, and q, respectively.

Denote A* = N"'A*M and B* = Q'B*P. If D C R, (AA*, B'B) and
D C R; (A*A,BBY),

AXB =D, (51)
R, (X) C NT'R,(A%), N.(X) D P7IN(BY), (52)
Ri(X) C Ry(A")M, N;(X) D N;(B)Q (53)

then the unique solution of (51) with the restrictions (52)-(53) is
_ At i
X = AM’NDBP,Q. (54)

In this chapter, we get determinantal representations of (54) that are intrin-
sically analogs of the classical Cramer’s rule. We will consider several cases
depending on whether the matrices A?A and BB are Hermitian or not.

6.1. The Case of Both Hermitian Matrices A’ A and BB!
Denote D = ADB!.

Theorem 6.1. Let A*A and BB be Hermitian. Then the solution (54) possess
the following determinantal representations.
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(i) Ifrank A = r1 < nandrank B = ry < p, then

8
det; ((AtA) . (dB
x..:ﬁean,n{i}ce (4., (43), (55)
DS VONHED ST -0
BEJIr,n a€lry p
or
det;; BBfj AY)
a€lr, p{]}r Y ( )
Tij = 3 ; (56)
> | o |mso
BEJrin a€lryp
where
= ¥ rdetj<(BBﬁ)‘ (&k.)>a cH™  (57)
a€lry p{j} 7 o
= 3 cdeti((AﬁA) (dl))ﬁ cHXP  (58)
BEJry n{i} A

are the column-vector and the row-vector, respectively. (Nik‘ and (Ni‘l are
the kth row and the lth column of D forallk =1,...n,l=1,....p

(ii) Ifrank A = n and rank B = p, then

cdet;(AfA) ; (dg)

1] = Jet(ATA) - det(BBH)’ (59)
o rdet;(BB?); (d?)
Y17 = Jet(AFA) - det(BB’ (60)
where
dB = (rdetj(BBﬁ)j. (&k.)) e 61)
ar .— (cdeti(AﬁA)‘i (&‘l)) € HIXP, (62)
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(iii) Ifrank A = n andrank B = ro < p, then

cdet; ((AA) , (aB))

"9 T det(ATA) - > |(BBYT[

aclryp

(63)

or
> rdet;((BB); (d2)) &
a€lry p{j} ‘
det(AfA)- > |(BBH)Y|

aclryp

(64)

ZL‘ij =

where A, is (57) and A} is (62).
(iv) Ifrank A = r1 < n andrank B = p, then
rdet;(BB?); (d?)

> ‘(AﬁA)g‘ - det(BB?)
BEJrin

(65)

ZL‘ij:

or
B

> cdet; ((A%A) (dB))

BEJr, n{i} B

> ‘(AﬁA)g‘ . det(BBY)
BE€Jrin

where dB is (61) and A} is (58).

(66)

ZL‘ij:

Proof. (i) If A € H"*", B € HYY and 7y < n, 79 < p, then, by Theorem 4.1,
the weighted Moore-Penrose inverses AT = (afj) € H™™ and BT = (b%) €
HY2*P possess the following determinantal representations, respectively,

Y cdet; ((AﬁA) (a#j)) ;

t BET i}

@;j ; (67)
> |ara) g
BE€Jri,n
> rdet; (BB, (b))
p o o€hpli} (68)
* >, |(BBf) g
OLGITQ,p
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By Lemma 6.1, X = AMNDB;Q and entries of X = (z;;) are

q m
ZL‘ij = Z < afkdks) bij (69)
k=1

s=1

forallt:=1,...n,5=1,...,p.
Denote by d ; the sth column of AfD =: D = (dij) € H"* for all
s =1, ..., q. It follows from Za#kdks =d_, that
k

> cdet; ((AnA)'i (a?k>>ﬁ

i L Bedry nli} s
S e, = 30 BN
k=1 k=1 > ’(AﬁA)ﬁ’
BEJIry, n
m B A B
> cdet: ((A%A) | (25)) - dus > cdeti ((a%A) (d.)))
BETr,, n{i} k=1 ' B _ BEJry n{i} ' B
> |@asa)] > |@aza)]
BTy n BTy n
(70

Suppose e, and e, are the unit row-vector and the unit column-vector, respec-
tively, such that all their components are 0, except the sth components, which
are 1. Substituting (70) and (68) in (69), we obtain

S edeti ((A%A) [ (a.))] X rdet, (BB, (bE));

d /6 QGITQ,p{j}

BEJIry, n{i}
T = o
’ ; SIVONH > BB

BET n a€lry,p

n P q
d,= Ze.ldls, bg = Zbitet‘, Z dlsbit = dy,
=1 t=1 s=1

then we have

Szi;“z:f; S cdeti ((AA) () dibi, X rdet; (BBY); ()"

I=1B€Jry, n{i} a€lry,p{s}

> |@say v (@B

BEJIry, n a€lry,p
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P n ~ o
S Y Y cdet; (AFA) (en)jdn X rdet; ((BBF); (en))s
(=1i=1 Be sy n{i} a€lny p {5}
> @A) » @By
BE€Jri,n a€lryp
(71)
Denote by
df =
cdet; ((A%A) v(&,t))ﬁ:zn: > cdet ((A%A) _(e,l))ﬁgn
BEJry n{i} ! B pedy oli} ! b

the ¢th component of a row-vector di* = (df}, ..., djy) forall t = 1,....p.
Substituting it in (71), we have

édﬁ >, rdet; ((BBﬁ)j. (et.)) o

pai = o€l p{j}
ij =
> |(A*A) G| ¥ (BB g
,66(]7‘1771, OKGITQ,p

P
Since dﬁet‘ = dﬁ, then it follows (56).
=1

If we denote by

a

a

d}?;:i@t S rdetj<(BBn)j,(ez,))a: S rdetj((BBﬁ)j,(al,))

«@
a€lry p{j} a€lry p{j}

the /th component of a column-vector d% = (dB

Dy dip) T foralll = 1,...,n
and substitute it in (71), we obtain

S cdet; ((AFA) | (e.)) ) dB
I=1B€Jr, n{i} ’

> |ara)]
BETry n

ZL‘ij =

> (BB

aclryp

n
Since ) e‘ldg = d%, then it follows (55).
=1
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@ii) If rank A = n and rank B = p, then by Theorem 4.1 the weighted
Moore-Penrose inverses AM N = (afj) € H™*™ and B;Q = (b%) € H*P
possess the following determinantal representations, respectively,

cdet; (AfA) ; (a{ij)

- 72
iy det(AFA) (72)
rdetj(BBﬁ)j‘ (bf)
- (73)
K det(BBY)

By their substituting in (69) and pondering ahead as in the previous case, we
obtain (59) and (60).

(iii) If A € H™", B € HY, Y and r1 = n, ro < p, then, for the weighted
Moore-Penrose inverses AM N and B},’Q, the determinantal representations
(72) and (67) are more applicable to use, respectively. By their substituting
in (69) and pondering ahead as in the previous case, we finally obtain (63) and
(64) as well.

(iv) In this case for AM N and B},’Q, we use the determinantal representa-
tions (72) and (68), respectively. [

Corollary 6.1. Suppose that A € HZT;X”, D € H™*P, M, N are Hermitian
positive definite matrices of order m and n, respectively, A A is Hermitian.
Denote D = A*D. IfD C R,.(AA*%) and D C R;(AFA),

AX =D, (74)
R (X) C NTIR,(A*), Ri(X) C Ri(A"M, (75)
then the unique solution of (74) with the restrictions (75) is
_ Al
X=A unND
which possess the following determinantal representations.
(i) Ifrank A = r1 < n, then
~ B
> cdet; ((A%A)  (d ‘j))ﬁ

B€Jr, n{i}
ZL‘ij =

B
> |(azag]
BEJIr

where a‘j are the jth column off)foralli =1,.,n5=1,..,p
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(ii) Ifrank A = n, then

cdet;(AtA) (aj)
det(AFA)

ZT; i =
Proof. The proof follows evidently from Theorem 6.1 when B be removed, and
unit matrices insert instead P, Q.

Corollary 6.2. Suppose that B € HYY, D € H"9, P, and Q are Hermi-
tian positive definite matrices of order p and g, respectively, BB is Hermitian.
Denote D = DB!. IfD C R,.(B*B) and D C R;(BB?),

XB =D, (76)
N (X) D PTINL(BY), Mi(X) D M(B)Q, (77)

then the unique solution of (76) with the restrictions (77) is
_ T
X=DB PO
which possess the following determinantal representations.

(i) If rank B = r9 < p, then

> xdet; ((BBY), (d.)) 4
R a€lry q{7}
Y > |(BB)] ’
a€lry,q

where d;_are the ith row of D foralli =1,...n,j=1,....p.
(ii) If rank B = p, then

rdet; (BBﬁ)j‘ ((Viz)
det (BBY)

ZL‘ij:

Proof. The proof follows evidently from Theorem 6.1 when A be removed and
unit matrices insert instead M, IN.
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6.2. The Case of Both Non-Hermitian Matrices A’ A and BB!

Theorem 6.2. Let A*A and BB! be both non-Hermitian. Then the solution
(54) possess the following determinantal representations.

(i) Ifrank A = r1 < nandrank B = ry < p, then

St e (R5) (@)

Tij = AL — ﬁ, (78)
RGN
or
P zl:aefgp{z}rdetl ((ﬁﬁ*)z. (df))z ' ml(]%) (79)
i = — —
@8] 3 |8
where
di=1> X fdetl((ﬁﬁ*)l (at.))a-ml(f) e H™* (80)
L aglny, p{l} ' “
ar= (Yl Y cen ((AR) (4))) ) em
k BETry n{k} -k B
(81)

are the column-vector and the row-vector, respectively. (Nit‘ and (Ni‘ f are
the tth row and the fth column of D := N7 A*MDQ'B*P7 =
(dij) e H™P forallt =1,...,n, f=1,...,p.

(ii) Ifrank A = n and rank B = p, then
cdet;(A*MA) ; (d?)
~ det(A*MA) - det(BQ1B*)’

ZL‘ij (82)

or
_ rdet;(BQ'BY); (dY)
~ det(A*MA) - det(BQ1B*)’

ZL‘ij (83)
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where
d? = (rdet;(BQ'B");. (d.)) € B, (84)

dA .= (cdeti(A*MA).i (&‘f)) c H»P, (85)
(~it‘ and (Aii‘f are the tth row and the fth column of D =
A*MDQ™'B* € H" P, respectively.

(iii) Ifrank A = n andrank B = ro < p, then

o cdeti(A*MA ( )) 5
7 det(A*MA) - > |(B )

OLGITQ P

or
;aem:p{z}rdetl ((ﬁﬁ*)z. (a? ))a ) 87
det(A*MA) - Y (ﬁﬁ*)a‘ @

aclryp

ZL‘ij =

where A is (80) and d}* is (85).
(iv) Ifrank A = r1 < n andrank B = p, then

rdet;(BQ™'B*);, (d)

Tij = , (88)

2

BETry

(A*A)Z‘ - det(BQ-1B¥)

or

S5k (AF) (@)

k Bedry, nik}

2

BETry

Tij = ;o (89)

(A*A)Z‘ - det(BQ-1B*)

where A, is (84) and A} is (81).

Proof. (i) If A € HmX” B € ]HI 9 are both non-Hermitian, and 7; < n,
ro < p, then, by Theorem 4.2, the welghted Moore-Penrose inverses AT =
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(afj) € H™™ and Bf = (b%) € H?*P posses the following determinantal
representations, respectively,

1 . B
ank 2) > cdety ((A*A) (a.j)>
k €Jr nik -k B
BEJry, n{k}
a.j = ) (90)
i ~ ~\B
> |(AA) ‘
BEIr, n B
where a ; is the jth column of N_%A*M;
~ ~ —~ «@ 1
S Y rde ((BB*) (bi.)) i
t I a€lyy, p{l} L. o
bij = ~=\° ) 1)
> |(B8)
a€l,, p «

where lA)z is the ¢th row of Q_IB*P%. By Lemma 6.1, X = A}Lw NDBTPQ and
entries of X = (x;;) are

q m
ZL‘ij = Z <Z a%tdts) bij (92)

s=1 \t=1
foralli=1,...n,5=1,...p.

Denote by d 4 the sth column of N-2A*MD =: D = (cfz]) € H"™*4 for
all s =1, ..., q. It follows from > a ;d;s = d_g that
T

ank_%) > cdety ((A*A) (5.0)5
= &k BEJry, n{i} -k A
;a%tdts = ; 1 . (A*A)B‘ ds
BEIry n B
_1 . .
P e (), @),
~ ~\B
BG%,n (A A>5‘

Suppose e, and e_; are the unit row-vector and the unit column-vector, respec-
tively, such that all their components are 0, except the sth components, which
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are 1. Substituting (93) and (91) in (92), we obtain

oY 5 (%), (@)

vy = BEJry, n{k} — o
@R
P (59), ) ol
= |,
Since

d.s = E e.ldlm bs‘ = E bstet.7 § dlsbst = dlt,
=1 t=1 s=1

then we have

Tij =

n _1
P sal P

— = a ($)
det; ((BB*), (et.)) -m,2
t=1 551 % BEIry, nik} e L(( . (et )cx "

ca (A°8) 4 (o5)) AnF T
T,

|z\*z\)»’*| > |(f3f3*)g|
"2

(%94)
Denote by

dff = ank_% Z cdety, ((A*A) " (at))g =

k BEIry, n{k}
n 1 o 5
fZ::l Zk: ”Ek 3) ﬁGJZ “ cdety, ((A*A) " (e'f)>gdft
-

the th component of the row-vector d* = (df}, ..., d}) forall t = 1,...,p.
Substituting it in (94), we have

tzi:l e aefg e ((55), M)Z )
> (&)

BEJry,n

ZL‘ij =

s |(85),

aclryp @
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Since Z dfe;, = d2, then it follows (79).
If we denote by

szgftz > rdety ((ﬁﬁ*)l‘ (et‘)>z , ml(j%) _

t=1 U a€lr, p{l}
adeg ~ N\ (3) B
S > wet ((BBY) (dp) oy = dF
I a€ly, »{l} L @
the fth component of the column-vector dB = (dP, ...,d5)" for all f =

1, ..., n and substitute it in (94), then

Eri s () e0) 8

BETr,, n{k} -k
ZL‘ij: 3
> |@am)g] xoimBgl
,66(]7‘17” UKGITQ,p

Since Z e de = dB then it follows (78).
(11) If rank A = n and rank B = p, then by Theorem 4.2 the weighted

Moore-Penrose inverses AMN = ( fj) € H™ and B}Q = (bfj) € HI*P
possess the following determinantal representations, respectively,

¢ _ cdeti(A"MA); (@)

g 95
@iy det(A*MA) ©3)
1.5. _ Fdetj(BQ_lB*)j‘(bi‘) (96)
K det(BQ~1B*)
where 5.]- is the jth column of A*M forall j = 1,...,m, and Bz is the sth row

of Q'B*foralli=1,...,n
By their substituting in (92), we obtain

p n ~
z z Cdeti(A*MA)‘i (e‘f) dftl"detj (BQ‘IB*)j‘(et‘)
t=1 f=1

Y= det (A*MA )det(BQ-1B*) ’

where c?ft is the (ft)th entry of D := A*MDQ~'B* in this case. Denote by
dB = cdet;(A*MA) ; (d)
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the ¢th component of the row-vector d®* = (d4, ..., d;’;) forallt = 1,...,p.
Substituting it in (94), it follows (82).

Similarly, we can obtain (83).

(i) If A € H™", B € H, and 71 = n, ry < p, then, for the weighted
Moore-Penrose inverses AM N and B;Q, the determinantal representations
(95) and (90) are more applicable to use, respectively. By their substituting
in (92) and pondering ahead as in the previous case, we finally obtain (86) and
(87) as well.

(iv) In this case for AM » and B;Q, we use the determinantal representa-
tions (90) and (96), respectively. [

Corollary 6.3. Suppose that A € H»*", D € H™?, M, N are Hermi-
tian positive definite matrices of order m and n, respectively, and A*A is non-
Hermitian. If D C R,(AAF) and D C Ri(AFA), then the unique solution
X = A}Lw N D of the equation AX = D with the restrictions (75) possess the
following determinantal representations.

(i) Ifrank A = r1 < n, then

St 2 (3) (@)

BeJry, nii}
Tij = RN )
2 ( ) ) ‘
BETry, n B

where (~i‘j are the jth column off) = N"2A*MD foralli =1,...n,
i=1..p

(ii) Ifrank A = n, then

cdet; (A*MA) , (Zi])
det (A*MA)

ZL‘ij:

where (~i‘j are the jth column off) = A*MD.

Proof. The proof follows evidently from Theorem 6.2 when B be removed and
unit matrices insert instead P, Q.
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Corollary 6.4. Suppose that B € HYY, D € H™Y, P, and Q are Hermi-
tian positive definite matrices of order p and q, respectively, and BB is non-
Hermitian. If D C R, (B*B) and D C R;(BB*), then the unique solution
X = DBTP,Q of the equation XB = D with the restrictions (77) possess the
following determinantal representations.

(i) Ifrank B = ro < p, then

ey ((BB) (d:))

a€lry q{5}
> |(B8),

a€lryq @

Tij = )

where d; are the ith row off) = DQ‘IB*P% foralli = 1,...,n,
i=1..p

(ii) If rank B = p, then
rdet; (BQ_IB*)].‘ (Ziz)
det (BQ~1B*) ’

Tij = (G

where Ziz are the ith row off) =DQ'B*.

Proof. The proof follows evidently from Theorem 6.2 when A be removed and
unit matrices insert instead M, IN.

6.3. Mixed Cases

In this subsection we consider mixed cases when only one from the pair A*A
and BB¥ is non-Hermitian. We give this theorems without proofs, since their
proofs are similar to the proof of Theorems 6.1 and 6.2.

Theorem 6.3. Let A*A be Hermitian and BB® be non-Hermitian. Then the
solution (54) possess the following determinantal representations.

(i) Ifrank A = r1 < nandrank B = ry < p, then

> cdet; ((AﬁA).z‘ (dl%));;

BEJIr, ni{i}
Tij = 3 —~ N0
s lwoar] )
,66(]7‘1771, OKGITQ,p o
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or
« 1
> rdet; ((BB*) ; ) -ml(j?)

I acl,, p{l} a
T = 3 ;

s [war 3 [55)]

BEJIr,n a€lryp «a
where

S % rdetl((ﬁﬁ*)l‘ (Ht.))z-ml(f) e H"™! (98)

I a€ly,y, p{l}

= 3 cdeti((AﬁA)‘i (Zif))z eHP  (99)

BeJry n{i}

are the column-vector and the row-vector, respectively. (Nit‘ and d y are

the tth row and the fth column off) = AﬁDQ_lB*P% forallt =
1,.,nf=1,..p

(ii) Ifrank A = n and rank B = p, then
cdet;(AfA) ; (d?)
Y11 7 et(AFA) - det(BQ-1B*)

or
o rdet;(BQ™'B*);, (d?)
Y = Qet(AFA) - det(BQ-1B*)’
where }
dB = (rdetj(BQ_lB*)j. (dt.)) e H¥1, (100)
dr .= (cdeti(AﬁA)‘i (a‘f)) € HI¥?, (101)

(Nit‘, (Ni‘f are the tth row and fth column off) = AﬁDQ_lB*.
(iii) Ifrank A = n andrank B = ro < p, then

cdet; ((A%A) , (dB))

T det(ATA). 3 ﬁﬁ*)

OLGITQ,p

|

«
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or
L zl:aelgp{z} rdety ((ﬁﬁ*)l (dﬁ))z : ml(]%)
Lij = det(AfA)- Y ‘(§§*>Z ,

OLGITQ,p
where A is (98) and d}* is (101).
(iv) Ifrank A = 1 < n andrank B = p, then

rdet; (BQ_IB*)]; (dﬁ)

ZL‘ij: s
> ‘(AﬁA)g‘-det(BQ—lB*)
BETry
or 3
> cdet; ((AFA) . (dB
e )
’ > ‘(AﬁA)g‘-det(BQ—lB*)’
BETry

where A is (100) and d}* is (99).

’Eheorelll 6.4. Let A*A be non-Hermitian, and BB? be Hermitian. Denote
D := A*DB!. Then the solution (54) possess the following determinantal
representations.

(i) Ifrank A = r1 < nandrank B = ry < p, then

i n e ((EF) (@),

BEJIry, nik}
Yij = A+A\ B )&
> [(AA)5] 5 (BB
ﬁGJTLn UKGITQ,p

or

> rdet; ((BB); (d2)) &

a€lry p{i}
ZL‘ij: B s
> |(8A) | & |®BY
/66‘]7‘1,71 OKGITQ,p
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3 rdetj<(BBﬁ)j‘((~it‘)>§ cH™!  (102)

a€lry p{j}

at = [Snh? Y cen ((A°R) ()] em
: .

BEJIry, nik}
(103)

are the column-vector and the row-vector, respectively. (Nit‘ and (Ni‘ f are
the tth row and the fth column off) .= N~ A*MDB? forallt =

1,..,n f=

1,...,p.

(ii) Ifrank A = n and rank B = p, then

or

where

cdet;(A*MA) ; (dg)

Y1 = det(A*MA) - det (BBF)’
rdet; (BBﬁ)j. (df)
Y1 = det(A*MA) - det (BBF)’
a? = <rdetj (BBﬁ)j‘ (&.)) € H™, (104)
ar .— (cdeti(A*MA).i (&‘f)) € HI*P, (105)

d;, (Ni‘f are the tth row and fth column of D = A*MDB.

(iii) Ifrank A = n andrank B = ro < p, then

or

cdet; ((A*MA)J- (d%))
9T det(A'MA) - > |(BBHI[

aclny p

> rdet;((BB); (d2)) &

a€lry p{j}
det(A*MA)- Y |(BB#),| ’

aclny p

ZL‘ij =

where A is (102) and d}* is (105).
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(iv) Ifrank A = r1 < n andrank B = p, then
A
rdet; (BBﬁ)j‘ (d?)

Tij = —— ~
ng (A A)ﬁ‘ . det (BB¥)
or ,
e () (a)),
Tij = ’
j 5 A*A)ﬁ‘ - det(BQ~!B*)
BEIrn B

where AP is (104) and d}* is (103).

7. Examples

In this section, we give examples to illustrate our results.
1. Let us consider the matrices

1 t g
-k i 1
A= . . 106
Eoooo—io (106)
7 -1
23 16 — 26 — 2§ + 10k —16 + 10i — 2j — 2k
N~'=| 16 +2i+2j — 10k 29 -19—-i—13j—k |,
—16—10i4+2j+2k —19+i+13j +k 29
2 ki 0
-k 2 0
M=| . o o 3| oD

0 —j —k 2

By direct calculation we get that leading principal minors of M and N~ are
all positive. So, M and N~! are positive definite matrices. Similarly, by di-
rect calculation of leading principal minors of A*A, we obtain rank A*A =
rank A = 2. Further,

A= MA*N"! =
51 — 12¢ + 255 — 24k —43 — 187 + 39k —18 + 267 — 305 — 38k 19 — ¢ — 505 — 42k
—32i 4+ 175 — 37k —24 — 507 + 267 + 24k —5 — 247 — 5675 + k —38 — 25¢ — 185 — 67k
5 — 61 — 505 + 11k 44 + 231 — 125 + Tk 30 4+ 38t + 55 + 37k 18 — 44¢ + 65 + 54k
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Since,
APA =
178 41+ 470+ 475 + 43k —41 + 43+ 475 + 47k
41 — 47 — 475 — 43k 176 —40 — 467 — 425 — 46k
—41 — 43i — ATj — ATk —40 + 46i 4 42] + 46k 176

are Hermitian, then we shall be obtain AM N= (ELL-) € H3** due to Theorem
4.1 by Eq. (33).

We have, 3" ‘(AﬁA) g‘ — 23380 + 23380 + 23380 = 70140, and
B€J2, 3

3 edety ((AﬁA) 1 (a?l)) % = 6680 + 1670i + 33405 — 5010k+
BeJ2, 3{1} ‘
6680 — 50107 + 3340 — 1640k = 13360 — 33407 + 6680 — 6630k

Then,
Lt 8 — 20+ 45 — 4k
ay, = .
11 42
Similarly, we obtain
~f _ —7-3i+6k ~t _ —3+4i—5j—6k ~t _ 3—8j—Tk
G1g = =5 Q3= 12 v 014 = T3 s
~f _ —b5i+3j—6k ~T _ —4-8i4+2j+2k ~f _ —1-4i—9j ~t _ —6—4i—3j—11k
G21 = 12 » G2 = 12 » O3 = 2 024 = 2 )
~t _ —1—i—8j+2k  ~t _ 7T4+4i—2j+k  ~f _ 5+6i+j+6k ~t _ 3—Ti+j+9k
a3 = 12 I e ) » O33 = 12 1434 = T 13 :
Finally, we obtain
t_
AM,N =
| [8—2i+4j—4k —7—3i+6k —3+44i —5j — 6k 3—8j— Tk
— | -5i+3j—6k —4—8i+2j+2k —1—4i—09j —6—4i—3j — 11k | .
A2\ 1 i-8j+2% TH4i-2j+k 54 6i+j 4 6k 3—Ti+j+ 9%
(108)
2. Consider the right system of linear equations,
Ax =b, (109)
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where the coefficient matrix A is (106) and the column b = (1 0 4 k)T. Using
(108), by the matrix method we have for the weighted Moore-Penrose solution

X = A}Lw’Nb of (109) with weights M and N from (107),

11— 13i — 25 + 4k _
= .r

15-9i+7j—3k _  —16+5i+5j+4k
42 e B '

il 49 y L3

2
(110)
Now, we shall find the weighted Moore-Penrose solution of (109) by Cramer’s

rule (48). Since

67 — 80i — 12j + 25k
f=A'b=| 91—55 +43j — 19k
—97 4 30i + 315 + 24k

)

then we have

S cdet; ((AFA) ()

o Pehi) 718370 — 21710 — 3340; + 6680k
1= = _
D ‘(AﬂA) g‘ 70140
BEIr n
11— 13i — 25 + 4k
42 ’
_ 25050 — 15030i + 116905 — 5010k 15 — 9 + 7j — 3k
2= 70140 - 12 :
—26720 + 8350i + 83507 + 6680k  —16 + 5i + 57 + 4k
T3 = = .
3 70140 42

As we expected, the weighted Moore-Penrose solutions by Cramer’s rule and
be the matrix method coincide.
3. Let us consider the restricted matrix equation

XB =D, N,:(X)>P N:(B*), M(X) D M(B"Q, (111)

where
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The inverse Q! can be obtain due to Theorem 2.4, then

L[5 4 -3k
(;3—1:5 4i 5 3y
3tk -3 3
Since
_ A4i—j+2k 2—4i+j+2k
BQ 'B*P =
Q <1+2i+§j—k THi+j+2k
is not Hermitian, and
_ 7 1—-2i—3j+k
1 _ J _
det (BQ "B) = det <1+2i+3j—k: 8 )-11,

then we shall find the solution of (111) by (97). Therefore,

rdet: (BQ™'B*), (di) 1
R Yoty - B TR (

14+i+3j+2k 34+i—j+k) _
1+2+35 —k 8 N

1
55 (—2+3i + 65 + 2k),

because 81. is the first row of

R 1+i+3j+2k 54+i—j+k
D=DQ 'B*=|1+3i+3j—k 5—1k
1—i+2j—3k 1—i+j+k

Similarly, we obtain

1+3i4+3j—k 5-—

1
1k 1
1+2i+3j—k 3 ) g3 +5i+25+k),

1
o1 = ﬁl"detl <
and

1 1
ry =g (11— 170+ 13] = 3k), w1y =17(~2 30 — 6] + 3k),

11
1 1
:L‘22:§(5—3i+3j+2k:), 32 :ﬁ(—1+3i+j—12/-c).

Note that we used Maple with the package CLIFFORD in the calculations.
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Conclusion

In this chapter, we derive determinantal representations of the weighted Moore-
Penrose by WSVD within the framework of the theory of noncommutative
column-row determinants. By using the obtained analogs of the adjoint ma-
trix, we get the Cramer rules for solutions of restricted left and right systems of
quaternion linear equations. We give determinantal representations for solutions
of quaternion restricted matrix equation AXB = D in all cases with respect to
weighted matrices.
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